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PREFACE 


Welcome to UDAAN - a program to give wings to girl students ! 


The UDAAN programme has been initiated with the primary objective of increasing 
the enrollment of girl students in leading engineering institutions. The program is 
designed to provide a comprehensive platform to deserving girls who aspire to pursue 
higher education in engineering and assist them in preparing for the entrance 
examinations and increasing their probability of being a student in the most prestigious 
engineering institutes of the country. 


This study material provided to you is aligned with the tutorials given to you on your 
tablets and made available online. A soft copy of this material 1s available on your 
tablets as well. You will find that the material has been simplified and made easy to 
read. Each topic has been divided into Subtopics to relate it with the tutorials. Each 
subtopic discussed 1s followed by some practice questions for you to attempt. Answers 
to these questions are given at the end. In case you have difficulty ш solving any of 
them, please contact your helpdesk and seek clarifications. 


You can call 1 800 180 7542 or write to udaan.cbse@gmail.com for any queries. 


Best of luck and happy learning ! 


Chairman, CBSE 
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ОСЯМ 


INTEGRAL CALCULUS 
Definite Integrals(Lecture-01) 


If f(x) 1s continuous on [a, b] and F 1$ an antiderivative (primitive) of f. 


i.e. fe)- = £r, then 


(дек = F(x) = F(b)- F(a) 


Note: [7 (x dx =0 


Geometrical interpretation of definite integral 


b 
If f(x) » 0 Vx є la, b| then| f (x dx is numerically equal to the area bonded by the curve 
y = f(x), the x - axis and the straight lines x =a & x =b. 


Properties of definite integrals 


l. 


2, 


[дах =f F(t 
[ /(х)%х =- Гук) 
[дах =f p(x + [ Убдах where c eR 
[Ихух =[ fla — хђах 
[дах =f fla +b- хђах 
2[ «Мк f(—x)= f(x) 
[дах -( Gr) А-х) ах = Jie. if fx) is even 


0, if А-х) = -f(x) 


(ie if f(x)is odd) 


Г f(x)dx =| OC x)+ fl (2а- х)) dx — 2| f(x)dx if f(2a -х) - f(x) 
0 Af f(2a—x)=—f(x) 
Губ) = (b—a)f f((b—a)x +a) dx 
Ifm & M be the least and greatest values of f(x) respectively on [a, b], then 


m(b — a) < (Год < М. 
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| !n! 
10. Mlle 
п. [гов х) дах = | flex g'(xidx = [Да 


12. Iff(x)isa BM function with period T then 


1 (Та - nf f(x)dx neZ 


i [аха (ах = nf f(a) 


which is independent of a 
b+nT 
ii [| уф) dx =f f(x) dx  ,neZ 
IV. | -f(x)dx = (n - т) f(x dx, m,n EZ. 


v — lff(t)is an odd (even) function periodic with period T, then F(x) = [лах 1$ ап еуеп 
(odd) function with period T. 


13. ИКх) < g(x)on [а,Ь then [ f(x)dx <| e(x)ax 


Also (Год <f | f (x dx 
14. Leibnitz Rule 


i О к) (6) Ае) (o) 











dx "іх dx dx 
р d гт) v(x) Of(x,t) а4(х) d(x) 
ii Л! t)dt 4 5 die f(x, w(x))- dx fx. p(x) 


Reduction Formulae 


n2 0. n2 | п-1 " 
p =| sin’ хах =| cos хах =——I, ,,n eZ 
0 0 n 


ЕЕЕ 


1 
2 

Ез s оо 
n п—2 3 


п/4 
2, I=], tan хах п>], 


‚ If nis even 








1 
а = 
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according as п 1$ odd or even. 


| 
Ü =т= 5108.2 = Log, 2] 


ill. Г. кап" x + tan"? x dx - (со x t сої"? x dx — 
Walli's Formulae. 
= (С Ба" x cos” хх 


_ m-1 | 
m-4l 


m,n 





m-2,n 


п-1 
= ыл Where m,n eZ^ 
mal ^" 


1/2 We " 
I = | (sin X COS хх 
m,n 0 





where К = zu both m & n are even 


k=1 otherewise. 
Improper integral 


| | oo lim pb | | 
If f(x) 1s continuous on la, оо) then | f (х)ах = | f (x dx is called an improper integral. 
a oo “а 


bo 


Ifthere exists a finite limit on right side ofthe above equation, we say the improper integral 1s 
convergent, otherwise it 1s divergent. 


b li b 
Similarity B f(x)dx = : N » | f(x)dx 


Г. 7 (х)ах =| f (x )dx «| f(x)dx. 


Geometrically, for f(x) > 0, [лах gives area ofthe figure bounded by y = f(x), x – axis & 


X = а. 
Gamma Function 


If nis a positive rational number, then the improper integral | е^х"'4х,х €Q“ is defined as 


3 
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Gamma function and is denoted by . Гп 


Тр = [ е *x""dx,x ЕО* 
Properties 


1 bha =n In =n! sn EN 


ll. [171 and Го=о, 





In« Ен 
n/2 , dq » EM 
» | sin xcos xdx- 
Ш. 0 2Im«n42 
2 
| Т 
iv. Ib ha 2———,0«n«l 
sin nz 
1 AT 
m-1 
2 
n-1 
(2л 2 
. 2 дәр = 
a. И р [na | 
n Dn n n 2 
n 


Beta Function 


1 
The Beta function is denoted by B(m, n) where B(m, п) = | xc (1 — x)" dx,m,n » 0 


Properties 
1 B(m,n) = [ xc (1 - x)" dx,m,n»0 
m-1 
= f i dx 
о (pe x)" 
I mI n 
7 T(m + n) 


Integration as limit of a sum 
| 2-1 (т—1 hm 144 fr 
| f(x dx = іт – У, (= = = ДЕ 


no үү “== п > опу \n 


r 
Here replace " byx 


1 
replace m by dx 
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and lim >) by | 


Solved Examples 





1 e'dt Г e dt 











1. If | ——=а, then is equal to 
otc] 611-61 
а ае”? b -ае” C ре 
| ь e dt 
Solution: | bes Put t—b=-y 
dt = —dy 
о еу? рее? 
> -| e dy - -[ | — 
Т еу еі 0 (у Ls 1) 
Ans: b 
MT. Ул © ax? . 
2 If |} e dx = EE then | е dx(a > 0) is equal to 
Ул Ул 24m 
a. — b. E C. 
2 2a a 


Solution: If [ е“ dx ; Put ax? =t? 


=> 2axdx = 2tdt 





_2 2 
.[* MS tdt 
ee 0 t —“ 0 

д а 


Jat 
Ja 


_ 1 2 1 2. Avr 
— È et dt=—[ e* dx=- 
Ja | Ja | Xa 


Ans: d 


2: 9 е^ " 
3. | Given | e' .dx =a, then the value of | Jlog, хах 1$ equal to 


a. e^—e b. e^—a C. 2e^—a 


Solution: г Jlog, x.dx; Put ор. х =t 


= 102. х= = х=е — dx -e' 2t dt 
Е 2 2 2 2 

| (е хн = (е | - | le' dt 

1 


2 „2 
= ue ege | e! = 2е -e—a 
Ans: d 





ae> 
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| sin t.dt — q , then the value of 
0 {+1 
, sin 2 dt 
| 2 js equal to 
412 4x -2-t 
a. с b. —O С. TA 
Solution: Put 4x—t- 2z in the second integral 
= — dt = 247 
: аа sin( e z) pdz _ 
2(z + 1) 
_ [Г — sin 747 Е 
1 z-«l 
Ans: b 


Let f bea continuous function. Let 


I, = [у ix = x)}dx and I, = 1 х(2- х)|ах, thenI, : L = 


sin? t 


a. 0 b. | Gc 2 d. none 
b b l 

Solution: Apply | f(x)dx =f f(a +b- x dx in I, 

ie: Replace x by 1 + cos't + 5101-х = 2 – х 


“= Д @-х)(0-х/о-(0-х)}йх 


I, ок 2X J)dx [75 f(x(2 — x))dx 


2 








> 1-2L-l, 
2L 2L к= =, 
Ans: b 
— 
If f(x) = [^ ИР үе) + д: J is equal to 
1 
а 2 Ы 2 C 1 d none 
T 
l ОБ, ° X B 
Solution: /(х)- (1-1 LX е | | 1 Ax 
X 





[EX ах + (108. х ol dx 
1+х х +1 x? 


X 


2g 





log, x log, x 
= | dcr] ax) 





_ | log, E + 3 dx = tog, х) 


1+х X 





2 2 


= f(e)+ Д1) _ (ов. е) _1 


Ans: b 
7. [0да = х + ( tf (t)dt, then f(1) 1s equal to 


: ь 0 | EX 
а. 2 қ С. ; 2 


Solution: Differentiate both sides w.r.t x 


> f(x)21«(0-x/(x))— TEM 


1+х 
yal 
J03 
Ans: a 
8. ((хХ)-созх- [С - t) f (ж, then f" (x) + f(x) is equal to 
a. — COSX b. — SInx C. 0 d. none of these 


Solution: /(х)-сох-х f float + K f (t)dt 

+. f(x) эт - к(/(х)—0)+ [ (0) + x/(:)-0] 
(applying lebnitz rule) 

f(x)-»-sinx-xf(x)- [ f(t)dt-- x f(x) 

A f" (x) = —COs x — (f(x I — 0) 


= /"(х)+ f(x)= —COS X 
Ans: a 
Exercise: 


1 sin X 1 COS X | mE 
1. Letl- | P dx and J = | Nc dx | Then which one of the following is true? 
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эс’ 


6.* 


de 


2 2 2 2 
а. I< 3 &1>2 b. І>:4%1<2 с. I» 3 &1>2 d. 1< Z&J<2 
The equaiton of a curve 1s у = f(x). The tangent at (1, f(1)), (2, f(2)) & (3, f(3)) make angles 


пл TT 
6°34 respectively with the positive direction of the x - axis. Then the value of 


р (x)f"(x)dx Zn "(x)dx = 


1 ex 
B b. 13 С. 0 а. none of these 


go 


lim 1/А 


A0 1 (+x) ах) is equal to 


4 
a.  2log2 b. c c. 108 (4/е) d. 4 


1 2 1 2 
If D + 2| x/e* dx = | е” dx, then the value of В is 


1 
а. ег! b. e С. 2 е d. cannot be determined 


а+1 dx 
If f(a)= 1х3 » then the value ofa for which f(a) attains maximum is 


ata=0 

at one value of a only 

at two values of a, one 1s (—1,0) and the other is (0,1) 
at no value of a 


посв 


If Г _ f| (nx) dx, I, - (сосх)"" dx, L _ fun x)" dx I, Е [ (cot x dx then 
a <I, b L<I, c. L«I, d. L<L 


1. 
If [= | е ^dx,then 


a. I>0 b. I<e C. I>e а I>e 
10 

If (одак = 5, then У, [к —1+ x dx = 
k=1 

a. 50 b. 20 C 5 d. 0 


TL 
| ("dcos x + “сіп x + "tan x )dx 


The value ofthe definite integral ^ л/2 is 
| Psin хах 
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a. 2 b. 1 e: x d. 0 
2 
. апі + J X 
10. Thevalueof [————2— dx is 
0 (X 
SIN — 
2 
= b. 0 d 
a. = | С. T 2 
2 T 
11. The value of f(x) = ІМ sin t dt [^ ^ cos" Vt dtis 
Л Л 
а. m b. 1 C. — d. none ofthese 
2 4 
1 2 
12. Thevalue ofthe definite integral | | te^ lix 15 
аа -1 b. 2 с. ] te^ d. none ofthese 
Note: * Questions with more than one option is correct. 
ANSWERS 
l.d 2.b 3.b 4.a 5. a,b 6. b,c 7. a,b 
9. а 10. с 11.с 12.4 


8. С 
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INTEGRAL CALCULUS 
Definite Integrals(Lecture-02) 


If f(x) is a periodic function of period Т; then 


(од =й (ода 


Solved Examples 


10 


| e? к 


0 
(a) 10(e-1) (b) 10 
Solution : 
« f(x)1sa periodic function of period 1, then 


1 
Je" dx = 10 е ` dx 
0 0 
1 
= 10 gx = 10(е*) = 10.(e-1) 
0 
Ans : (a) 
1997/2 
| V1+cos2x dx is equal to 
—п/2 
(а) 50/2 (D 100,2 (c) 1504/2 (d 200,2 
Solution : 
1997 
1997/2 1997/2 Ja 2 100л 
[1+ соѕ2х dx = |У2сов? x dx = V? | lcosx|dx = /2 | |созх| dx 
-л/2 -л/2 =. 0 
2 


T 
n = 


2 
= 1004/2 | |созх| dx = 100,/2 2| Icosx| dx 
0 
" „Эй a 
= 20042 (sinx), = 20042 СЕЕ 0) 20042 
Ans : (d) 


х+12 


Let f be areal valued function satisfying f(x)+f(x+6) = f(x+3)+/(x+9). Then | f(t) dtis 


(a) linear function of x (b) exponential function of x (с) a constant 
(d) None of these 


10 
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Solution : 


e (Ke (RO) УЧ УСНО arn (1) 
Replace x by x+3 

Toe aay A ОЕ БАР КЕК (2) 
Adding (1) and (2) we get 


f(x) = f(x*12) 


= f(x)1s a periodic function of period 12 


х+12 


Lego)- | foa 
пвх) = FOH) -f(3) = 0 (++ х) = (12) 


=> g(x) is constant 
Ans : (c) 
пл—л/4 


4 The value of | lsinx+cosx|dx is 
—п/4 


(а) J2n (B) 242n (с) 44/2п (d) None ofthese 
Solution : 
268) 
n dx 


Put X+— t 
u — — 
4 


пл-л/4 





J2 


—п/4 


TU 


5 N2| ауа V2n| sint dt 
0 


0 
= /2n (cost), T = „/2 (cos л+с050) = 24/2. 
Ans : (b) 
a+b 


b 
5 If | |sinx| dx = 8 and | lcosx|dx = 9 
a 0 


then the value of a and b are 


Шр ы us 
(а) 4” 4 ( ) 4 2 4 (с) 


Solution : 


М 
сл 
а 


(d) None of these 


тіз 
А 


On 
b-a = 47 &(atb)-0 = ES 


Ts 


solving we get a 


11 
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| А А’ 
6 ГА | “ав T 48 е” 2 
— | TU = | +e)?! en the value o | A? p? 
(a) sng (6) cosec Q (c) 0 d 1 


Solution : 


1 
Ри {= — in B > dt^ — dz 
Z Z 


г. the integral B reduces to 








“һә zdz u | tdt 


Z Z 


1 1 


А A? B А A^ =A 
ee" B 111 А -l 
| А-В el | 2A^ -1 


(Applying C, — C, +C.) 
tanx cos tx 
t.dt | 


dt 
їн * 4 +0) > 


(а) 1 (D е () е (d 


Solution : 


IIl 


1 
Put = 2 in 2nd integral 





1 
. dt=- > dz 
Z 
tan x da 
| An | 7.47 
2nd integral reduces to ~ 1023 = J 1422 
Z Z 


12 
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tan x 








tdt e tdi | t.dt 
us de lue = ltt 
1 „үг d | 1+е? 1 
= slog. 1 ): = 5 оге [еә log, ?-1 
Ans : (a) 
Exercise 
10 
t= | sin{x}dx 
0 
(a) 10 (b) 10(1-сов1) (с) 5(1-cos1) 
10x 
[віп х [ах = 
(а) 20 (b) 8 (c) 10 (d) 18 
3л n 
IfI = | f(cos*x)dx & I, = | f(cos?x)dx then 
0 0 
(a) LL (b) АЕ (с) Ls 
1 
шп l)n 
а)" is equal to 
non 
1 
(а) е (b) c (c) е1 (d) e—5 


1 
xdx 


Scosl 


(d) 


5] (d) 1-3 


The value ofthe definite integral | ЖЕТ: lies in the interval а, b]. Then smallest such interval is 


0 


1 
(а) [zT 


1 
©) [01] © СЕЗ 


1 
(d) ES 


Let f : В > В such that f(x42y) = f(x)-f/Qy)*4xy, v x, yeR & f(0) - 0If I, = [7 (х)ах, 


L= По & 1,= f fGodx , then 


2 


(b) 


tan x 


(a) 1, =1>1, I 2L2l, 


(c) 
cot ! A 


7* The integral 
t 


,, tanx +cot x 
an A 


13 


I = <. 


(d) 


I <1,<1, 


dx, v à ЕК сап not take the value 
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A 21 t a 2E 
а) = 49 5 O0 т @ Я 
8 Read the following and answer the questions that follow : - 


10 
[ cos 6x cos 7х cos8x cosOx 


: 1+ eism 4х X 


2 
(1) IfI- к | cos6x cos7x cos8x cos9x dx, then К = 
0 


(a) 5 (b) 10 (с) 20 (d) None 
2 
(п) = с | соѕбх cos8x cos2x dx, then с = 
0 


(a) 5 (b) 10 (c) 20 (d) None 
(ш) The value of I= 


5n 5n 5л 57 
(а) 4 © в © i; ® p 


9 Match the following if 











1 e Ix 1 xe Ix 1 xà e E: 
vr LS | ; dx, „== dx, then 
0 ДЕТІ ovl+x 0 S 
ColumnI Column II 
(a +, (p 3/2 
(b) [+1 I, (q) 1 
1+1, +1 
© тугул TE 
241, +1,) 
© рур (6) узел“ 


(t) J2 е^*—3 


тыты &Т,= Хак PT l, 2,3 then 


n n-1 


10* Let 5. - 


(а) $e 275 (b) Қоса с) 155 ox (d Т, s 


14 
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11 | dx is 
2/5 
0 





[x] 


log, 2 (c) x 


2 
2 log, 2 





(a — [x] log, 2 (b) 





(d) None of these. 


1 
12 The number of positive continuous functions f(x) defined in [0, 1] for which | f(x) dx» 1, 
0 


1 


| куо) dx =а, | x’ f(x)dx = а? is 


0 


(a) one (6) infinite (c) two (д) Zero 


Note : * Questions with more than one option is correct . 


Answers 


l. b 2: d 3. d 4. b o: 


7. a,b,d 8. (1) b (1) а (ш) 
9. a>r, b—>t, сд, аг 10. аа 1. 


с c 


15 
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INTEGRAL CALCULUS 
Definite Integrals(Lecture-03) 


Property: Limit as a sum 


. . . 1 Г 

° Express the given series in the form of » жі = 
| mE 1 r 
Then the limit as its sum when n — оо1.е. lim У, zu ц 


r 1 1 l 
° Replace m by x and с Бу ах апа ӨЧ by the sign of | 


Solved Examples 

















1 1 1 1 
1. lim --- t T----- еа 
me n+] 1+2 0+3 2n 
а. | b. 2 С. log 2 
n | l n l 
TEE - = lim — 
Solution: lim ave РЕ. 
n 
| dx 
| 1+х B 
Ans: c 


24. The value of -——— Lu as n — 0015 


т р - 
4 : | : C. 1 
LEY | X | 
Solution: [in >) 
Suc p "RETO phas x 
1 
= біп ——п 0 = ш 
2 6 
Ans: b 
(1? ыл psa г B +—+n’) 
3. The value of lim ^— —— — —; — — —— — — — 
noo P 4*2 4—-—--- +n 
7 5 
a 1 b. 12 LM 


16 


d. 


d. 


d. 


log 4 


none of these 


none 


Solution: lim 


0 — —_ 
J | x°dx 12 
| 2 
| E dx is equal to 
0| e 
a.  log2 b. e c. 0 


Solution: [ ре" lax = NE Idx + |. Odx 


= log 2 
Ans: а 


The value of | 3 tan x 9х 15 


5л ST ER. T 12 


-- ——tan -- — — tan 
a. 6 b. 6 B б, 2 B 
7З п/6 4 ET 1/3 ға 
Solution: | К {ап x |dx = | Odx + [ x er M 2 X 


TU 


= 0 + an 2t + Z-an" 2 
43 6 3 43 


n — tan” 2 
= : T 
Ans: с 


1 
І Іх + sin nx | + 1|dx is equal to 


a. 2 b. 0 e. ] 


17 


d. 


none 


d. none 
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Solution: f. 1 .dx +f Ix + Цах 
- f. |х о + 1ldx «f Ix. 1+ х 


= f. Idx +f + 1 dx 
= (к +(х) 


= 1+1=2 
Апѕ: а 
2 
5 : 

7; | | — ах is equal to 

, 8542-47 b 2 c. | , 33 9-97 

1 /2 УЗ 2 

Solution: | (= 1)dx + | Odx + | 5 Idx + | 5 2dx 

= --09*0«(/3-42)«20- 3) 

= o ebba3—4244—243 

= 3-3-3 

Ans: a 
Exercise 

0] 42^ 43 e... 9n 

], ша ------“--- 

ed n' +1 

a VEN іы а 
“оры "ПР “ P P-1 ЕРІ 
| 8 2 
2. | Leta,b,c be non-zero real numbers such that | í + COS x fax + bx + c dx 
и 8 2 А қ 
= | í + cos x fax + bx + c dx . Then the quadratic equation ах? + bx + c = 0 has 
0 

a.  )norootin (0, 2) b.  atleastoneroot in (1, 2) 

c. adouble root in (0, 2) d. two imaginary roots 
3. For every function f(x) which is twice differentiable these will be good approximation of 





b— 
[ f(x)dx = 2 ( f (а)+ f (b)) , for more accurate results for c € (a,b) 


a+b 
2 








б) = * (а) f)« 5 ((6)- f) where = 


[xax =" 2 Ua)» /(Ь)+ 2е)ах 





18 


20,09 


UDAAN 


A program to give wings to girl students 


п/2 
1. Good approximation of | sin X dx is 
T 2+1 2+1 T 


ii. If f "(x < 0, Vx (а,Ь) & (с, f(c) is point of maximum where c в (a.b) then f '(c)is 


fle) fe) " [лн Қ 4215-78) 


S b-a b-a b-a В 
(-а 
Мәд + Aa) 
m. Е чп = 0, then degree of polynomial function f(x) at most 
ta t —a 
Is 
a. 0 b. 1 с. 3 d. 2 
4. Match the following:- 
ColumnI Column II 
a. [ e ^' sin 5х dx (p 3 
8 [x^ ]dx 5 
е | [x — 20x 4-100] [x?] 4 д 
C. [^ sin x|dx, neN (г) 120 
0 
. [ x'e^dx (s) 60 
0 
3 dx _ 
s] х2 [5 12|] 
Л 
а. T b. эл С. Sm d. 5 
т — Sin nx 
* = dx,n = 0,1,2....... 
6.“ ПІ Күс сө Шеп 
10 10 
а ТЕГ. b УГ =10t c >, = 9 d ТЕГ. 
m-1 т=1 
А 2 2 3 А 
7. | Allthe values ofa for which | (a + (4 — 4a)x + 4x lax < 12 are given by 
a. a<4 b. a=3 C. О<а< 3 d. none ofthese 


8. | Valueof [ Ix? —Х + ] dx is 
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7+ ^/5 5— 4/5 7—45 
а. v5 b. 5-5 C. v5 d. none of these 
2 2 2 
1 dx 1 dx 
9. If [= and | = | ^^ — dx then 
rx ; 52 = А 
1 
а. [= J. b. I - 21 C. ares d. none ofthese 
10. Match the following:- 
Column 1 Column II 
n г? 
lim 
а mA (р) 108,2 
iim | tan Z + tan a + + tan E 
b. Ша 2: ДЕ = 4 (д) 2052 


1 1 2/n? 22 4/n? u 2n/n? 2 
imti) IZ cue ga —log_2 
еп n? n n ағы 


а | De lix (s) slog, 2 


11. [ tan” x| dx +f [сог x ах = 


а. 1— cot2 b.  l-*cot2 c. 2(1+cot2) d. 2(1-со12) 
12.* Match the following 
([.] denotes the greatest integer function) 





ColumnI Column II 
| 7 
д. <r « À, then (p) А+ |= 2 
(а [А+н]=4 
1 
b. ipis [7 < вел () [A-p]=0 
() [A-p]=3 
с. 1 u< f rs <2. then (t) [+н]=0 
4-х -X 
Note : * Questions with more than one option is correct. 
ANSWERS 
l.a 2.b 3. (1) c (41) a (a1) b 4. а q; 6-р; cop dor 9. d 
6.a,b,c 7.b 8. b 9.a 10.3—5s;b—r;coq;dop; ll.c 


12.a— r,t; b> p,r; с 4,5; 
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INTEGRAL CALCULUS 


Areas 





b 
The area bounded by the curve y = f(x), the x — axis, the ordinates x -a& x - bis A= [ f (x dx 


Curve sketching steps: 
For sketching the graph of f(x), 
1. Determine domain, identifying where f 1s not defined. 
i. | Determine x intercept & y intercept, if possible. 
ш. Determine asymptotes: 
a. For vertical asymptotes, check for rational function zero denominators, or undefined 
log function points. 


b. | For horizontal asymptotes, consider lim f(x). 


tv. Determine critical numbers, 
(check where f' (x) =0 or f' (x) does not exist, and finding intervals where f is increasing 
or decreasing). 

V. Determine inflection points. 
(check where f" (x) = 0 or f" (x) or does not exist) 


vi.  plotintercepts, critical points, inflection points, asymptotes and other points as needed. 
vii Connect plotted points with smooth curve. 
Some useful results 





. 16ab l 
1. Area between y^- 4ax & x° = 4by is sq. units. 


2 
' а | 
2. Area between у?- 4ах & its latus rectum is X sq.units. 


2 





3. | Area between у? = 4ах & line у = mx is і sq. units. 


т: 
а? 
4. Area between yx + Ју = уа,х = 0&у = 01 Pu 


2/3 2/3 3 b 
5. Area enclosed by Е ES B — 115 ceed sq. units. 
b 8 


a 


6. Area of one arc of y= sinax (or y = cosax) and x axis 15 2/a sq. units. 


2 


b 
7. Area of the region bounded by y = ax + b| (or x = [ay + bl) and x axis (or y axis) is — sq. 
a 


units. 


x^ y^ 
8. | Areaof + noms l is zabsq. units. 
a 
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2 2 
ES X Уу ab À 
9. — Area bounded by L y): EU LN 1 is 2 (x — 2 sq.units. 


2 


C 
10. Areaofrhombus formed by ax+by+c=0 is ВЫ Sq. units. 


с, –с,) 


m, — 1, 


sq. units. 





| . 1] 
11. Areaofthetriangle formed by y=m,x+c,,y=m,xtc,, y=m,x+C, 15 Ja 


Solved Examples: 

1. The area of triangle formed by the tangent & normal at the point (,-/3 | on the circle 
х? + y^—4 and x - axis 15 
a 3 b. 23 с 3/9 d. 4 


Solution: 


Equation of tangent is x +4/3y = 4. 
Point О is (4, 0) 


1 
г. Area of triangle = 5.4.13 = 243 sq.units 





Ans: b 
2. The area bounded by the curves y = 4/5 x? & у = |х - 118 














4 2576] b: 5л +] Ж 5л-2 4 5л 3 
4 4 4 4 
Solution: Y 


The two shaded areas are congruent 


- Area ACEF = Area of circle _ Area AOAD 
4 





э 1 5л-2 
= 4 - 2 = 74. sq.units 
Ans: c 
3.  Iftwocircles each ofunit radius intersect orthogonally, the common area of the circle 15 
a. 2n 3 b. п | 3 C. 2n 43 d. 2n УЗ 
3 3 3 2 B 2 
Solution: 


Required area = 2. Area of sector ABC — Area of square ABCD 


(22 =) 2—1? = 7 4squnits. 
360 2 


Ans: d 
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The possible values of m for which the area bounded by the curves y = x — x° and y = mx equal 


9 "P 
to 211 unit 15 


а. —4 b. = C. 2 d. none of these 
Solution: The curves meet at x = 0 and x = 1- m 


M (x — х?) mx.dx E => 

















22 27, 
1 1) 9 
ЕЕЕ 
E ыса 
> (1-м) = +27 
=> 1-т=+3 
> m=-2,4 
Ans: b 
The area bounded by the curves y = log x, у = log, x, y = log, xjand y = log, x| 15. 
аа 4 b. 6 с. 10 d. 12 


Solution: 
1 1 
г. А = af log, x|dx -- af log, x dx 


= —4(х log, х-х) 
= —4(—1—0) 

=  4sq.units. 

Ans: а 





The ratio in which the area bounded by the curves у? = 12x & х? = 12у is divided by the line 
х=3 1$ 

а. 15:49 b. 13:37 C. 15 : 23 v d. 17:50 
Solution: 





3 x? 
| „2х – 75 dx “15 


Required ratio = 2 49 
E [ 2х = dx d 







О к=з 02.0 


Ans: а 
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7. The area bounded Бу the curve y =x + sinx and its inverse between the ordinates x = 0 and 
X = 27 15 
a. 4m b. 8m c. 4 d. 8 
Solution: 
А = 2” (х + sin х)- хах- af (x +sin х)- хах 
=  22(-cosx); 
= 4(— COS Л + COS 0) 
= 8 
Ans: d 
Exercise: 
1. The area bounded by y = f(x), the x-axis and the ordintes x = 1 & x = bis (b — 1)sin(3b+4). 
Then f(x) 1s 
a.  (x—1)cos(3x +4) b. = 8sin(3x + 4) 
c.  sin(3x +4) +3(х – 1) cos(3x+ 4) d. none ofthe above 
2. The triangle formed by the tangent to the curve f(x) = x? + bx — b at the point (1, 1) and the 
coordinate axes, lies in the first quadrant. If its area is 2, then the value of b is 
a. —1 b. 3 с. —3 d. 1 
1 
3. The area bounded by y = (х – 1)?, у= (х + 1)? &у = 4 
LR : 2 а ae d LN 
a. 3 q. unit | 3 Ч. unit С. 4 q. unit . 5 G-unit 
4. — Let the straight line x = b divide the area enclosed by y = (1 — x)", y=0 & x = 0 into two parts 
1 
В (0<x<b)&R, (b<x<1) such that R,- R, =] . Then b is 
3 , 1 , i 
a. 1 5 C. 3 . 1 
5. The area ofthe quadrilateral formed by the tangents at the end points of latus rectum to the 
2 2 
ellipse Boc eqs 
9 5 
27 | 27 | 
а 27 sq.unit b.  9squnit e у sq.unit d.  27squnit 
6. The area ofthe region containing the points (x, y) satisfying 4 < x^ + y^ < 2(x + улі 
a.  Ssq.units b.  2sq.units C. Ат sq.units d. 27 sq.units 
| 1+5шх ]-sinx 
7. The area of the region between the curves y = and y — bounded by the 
COSX COSX 


T 
lines x =0 & х= 18 
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10. 


11. 


12. 


13. 


M t dt pU 4t di 

ao ^ (ерл D. 0 +t? Wit? 
4241 4t 42441 t 

& 4 (ie Mice di а | dt 


: í +t°W1-t? 
Read the passage and answer the following questions:- 
If the curve y = f(x) satisfy the equation у(х + y’)dx = x(y? — x)dy and g(x) 


TU 


g(x) =j” sin” Ма + [. "cos ^ y tdt ,where X € D d , then 
1. Equation of curve у = f(x) passes through (4, —2) is 
: = 
а Зу = (= 54x) b. 2y= (- 16x) 


1 
с. y=(-2x) d. none ofthese 
i. Area bounded by curve y= f(x), g(x) and y axis is 


T] ЖЕ 
^ 4\16 '" 816 
1( Зл i 
C. 8 g d. none of these 


The maximum area of the rectangle whose sides pass through the angular points ofa given 
rectangle of sides a & b is 


] ] ] 
а 5 (аЬ) b. » (a + b) C 5 (a + b) d. none ofthese 


Consider a square with vertices at (1, 1), (-1, 1), (-1, 1) & (1, – 1). Let S be the region 
consisting of all points inside the square which are nearer to the orgin than to any edge. Area of 
the region 1s 














The area bounded by min (x , yl) = 2 and max (х yl) = 415 
a.  Ssq.unit b.  l6squnit с.  24sq.unit d.  32sq.unit 
The area ofthe region bounded by 
[хр = [y], if x e[l, 5] 
a. 4 b. 8 c. 5 d. 10 
Match the following:- 
ColumnI Column II 
a. Area enclosed by (p) 8 sq.units 
Ix | = [у] for 1<х<4 
b. Area enclosed by (q) 6 sq.units 
|+ (|= 2 
c. Area enclosed by (r) 4 sq.units 
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1 У]=2 


d. Area enclosed by (s) 12 sq.units 


IM o sexes 
Ы 


Answers 
l.c 2. с 3.a 4. b 5.4 б.а 7. b 8. (1) c (11) b 
4 
9.c 10. a2 -5) 11.6 12. b 13. a— q; b> s; c >p; р 
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SEQUENCES AND SERIES 


Sequences and Series(Lecture-01) 


Sequence 


Series 


A sequence is a function of natural numbers with codomain as the set of real numbers. It is said to 
be finite or infinite according it has finite or infinite number of terms. Sequence а, a,,........ 4 15 
usually denoted by {а } or <a > 


By adding or subtracting the terms of a sequence we get a series. 


Arithmetic Progression (A.P.) 


It is a sequence in which the difference between two consecutive terms is the same. 

For a sequence {а } which is in A.P, n^ term a —at(n-1)d- / (last term) which is always a linear 
expression in n) 

а-а-а |(ІҒа- 0 sequence is a constant sequence. if d>0 the sequence is increasing; if d<0,the 
sequence 15 decreasing) 


n^ term from the end a ' — / *(n-1)(-d) 
= (—(n-l)d 


2 (2a - (n — d) 
2 

sum to n terms — 
ог = 244 + 4) 


1 
(5 is a quadratic expression in n; common difference = 7 coefficient of n^) 


2 
Alsoa -5-5, 


Arithmetic mean 


атс 





Га, b, саге ш A.P, then b= is called the single arithmetic mean ofa & c. Let a & b be two 


given numbers and A ,, A. ,........... A. are n A.M's between them. Then a, A,,A,....A , bare in А.Р. 
-а 
Common difference of this sequence а- ore 
А =а- 4, A — a*2d etc. we can find all the arithmetic means. 
Properties of A.P. 
1 с Wee: ыы are in А.Р; then a, + К, а, + К,а, + К,..................... are also ш А.Р. 
а а; аҙ 
2 ОЕ: t are mAP, thena а оаа and 2 (poro eem 
are also in A.P (À = 0) 
3 TE а a arein A.P, Шеп а „а ,,............... а „а, is also an A.P with common difference (— 
d) 
4 лел — À ШОВ D UB оинае are two A.P.s then a, + b,,a, + b,,a, + Ы,,..... 


are also in A.P. 
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5 Па оаа and ои D РАЕН аге two A.P.s then аб, a,b,, a,b,............ and 


1717 7272? 
ат аҙ аз 
bi’ bo" b," ооо ооо ооо ооо ооо 


6 If 3 numbers are in A.P we may take them as a-d, a, a+d. №4 numbers are in A.P, we can take 
them as a—3d, а-а, а+а, at3d. 

7 In an arithmetic progression, sum ofthe terms equidistant form the beginning and end is a constant 
and equal to sum of first and last term. 
le for 42), 
ала = а,та 


аге МОТ ш А.Р. 


аа m 


1 2 


а —k +a k 
Also a = 72 2 О<К<п-. 


8 Sum ofn arithmetic means between two given numbers а & b is n times the single A.M between 
them. 





| a+b 
le. А +А,+ "— tanks ҒА. —n 


n(middle term); if nis odd. 


мө) 


= — 1) . К : 
Also 5, = а+а,+......+а = ; (sum of two middle terms); if n is even 


Geometric Progression (G.P.) 


It is a sequence in which the ratio of any two consecutive terms is the same. For a sequence {а } 
which is in С.Р. n^ term a, = аг" (last term) 


a 
Common ratio r= 4 i (rz 0.Ifr>1, the sequence is an increasing sequence, if 0<r<1 then the 
п-іІ 


sequence is decreasing ) 


n-1 
n? term from the end а! -а Б 
r 


Note : No term of G.P. can be zero 


age r = l 
sum to n terms 5 = С 
па, r-] 
а 
If |r|<1, the sum ofthe infinite СР is given Бу S oo = Іт 


Geometric mean 


Ifa, b, care in GP, then b? = ac orb = „Јас is called the single geometric mean ofa & c. Let a «с 
b be two given numbers and G, G,, .....G, aren GM.s between them. Then a, G,, G,,......... G, 


n 
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1 


| b \п+ 
b are in GP. Common ratio of this sequence r= Б Ей 
а 
С, =ar, G, =ar etc. we can find all the geometric means. 
Properties of G.P. 
г If in СР, then a k, ak, ak ДЕ se 22 
0020 — are іп G.P., then а. К,а К, а,К,.............. an kk kr M are 
also in G.P (kz 0). 
] 1 | 
2 Па ает аге 1n G.P., then a, а. а, а add dud downs are also 
in GP. 
3 Па а arein G.P with соттоп ratio г, thena „a ,............. а,,а, is also in GP. With 
2241 
common ratio 2 
4 па osse and D DS b sss are two G.P.s then a, + b,, a, + b, a, + b,,........ are NOT ш 
5 ие О ата аге two G.P.s then a,b,, a,b,, a,b,,........... and 
адо | 
b! bt b rmm are also 1n С.Р. 
a 
6 If 3 numbers are in G.P., we may take them as D a, ar. №4 numbers are in G.P., we can take them 
a a 
as z, —,ar ar. 
гот 
7 In a geometric progression, product of the terms equidistant from the beginning and end is a 
constant and equal to product of first and last term. 
le For {а } 
аа d. I = 
Alsoa = 4а, а, ,O«k«n-r. 
8 Product of n geometric means between two given numbers а & b is n" power ofthe single G.M. 
between them. 
ie G,G,G,........G,- (Vab | 
9 ШЕТЕН ТЕ are in С.Р. (a>0 у 1), then Іова, 1ога„1оза........ are in А.Р. Its converse 1s 
also true. 


Harmonic Progression (H.P.) 


A sequence is said to be in Н.Р if the reciprocals of its terms are in A.P. 
] ] 1 


СИА ЕЕ a are in H.P., then ау ауу а are in A.P. 
n 
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For a sequence {а j which is in H.P., 








nt” terma = ОИ ОНИ — = V 
i че 1 1 | а) +(n—1)(a, —a5) 
ay а) а, 
1 ауа,а 

n^ term from end a ' = = —— 

Ex 11 | ауаз — a, (n 1а — a5) 

аһ өй di 
Note : No term of H.P. can be zero. There is по general formula for finding out the sum of n terms 
of H.P. 

Harmonic mean 


Ifa,b,c are in Н.Р; then b = 





2ac 
m is called the single H.M. between a & c. Leta & b be two given 


numbers and H, H,,.............. ‚Н are H.M.s between them. then a, H , Н,,...... Н , b are in Н.Р. 
The common difference d of the corresponding A.P is 
a—b 
E (n + аЬ 
т 1 | 
u ——td,----2d etc. we сап find all the harmonic means. 
Hi а H5 а 


Note: The sum of reciprocals of n Harmonic means between two given numbers is n times the 
reciprocal of single H.M. between them. 


1 1 
1 1 1 "iT 
=== = РА. а 
le НН," МЕ n 


Note : If a, b, care three successive terms of a sequence. Then 


a | 
— — а, b,c are ш А.Р. 
а 





= Q^ a, b, carein G.P. 


a 
—-»a,b,carein Н.Р. 
C 


Relation between A.M., G.M., and H.M. 


For positive numbers a,, а,, а, ................. а 


aj +а) +.......+а 
A.M. =A= ~~~ 
n 
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G.M. = G - (ауа, € a. )n 
n 
HM-H-] 1 - 
"MP ce Е 


A>G>H and С = АН. 
(equality holds if a, =a, =............... а) 


Note : Also 





(Root mean square inequality) 


Note : The quadratic equation having a, b as its roots is x°-2Ax+G* = anda: b=A+,/ д2 (2 


:A— JA? — G2 where А.С are respectively the A.M. and GM. ofa & b 


Note : Formation of progressions 
Two consecutive terms determine the required progression. If two numbers a & b are given, then 
(1) a, b, 2b-a 1s A.P. 
b? 
(1) а, b, " is GP. 





: b ар. ЫР 
(п) а, ‚заь 18 ‚Р. 
Solved Examples. 
If the p^, а? and r^ terms of an A.P are in GP, then the common ratio of the GP is 
рға r-q p-r 
a b 0 _ — (d None ofthese 
(Qu 1,0 pa @ 
Solution : T, T, Т are in GP 
fo T т 
ES = = = 
T 1 T, 1 











а Pp а Ч r^ ^q 
=> == = 
T T, T, T,-T, 


la (A*(r-DD)-(A*(q-DD) r-q 

^T, (A*(q-DD)-(A*(p-DD) 4-р 

Ans : (b) 

If 4a^* 9b 1 6c? = 2(3ab+6bc+4ca), where a, b, c are non-zero real numbers then a, b, c are in 


(a) A.P. (b) GP. (с) Н.Р. (d) None of these 
Solution : Multiply by 2 on both sides 
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4a*+4a°+9b*+9b2+ 1 6c7+16c7—12ab—24bc—16ca = 0 
— (2а9—36)2+(360—4с)2+(4с-2а)=0 


— 2a=3b=4c=}, 
aA pur vo^ 
277297 2 
2,3,4 are in AP = 1. іп Н.Р 
‚3,4 are іп > 5, з, д aren Р. 
АА А санға 
= 5,3,4 аге in HP gives 
a, b, carein HP 
Ans (c) 
Пааа н О В Вон 5, bare inG..P. and h is ће 


single harmonic mean of a & b, then 











ата,» ата] m тары. lt 
— is equal to 
Eo, 282 бабны 709 
2n n 
а) = ( ж () m @ ү 
Solution : 
“б Мы ус үс =а+а, = atb and 
лы с раны -g.g,,-ab 
2ab 
Alsoh- 
a+b 
с; | LORD „ер. a+b Р 
г. Given expression = — ab eee ab (n times) 





n 
If «x« 2 then the minimum value of 


(sinx+cosx+cosec2x) is 


zd 21 @ м 
; © F ( Nom 


Solution : Apply A.M » GM 


(a) 27 (Ы 


1 


sin + cos + cosec2x | 3 
OE (sinx.cosx.cosec2x ) 


3 


32 


UDOON 


A program to give wings to girl students 


1 
sin X + cos X + соѕес2х | sin X cosx \ 


3 2sin x cos x 
Cubing both sides 
(sin х + cosx + cosec2x }? 1 
ЕН ЕЕ. е 
27 2 
" | 3 27 
Minimum of (sinx + cosx + cosec2x } = E 
Ans : (b) 

5 Sum of certain odd consecutive positive integers is 572-137, then the integers аге 
(a) Э Эч 111 (b) DA рме 113 
(с) 29.351, 33 ncs 115 (d) None of these 
Solution : 

(2m*1)*(2m3)-.............. n terms = 572-132 


2 Q.Om-D4(-12) = 572—132 


=> п(211+п)=572—13? 
n^--2mnt*tm^-nr-57-]3? 
(п+01)2—112=572—13? 

= nm =57 and m = 13, Solve to get n = 44 

Hence, the series 1s 





PANDA: ES Cerne te rere ‚113 
Ans : (b) 
» х+у у+? 
6 Ifx, у, 7 аге three positive numbers in A.P, then the minimum value of =e a 2у-2 15 


(а) 2 (b) 4 (c) - (d) None of these 


Solution : 


ZtX. | | 
put y= ; m the given expression 





7-ЕХ 7-ЕХ 
X + TZ 
E НЕН? l2 
Z-X-—X 7--Х-7. 








3x *z 37+Х 
27 2x 


3x 37 


] ] 
22 2 2% 2 
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ы” 


Х 7 
3(x 7 2 spec Z X X Z 

E pese Now ~ AM> ОМ —^Z Х>,-.- -,-%->2 
21% X 2 2 Х 7 7 X 
EP 

2 2 -- 

Ans : (b) 


If n arithmetic means are inserted between 50 and 200, and n harmonic means are inserted 
between the same two numbers, then a,.h. , is equal to 

















(a) 500 (b) 5000 (c) 10,000 (d) None of these 
Solution : 
ЖЫЛЫП бабы ЛО) ЕШЫМ сне а (1) 
ОВОО ан „h, 200 are in Н.Р 

111 1 1 | 
— SQ^ hy? hy remm h. ° 200 are in AP 

] i 1 1 1 , 
— 200? ho? ho nmm h, ° 50 are in AP 
Multiply by 200x50 = 10,000 

10,000 10,000 10,000 10,000 | 

— 50, ЖЕЛЕ. h, ^ h ^ 200 are in AP................. (2) 


Now  (l)and (2) are identical. 


10,000 
а= ey gives аһ , = 10,000 


Ans : (c) 

Exercise 
Па аут а are positive real numbers whose product is a fixed number с, then the minimum 
value of a,+a,+......... +a ,t2a is 


(a пу)"  (nt*l)e^ (c) пс!” (d)  (n-D)Qo)^ 
3 
Ifa, b, саге in A.P. and a?, b?, c? are in GP. Ifa<b<c and a+b+c = ~ опот орат 


1 1 1 |] ] 1 

аа э» ® эл © 2 B d у> 
Let f(x) = ax^*bx*c, а 0 and A—b?—4ac. If о +р,о°+В°& о? В аге in GP, then 
(а)  Az0(b  bA-0(c)  cA-0 (d bez 0 

bc b+c b-c | 
I ad aad ad? Шепа, b, с, dare in 
(a) АР (b) GP (c) НР (д) A.GP. 
The 4" term of the A.G.P. 6, 8, 8, ............. is 
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32 64 
Q 0 9 D © = @ = 


6 Шх= 111......1(20digits), y-333......... 3(10digits) and 


x — 


2-222..........2(10digits) then ——— = 
7. 





(а) 1 (b) 72 (c) 5 (d) 3 
7 Read the passage and answer the questions that follow. 
+ An odd integer is the difference of two squares of integers. 
* The cube of an integer is difference of two squares. 
Ж The cube of an odd integer сап be expressed as difference of two squares in two different 
ways. 
Ж The difference of the cubes of two consecutive integers 15 difference of two squares. 


(1) If 10°= a?—b^, then а = 
(a) 5 (b) 0 (c) 10 (d) 15 
(11) If 9?—a?—b?- c?^-d?, atbt+ct+d = 
(a) 720 (b) 750 (с) 800 (4) 810 
(ш) 15°—14°%=а?-*, ab = 
(а) 90000 (b) 95940 (c) 99550 (d) 99540 
8 Match the following :- 


n+l ra pa! 
For the given number a and b, — — — is 
a +b 
ColumnI Column II 
(a) A.M. (p) for n=1 
(b) GM (q) for n-1/2 
(c) H.M. (г) for n=0 
($) for n= -1/2 
(t) forn--1 
9 The sum ofthe products ofthe ten numbers + 1, +2, +3, +4, + 5 taking two at atime 1$ 
(a) 165 (b) -55 (c) 55 (d) None of these 
10 Let a, =0апаа,а,,а,,............... a_be real numbers such that ја |= |a. +11 for alli, then the A.M. 
of the numbers a, a,, а,................ a has the value A where 
(a) A< E (b) А<—1 (c) A> E (d) А = > 


Note : « Questions with more than one option is correct. 
Answers 


l. а 2. d 3 c 4 c 5. саб а 7. О c (m а (m d 
8. aorbs,cot 9. b 10. c 
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SEQUENCES AND SERIES 


Sequences and Series(Lecture-02) 
Some important Logarithmic and Exponential formulae 


1 If a* = у, then x = log y 
2 log a-1&log 1-0 
3 д1 у 

4 log тп = І0р m+log n 


m 
5 log, =) = 05 т log n 





6 log "= п log m 
log.a 
7 log, а= log. b 
8 log,a"- — 
а n 
1 


9 log, а= log. b 


10 юв (I1¢x)=x- — + + 
og. ху-х 5 3 2 eem 
2 x? x^ 
11 l 1-х)у--Х--------- ............ 
ос (1-х) X 3 4 
2 ххх, 
12 log (1+x) (1-х) = log (1-x^) - 2 2 4 "ES 
x ХХ, 
---|-2|Х------................ 
13 log. eem Z 35 
14 log 2=1 EU 
ос 2- д teme 
X х’ x 
15 ех = | +—+——+-——+............... 
I! 2! 3! 
$ x 
16 ехе = 2 Т CERA VERE 
ххх 
17 е-е” — ? 1! 31 5! severas. 
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pua 1 1 
18 е=++ tat VERE 
eis an irrational number & it lies between 2 & 3. ez 2.7183 
3 


2 
19 ау = еу: = 1 +y(log_a) + a (log a)^* 2 (10850) ое 





20 log, log, 











21 qv lea b — ру!» 
Vn - Method 
(1) To find the sum of series of the form 
1 1 | 
za RERO Р where a,, a., 
dd asus De а. есе ET 1972 
1 
“Her T, = | 
TN m ама 
1 
— are In A.P. Let V. = A" : (avoiding first term for У теа in T.) 
M m -— 
T= d(r = 1) 2222 d(r —1) Алға” 
putn=1, 2, 3............. n and add to get 5. 
p cud so uis L = daD (VV. 











1 1 1 1 1 1 
E @ 123 234 "vv " nn«4D(n-2) ^ LG-1) 5 (n4 D(n + > 
1 1 
24 2(n+1)(n +2) 
b 1 | 1 : ОН 
ШІ 8 ыы n(n + 1) (а + 2)(n + 3) 
cA RENE SEN 
2144-1) (1.2.3  (п+0@+2)(@а +3) 
(1) Summation of series of the form а а.......а+а.а......... -— Г СИТ a, where 
а разы are in А.Р 
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Here T =a d өзар ИЕР | 
Lët y =a d m a а (Take one term extra in T for V ) 
n n ntl n-rt+] n-r n n 
1 


L7 rand C s ia 


Рип = 1, 2,3........ and add to get S. 


1 1 
pq T КИНЕ +T = d(r 41) (У-У)- d(r 41) C шн Ла7 т а) where 
а-а-а 
EE. _ n(n«l)(n-2) 
Eg (a) EPA о ЧЕРРИ +n (0+1) = 104n (2+1) ((n+1)(n+2) – 0.1.2) = у Н 
(b) 23А 23456... + n(n+1)(n+2)(n+3) 


1 
= 1(4+1) (n(n*1)(n*2)(n*3)(n*4) — 0.1.2.3.4) 


1 
= 5 n(n+1)(n+2)(n+3 )(n+4) 
SOLVED EXAMPLES 


1 If the sides of a triangle are in A.P and the greatest angle of the triangle 1s double the smallest, then 
the ratio of sides of the triangle 1$ 


(a) 3:4:5 (b) 4:5:6 (c) 5:6:7 (d) None ofthese 
Solution : 


Applying sine rule, we have 
a-d | a | а+а 
sinO — sin(r—30) 5іп20 


a—d а а-а 





a-d | a _ а+а . Е а-а 
— 1 345120  2cos0 Ре 2(a— d) 


a 


TE 
Also, 3-4sin* Ө ad 











а ағау а 
— 2 == = 2-2 | -І- - 
= 3—4(1—соѕ? 0) sed gives —1 (aa) а-а 


Аға 
> а-а= Даа = a*—ad gives a = 5d 


. sides a-d : a : atd 
54-а : 54: 54+а= 4: 5: 6 
Ans : (b) 
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The sum of 
КРЕ LL EI ні 
122 232 3412) mm n terms is 
1 1 1 
(a 1- (n4 1p" (b 1- т отт (c) 1+ (na T" (d) None ofthese 


Solution : 


n+2 1 2 1 1 
Қ” (nel) 2 ^in п+1/ 2" 
| | 


> 1.7 281 (n«D2 


Putting п=1,2,3, .............. an 




















EY 


1 
"n2"! (n + 1) j 
Adding , T,+T,+T,1......... же 
1 
п+1)2" 
Ans: (a) 
Coefficient of x? in the expansion of (x-1)(x—3)(x—5)......................... (x—99) is 
(а) -99: (б) 1 (c) —2500 (d) None ofthese 
Solution : 
(x—1)(x-3)(x—5) ................ (x—99) 
x dm. dd ee 
г. Coefficient of x" is -S, 


T 





adi 


= (ЕЗ5. +99) = —50? = —2500 
Ans : (с) 

The coefficients оҒх in the product 

(1—х)(1—2х)(1—2?х).............. (1—2'°х) is 

(a 219—212! (b 27-2! (c) 2129-2104 (d) None ofthese 
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Solution : 
(1—х)(1—2х)(1—2?х).............. (1-27) 
= (—1)!%х—1)(2х—1)(22х—1).................. (25х-1) 


1 1 1 
а АР етене эм [х-5 toa ee [к-з 
1 1 1 
окр Сз Е to 


1 1 
coeff of xis 2" Le eae жун! 


| " «| 1 
= 200] A — _712! 1 — 8 — 2105 5121 


1-1 
2 


Ans: (a) 
The sum to 2n terms ofthe series 
3 7 15 31 63 127 


— ETT ыш: is 
4 4 16 16 64 64 


2 | 1 10 | 1 13 1 
(а) 3—5 EU (b) 31-5 ШУП (с) 31-57 4^ (d) None ofthese 


Solution : 
Given expression 


=|1->| +} 2-—]| +} 1-— |+ 2-— 
| т) 4 L) 4 =| 4 =| ни ———' 2n terms 


40 


UDAN 


6 


A program to give wings to girl students 


The sum to n terms ofthe series 



































1 1 1 
ү + 1 iT 
= 1-3)--- == 
7 (1+3) (1+3+5) | 
2n т 4n 2 
o MT 0) з © вн 
Solution : 
1 1 
1,5 (1+3+5+............ +nterms) |, 1 
4 
Grae 
1 n-T—|-|n—— 
2 2 
PID pie 
2 2 2 2 
1 1 
= 2 — 
I, Iz x 
1 1 
sA pu 
E f 1 
11 
= J= 
5 B J 
1 1 
=2 — 
I, x ze] 
Adding, 5 — T, +T,+ a | } - 21 
шр жа V ын = м 
Ans : (b) 
The sum of the series 
РЕ Ó ў + 
13 135 а oo IS 
1 3 
(а) 1 (b) 5 (с) 5 (d) None 


Solution : 


4] 


(d) 


None 
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2n+1-1 
JRE ИЕН (2n – 1)(2п +1) 


т- 414 
" 2113.5...(2n-1) 1.3.5.....(2n +1) 
SERE 
2 1.3.5.....(2n - D) 2n +1) 
Soo = H 1-0) = 1 
Sw = 5(1-0)= 5 

Ans : (b) 
Exercise 
1* E be squares such that for each n> 1 the length of a side of S, equals the 

length ofa diagonal of S... If the length of aside of S, is 10 cm, then for which of the following 

values of nis the area of S, less than 1 sq. cm. 

(a) 7 (b 8 (c) 9 (d) 10 
2 If a, b, c are is A.P and a’, b^, c? are in Н.Р, then b^ = 

ca —ca 

(a) > (b) 2ca (c) EN (d) -2са. 
3 Let the HM & GM of two positive numbers а & b be in the ratio 4:5 then a: b is 

(a) 1:52 (b 2:3 (c) 3:4 (d) 1:4 
4 If cos(x—y), cos x, cos(x+y) are in H.P., then the value of cos x seo 15 

1 

(а) +1 06) +5 () +42 (d +43 

5 If x & y are positive real numbers and m, n are positive integers, then the minimum value of 


x" y | 
(1+х2")(1+ у?") ® 
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1 1 
@ 2 ® 3 © 5 © 1 
6* There are two numbers а & b whose product is 192 and the quotient of A.M. by H.M. of their 
169 
greatest common divisor and least common multiple 1s 78: The smaller of a & b 15 
(a) 2 (b 4 (c) 6 (d) 12 
7 Consider the sequence 1, 2, 2, 3, 3, 3, ............... where n occurs n times. The number that occurs 
as 2007" term is 
(a) 61 (b 62 (c) 63 (d) 64 
8 Read the following paragraph and answer the questions. 


Let A, G,, H, denote the A.M., G.M., Н.М of two distinct positive numbers. 
Forn22,letA. апан , have A.M., G.M., H.M as A, G „H respectively. 
(1) Which ofthe following statements is correct ?. 

(ад) GG G aesan 


1 


2 
(b) 16 «0 0 eee 
OME CA eE 
(d) Сб<С,<С.................. and G.>G,>G_>...... 
1 3 5 2 4 6 


(1) Which are ofthe following statement is correct ?. 
(d). A A Ar 


1 2 3 

(b) A,<A,<A,< "HER 

C А >А >А_>................... and А <A <А <......................... 
1 3 5 2 4 6 

(d) A,<A,<A.< MERE and А->А >А ее 


(ш) Which are of the following statement is correct ?. 
(a Н >Н >Н,>.................... 


1 2 3 

(b) Н<Н,<Н,<................. 

С Оооо and H.<H <H -.................. 
1 3 5 2 4 6 

(d) ВЕ ео and ЫНЫ eese 


XyZ 


9 Ifx,y, z>0 and x+y+z = 1, ће 4 4 15 necessaril 
i ( (1-3) - y) - z) 


1 1 
(а) >8 (D < 8 (c) < 8 (d) None ofthese 
10% Match the following : 
Column І Column II 

(a) 3 numbers a,b, c between 2 & 18 such that (р) GL=4 

| G 
(1) a+tb+c = 25 (q) B —4 
(п) 2, а, b are consecutive terms of an A.P. () GL=7 

E | G 
(ш) b, c, 18 are consecutive terms of a С.Р. (s) B = 
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КО = max {a,b,c} & L=min {a,b,c}then (t) B Г =3 
(b) 3 numbers a, b, c are in G..P. Such that 
(1) atb+c = 70 
(Ш) Да, 5b, 4c are is А.Р. 
If G = Max (a, b, с} and = Mina, b, с}, then 
11 The coefficient of x^" is the expansion of (x-1)(x^—2)(x^—3) .................... (x?0—20) is 
(a) -35 (b 21 (c) 13 (d) 25 
12 Read the following passage and answer the questions : - 
Let ABCD is a unit square and 0< a «1. Each side of the square pone EM 


is divided in the ratio о : 1—о, as shown in the figure. These 
points are connected to obtain another square. The sides of new 
square are divided in the ratio a : 1-a and points are joined to 
obtain another square. The process 15 continued indefinitely. 


Leta, denote the length of side and А the area ofthe nth square 1-а 
со 8 А а l-a B 
(1) The value of а, for which 2, me 3 15 
n=1 
(a) 1/3, 2/3 (b) 1/4, 3/4 (c) 1/5,4/5 (d) 1/2 
(п) The value of a for which side of n? square equals the diagonals of (n+1)th square is 
(a) 1/3 (b 1/4 (c) 1/2 (d) 1/42 
(ш) Ifa— 1/4 and P, denotes ће perimeter ofthe п" square then >, Р equals 
n=l 
8 
(а) 8/3 (b) 32/3 (c) 163 à)  z (4410) 
Answers 


1. b,c,d 2. C 3. d 4. C 2. Ы 6. 
C 8. (1) C (1) а (ш) b 9. b 
10. a—r,s,bq ll. C 12. (1) b 
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SEQUENCES AND SERIES 
Special Series(Lecture-03) 
Arithmetico - Geometric Series (A.GS.) 








45 


ША, арыдан а is an A.P. and b, b, ........... b isa GP, then the sequence a,b,, a,b, ....... ab. 
is said to be an A.G.S. The sequence is of the form ab, (а+а) br, (a*2d) br^,.......... .............. 
Sum to n terms = $ = E + dbr( 7^) . (a*(n-Dd)br 
п ]—r (1—r) 1-І 
If—1<r<1,sum to infinite numbers is given by 
ab dbr 
=—— + 
Important results 
1 IE сыыс E +n‘, then 
| n(n +1) 
(1) E Ue е m=- 
, n(n + 1)(2n +1) 
(11) poc qu qa аны 2---- 
2 +] 2 
(ш) p cp ues Те w= OU 5, 
-DQ2n«DGn -3n-1) S 
(м) 8 =1#+2#+3#+.................. ыйы UDIN В 
4 30 2c 3 
*(n+1)°(2n°+2n-1) 1 
(м)  S,- D 9259359 +05 = ИИ = = 5,45,-1) 
2 У ИО to п terms = п? 
4n° -1 
3 БЕ OP ae EE io n terms = "09 À 
4 оон to n terms = п? (21? -1) 
Е 
5 1=-1+1 -—.............. to n terms = > 
1-(-D) (2n +1 
6 К ы а sin to n terms = —— 659 
-1)"'n(n +1 
7 ИО es cit to n terms — иав = (CDS 
2 
п-1 3 2 
8 P2 FI ЕРЕ to n terms = 2 Өл О 
Note 1 : (х+1)(х+2)(х+3).................. ра о р а ыг 


UDAN 


A program to give wings to girl students 


а Ae 
| 2 
_ (n- Dn(n-«I)(3n +2) 
а 24 
A c (n—D(n – 2)п? (n +1)? 
4 48 


Note 2: To obtain the sum Ў, а, а, We use the identity 
1<} 
— 2 2 2 2 
2% а, а, = т +a ara rera ^) 
i<j 
More methods of summation of series 
If n? term ofa sequence is given by 
T, = an? + bn? + en + d, where a, b, c, d eR, then 


Boe ТТІ.“ +Т, 
= a* n + b> п’ + су п t d> 1 
I Method of differences 
If the differences of successive terms ofa series are in А.Р. ог G.P., we can find T, as follows 
(a) Denote п" term and the sum up to n terms by T, 65 respectively 
(b) Rewrite the given series with each term shifted by one place to the right 
(c) Subtracting the above two forms of the series, find T . 
(d — ApplyS,- >. T. 


Note : Instead of determining the п? item ofa series by the method of difference, we can use the 
following steps to obtain the same 


(1) 


(1) 


(Ш) 


(iv) 


If the differences T, -T,, Т, — T,,................ etc are in A.P. Then take the n^ term as 

Т = ап” + би + с, а, Б, с eR 

Determine a, b, с by putting n= 1, 2, 3 and equating them with the values of corresponding 
terms ofthe given series. 

If the differences T, -T,, T, —T,, ........... etc are in GP, with common ratio г, then take 
Т = аг"! + bn +c, a,b,c eR 

Determine a, b, c by putting n= 1, 2, 3 and equating them with the values of corresponding 
terms of the given series. 

If the differences of the differences computed in step (i) are in A.P, then take T, = an? 
+ bn? + сп +d 

Determine a, b, c by putting n= 1, 2, 3, 4 and equating them with the values of corresponding 
terms ofthe given series. 

Ifthe differences of differences computed in step (1) are in G.P with common ratio r, then 
take 

Т = аг + Бп? + сп + а 

Determine a, b, c by putting n= 1, 2,3, 4 and equating them with the values of corresponding 
terms of the given series. 
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II Sum of series whose n" term is 


1 
»~ [a(n- Dd][(a - nd)] 


Resolve T. into partial factions, (or express the N' of T. in terms of factors of D' and 


T 


simplify), then find T,, Т, ............ Т and add to get S.. 
III Sum of series in special from 
(a) Let the series consists of terms whose п? term 
_ 
1,7 а(а-+4)(а+24).............. (а + (n Dd) 


To find sum of such a series ( factors of D' are in А.Р.) as shown above, remove the least 
factor and multiply the denominator by the number of factors left out (here n-1), and also 
by the common difference (here d) change the sign and add a constant C. 


1 

Thus, 5, — (^ Dd(a + d)(a + 2d)... (a+(n—Nd) * © 
Find S, and hence value of C. This gives the required sum. 

(b) Let the series consists of terms whose n" term T, = a(atd) (at2d).......... (at+(n—1)d). 
To find sum of such a series, as shown above, add one more factor and divide by the total 
number of factors (here (n+1)) and also by the common difference (here d). Also add a 
constant C. 

a(a + d)(a + 2d)........ (a + (n – D)d)(a + nd) 

(n4-Dd me 


Find 5, and hence value of C. This gives the required sum. 


Thus » = 


Note: 


| for odd - (= e 
(1) or odd n, n-[75 ] 7175 


(ii) Foranyn n = (зегі) - E 








2 2 
3 3 $ 2 2 
.. " , |n ud |n -1 _|п@+)\ (ша-1) 
(11) For odd n, n ) 3 3 3 
SOLVED EXAMPLES 
1 It is gi йш зе ье a uu | |t 
is given that т + Sa T 3g +. = gg then, qi T ute oo Is equal to 
4 4 89 4 
(a) E (b) 25 (с) Е (d) None of these 
| 1 1 1 
Solution: Let у + 37 + z7 + кз o=S 
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vow tat by _ 
OW 1^ 24 24 — OO — 90 
11,1 | Е 1,1 | л. 
за Js pf ст == ET 
1 С 1,1, ө) л. 
— St 3 023 E 
E п“ Е п“ 
> 16°90 90 
g_ 7 (1-1) == 15 m 
>> 90V 16) 90 90 96 
Ans : (a) 
pue dt eet. ee +rterms 
2 IfS = > then 
Е т=1 2 
S is equal to 
(a 2°-(nt+1) (b) 1-2" (c) n-l +2” 
Solution : 
т. Та ы ааа т terms. 
r 21 
1-1 
= ( ) ET 
(2—1)2 
rale 
no 9g 
ЖЕЛГЕН n terms 
S =n- Sk a теты” 
1 1 
S =n- 2 2^ -n-(1-27) 
1-1 
2 
1—2 
Ans : (c) 
3 The sum to n terms ofthe series 
2 
12+2.22+32+2.42 + 5?+.................... E „= 
n*(n+1) n(n? —1) , 
(а) 3 (b) о (c) n(n-ly(n-*1) 


48 


(d) 


(d) 


2^ —] 


when n 1s even. When n is odd, the sum is 


None of these 
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Solution : Letn = 2k 
2242222322429 Ыы eee t(2k-1y + 2(2К)? 


_ 2kQk 41) 

77 2 

Let n = 2k + 1 (odd) 

и +(2К—1)* + 2(2k)* + (2k+1) 


_ 2k(2k +1)° 


+ (2k + 1) 
; + Qk +1) 


_ (2k+1)°(2k+2)  n'(n«l) 

р 2 77 2 

Ans : (a) 

If the sum to n terms of an A.P is cn(n—1); c = 0, then the sum of squares of these terms 15 


2 


(a сп? (п+1)? (b) M n(n-1)(2n-1) 


2 


2 
(с) ES n(n+1)(2n+1) (d) None ofthese 


Solution: T -5-5 , -cn(n-1) —c(n-1)(n-2) 


=c(n—1){n—n+2} 


1 


= 2c(n—1) 
^ T, = 4c*(n-1) 
ЕО ОУУ оен +(n—1)*} 
n(n—1)(2n-1 
jo ee) 
6 
26 
= 74 na-DCn-1) 
Ans (b) 
Let t 29494 
10 А 
The > tr is equal to 
г-! 
27-11-20 2 3519 2 ed ed 
(a) > (b) 389 (c) 39 (d) None of these 
Solution : t^ =2'+27+2 
2 1492 10 l à І + +. І 
UM EC ames ЛЕР сысы рю | + 20 


авна (i) aa 
2-1 —————— 
| 
2 
49 


Ov 
UDAAN 
АА = + 20 
2 


21 


1 
=2 = + 19 = jio + 19 





Ans : (b) 
6 sum to n terms 
].(3n-1)42. (3n-2) + 3.(3n-3) +............. n terms 15 


(a) n(2n+ un —]) (b) n(2n + c +1) 


(с) ae (d) None ofthese. 


Solution: 
T -(Эп-г) 
= Зиг" 
ii n n 
S = УТ, = 3n% т u Yr’ 


r-1 r=1 rel 


n(n-l) n(n-cl)2n-«l) 
2 Э 6 


| 


n(n +1) Е -2n- ц. п(п + 1)(7п - 1) 
2 3 i 6 





— 3n. 





. n(n«l) fan- 28 
Е 


Ans : (с) 


П П m 


24 229 2% equal to 
m=] r-l 





1 П 2 n 1 П 2 n 
(a) = Ут +Ут (b) = Ут -»r 
2 rel r=] 2 г=] г=] 
(c) 0 (d) None ofthese 
n n 
2 m(m +1 
Solution : Ут - 25 Bon 
r-l т-і 2 
У 2 У г? +r 
— I = 
r-l т-і 2 


50 


UDOON 


A program to give wings to girl students 


Exercise 
1*. Forapositive integer n let 


1 1] 1 1 
а(п) = 1+ += + + 


ES T 
тастығы (2?)-1 then 


(a а(100)<100 (b) а(100)>100 (c) а(200)<100 
2 113--103--93--83--73-63--53-42--33-23--13 = 
(а) 756 (b 724 (c) 648 
n 
3 а а, a, are in А.Р with common difference d, then > tan! 
nd | (n + Dd 
ш 1+ауа +1 DEL І+ауа 
| (п —1)d | (n — Dd 
(c) tan leds (d) tan [аа 
4 The sum to 50 terms of 
3 5 7 | 
"d dccem ub ИЕГИ ee 
12 12 492 12 +22 + 32 T— 15 
50 , 10 150 
(а) 75 (6) 17 () 17 
5 The sum of the first 10 commons terms of the series 17, 21, 25, 
(a) 1100 (b 1010 (c) 1110 
6 Match the following : 
ColumnI 
(a) е to 21 terms (p) 
(b) 13—235+35—45 +........... to 15 terms (q) 
(c) ыры аа to 8 terms (r) 
(d) а to 6 terms (s) 
7 The sum of the series 2 cosec la Ast ay Is 
r=] 
(a) m (b) л/2 (c) 7/4 


n n 
4 
8 Let 2! = f(n). then х. (2r—1)* is equal to 
r=1 r=] 
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(d) а(200)>100 


(d) 812 
d 


1+а;а; 4] 


р 20 
(4 -- 


"TTE and 16, 21,25, ...1 


(d) 1200 


Column II 
680 

2556 
1856 

231 


(d) None of these 
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1. 
7. 
12.с 


n-i 
(а) /(2п)-16 Ка), vneN (b Ға)-16/ ЕЗ when n 15 odd 
n 

(c) Ға)-16/ В whenn is odd (d) None ofthese 
Match the following : - 

Column I Column П 
(а) If Yn -210, ran Y n” is divisible by 

the greatest prime number which is greater than (р) 16 


(b Between 4 & 2916 is inserted odd number (2-1) 
G.M’S. Then the (n+1)" GM. 15 divisible by greatest (q) 10 
odd integer which is less than 

(c) Inacertain progression, three consecutive terms 


are 40, 30, 24, 20. Then the integral part of the (r) 34 
next term of the progression is more then 
LPS a 
(d) 1+5 52 53 ИКИ tO oo z^ , Where (s) 30 
HCF(a,b) = 1, then a—b is less then 
1 1 1 1 1|. 
Hep b S I I — oo then the value of g | 15 eeen 
o| 1+ E + ES + EJ + 1 E i 
The value ofthe ratio 22 42 42 T | mE 22 + 32 == 42 Eu E | uu 
lm x r | 
UELLE eee рту cach 
: b = 1 d) М fth 
(a) 3 (b) 5 (с) 5 (d) one of these 
n 
ПО + (07) = 3 (n——1), then t, is equal to 
(a m (b) 2n (c) n2n (d) None ofthese 
о ия?) Ж ОЭ eee sra = асы + г) where each set of 


parantheses contains the sum of consecutive odd integers as shown, the smallest possible value of 
ptqtr (where p>6) 18.......................... 
(а) 12 (b 21 (c) 45 (d) 54 
Answers 
ad 2. a 3. a 4. b 5.c 6. a—s, b>r,c>5p,d5q 
C 8. a 9. a—p,q,ns;brns;c—p,q;d— rs 10. 2 11.2 
13.d 14. b 
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COMPLEX NUMBERS AND QUADRATIC EQUATIONS 
Quadratic Equations(Lecture-01) 


Quadratic equations 
The general form of a quadratic equation over real numbers is ax*+bx+c = 0 where a, b,c e R &az 
0. The solution of the quadrati equation ax*+bx+c = 0 is given by 


—b X X b^ — 4ac 


х= — The expression b*-4ac is called the discriminant ofthe quadratic equation 
a 
andis denoted by D. 


Nature of roots : For the quadratic equation ax*+bx+c = 0, where a,b, ce Rand az 0, then 


P 


D>O D=O D«0 
Roots are real and Roots are real & Roots are imaginary {If p+iq is 
unequal (distinct) equal (coincident) one of the roots then the other 


must be the conjugate p—iq 


wherepqeR &1= Jj. 11] 
For the quadratic equation ax*+bx+c = 0 where a, b, ce О and az 0, then: 


D>0 and is a perfect square. D>0 and not a perfect square. 
Roots are rational and unequal (distinct). Roots are irrational {If p+ Ja is one root, 


then the other root must be the conjugate 


p- Ja ‘ie, Irrational roots occurr in 
pairs if a, b, ce Q. 
Notel : Го isaroot of f(x) =0, then the polynomial f(x) 1s exactly divisible by x-a or (x-a ) 15 
a factor of f(x) and vice versa. 
Note 2: ax*+bx+c = 0 cannot have three different roots. If it has, then the equation becomes ап 
identity in x. ie,a=b=c=0. 
Relation between roots and coefficients 


ПО а, are roots of the equation f(x)-a x"*a х"'+а хт+......... а,х?^+а xta, = 0, 
then f(x) =a (x- a ))(x- a. „)(х— a ,).............. (x-a) 
Каа ЗК ыы *ta,x^ta,x*a, = а, (x- a) (x- o.,)............ (хо) 


Comparing the coefficients of like powers of x an both sides, we get, 








а,  —соей. of x” 
S = а +а.+............. +a = Qa: = DESC RC a 
| 1 72 n 2, | а, coeft of x" 
" a ft. of x^? 
э Qt n-2 coeft. of x 
о, = ОООО O ене 2. LJ = (1) = (—1)2 — 
izj dn coeft of x 
а, ft. of x"? 
QOL.OL.OL п-3 сое . О 
И DO, (руз 02 = yy SOSH olx — 
3 о умма ыд izjzk а, coeft of x^ 
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MZ , constant term 
S = DL UD баннер iesus: с. = (1) а, = (-1) — coeftof x" — 


n 


Неге 5, denotes the sum of the products of the roots taken “К at a time. 
Particular cases :- 
Quadratic equation : If о & В are the roots ofthe quadratic equation ax*+bx+c = 0, then 


—b C 
ттазр---,«5;-ор-- 


Cubic equation : If о, В, у are the roots ofthe cubic equation ах?+бх°+сх+а = 0, then 


= vy+R+v = — 
5 -atpty-- 


с с 
S,= ав +Ва+уа =C} $= < 


= E TO =" 
торте) д. а 


Biquadratic equation : If о, B, у, $ are roots ofthe biquadratic equation ax*+bx*+cx*+dx+e = 0, 


then 
= atpt+y+s = — 
C 
S-ap*pByraoótpv*pBo*vo-Cly = 
C 
Ог5,(0+В) (1*8)*o В+ 5= = 
: d 
S-aprtpro*vóa*tapaó-CU- 
-d 
OrS,-ap(vto)'vo(a*p)- —— 
and $, = =(1 == 
сору б а а 
Formation of a polynomial equation from given roots 
ПС (бандыны ‚оа are the roots of an п" degree equation, then the equation is 
Ханы: +(—1)" 5 = 0 where S, denotes the sum of the products of roots 
taken k at a time. 
Particular cases 


Quadratic equation : If о, В are the roots of a quadratic equation, then the equation is 


xS x+S, = 01е, x'- (a. * p)x* a. В = 0. 
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Cubic equation : If о, В, у are the roots of a cubic equation. Then the equation is , 
х-5 хх, = 01е, x'-(a t B* y) x (a B+B уту a)x-a p y =0 

Biquadratic equation : Іо, p, Y, $ are the roots ofabiquadratic equation, then the equation is 
x^-S x *S,x^-S.x18,—-0 

ie,x*-(a+Bt+7+6)x?+(aPtBPBy+ystast+Pp Sta y)x?- 
(avBtaBdtPByStays)xtaB ys =O. 


Quadratic Expression : An expression of the form ax*+bx-+c, where a, b, ce К &а 0 15 called a 
quadratic expression in x. So in general quadrati expression is represented as: f(x)=ax’+bx-+c or y = 
ax^tbx-*c. 

Graph of a quadratic Expression 

Let y = ax°+bx+c where a - 0. 


-а) X +—x+— = SS quee = 
Then у= а : „ | > Уёа а 4242 а 43? 


„b° — 4ас _ xa | "TL xa | 
ndi 4a ? 2a >y 4a E 2a 


un Pura ulus 
"Y 4a "235 


ү 
. У=ах? or X? = Е 


-b -D 
Clearly it is the equation ofa parabola having its vertex at x 2) 
If a>0, then the parabola open upwards. 
If a«0, then the parabola open downwards. 
Sign of quadratic Expression 


(1) The parabola will intersect the x-axis in two distinct points if D>0. 


(1) a>0 (и) а<0 
а В X а В X 
Let f(x) = 0 have 2 real roots Let f(x) = 0 have 2 real roots 
a & (о «p).Then f(x)>0 о B (о «p )Then f(x)«0 
v Xe(-o a )u (D со ) and f(x)<0 v Xe(-o.,a)U(p o) 
vXe(a,p) & f(x)>0 forall x e( a, B) 
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(2) The parabola will touch the x-axis at one point if D =0 


() a0 (ii) а<0 
X 
X 
ЖОд>духеКк Жо<0бухеК 
(3) The parabola will not intersect x-axis 1f D<0. 
() a0 (ii) а<0 
1e 
> 
f(x)*0 y xeR f(x)*0 v xeR 


NOTE : Condition that a quadratic function f(x,y) = ах++2һху+Ьу+20х+2 fy+c may be resolved 
into two linear factions 15 that 


a 
abc+2 f gh—a f*—be*—ch’ = h 
8 


ho = 
о mh 09 


МОТЕ: 


(i) Бога>0, f(x) » ax?*bx*c has least value at x= pu This least value is given by EP 


—b —D 
(i) Fora<0, f(x)=ax*+bx-+c has greatest value at x= Da. This greatest value is given by Za 


Solved Examples 

1 If о, В are roots of ax°+bx+c =0 ; a +h and В +h are roots of px^*qx*r = 0 апар, D, are their 
discriminants, then D: D, = 

a b’ C^ 


(a) v (b) F (c) = (d) None ofthese 


Solution : o. —p =( а +h) B th) 
= (a-B)y = (Ca th)+(p +В) 
= (a*p)y-4a В -(Co-th)Xp *h)y—-4(o +h)(B +h) 


2 
Ep = Ar 
a a p p 
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b?-4ac  q'-4ar 
"2 24-27. 


а” р 
D, a 
әр, = р 
Ans : (a) 
2 Ifae Z and the equation (x—a)(x—10)+1 = 0 has integral roots, then the values ofa are 
(a 10,8 (b 12,10 (c) 12,8 (d) None ofthese 
Solution : (x—a)(x—10)= – 1 
>  ха=| & х-10--1 OR ха=-1 & | x-10-1 
9—а = 1 x= 10-1 11-a--1 х = 11 
a=8 x=9 а=12 
Ans : (c) 


3 If о, В are roots of the equation (x—a)(x—b)+c = 0 (c + 0), then then roots of the equation (x—c— 
a )(x-c- p ) = c are 
(a aand b+c (b) a+c and b (c) a+c and b+c (d) None ofthese 
Solution: x’—(a+b)x+ab+c = 0 
=> atßB =atband а В =abtc 
Now (x-c- a )(x-c- p ) = с 
> (xc a+P)(x-c)+a B-c-0 
(x—c)^-(atb)(x-c) +ab = 0 
(x—c)*— a(x—c) -b(x-c) tab = 0 
=>  (x-c-a)(x-c-b)- 0 
x = cta and b+c 
Ans (c) 
4 . Let A*bethediscriminant and о, В be the roots ofthe equation ax*+bx+c = 0. Then 2а0 + A and 


2aB— A canbe roots of the equation 














(a x?+2bx+b?=0 (b x*2bx+b2 =0 
(c) x*+2bx—3b*—l6ac = 0 (d) x*+2bx—3b*+16ac = 0 

-ъ+ул 
Solution: о, В = сау 

2а 
_ -Б+А 4 _ =b=A о _ -6-А 4 _ —b+A 
€ оа di um 2a ES 2a mop 2a 
2аа =—b+A 2ap ——b-A —2aatA--b&2ap-A--b 
Заа - A7 —b*24A 2aB —A7-b-24 <. S =—2b and P=b? 
89 =- 26 and P=+b-4 A’ 
= tb^-4(b^-4ac) 


= —3b*+l6ac 
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г. quadatic equation is г. quadratic equation 15 
x*+2bx—3b’+1 6ac = 0 x°+2bx+b? = 0 
Ans : (a) and (d) 
5 The polynomial equation (ax*+bx+c)(ax’—dx—c) =0 , ac + 0 has 
(a)  fourreal roots (b) atleast two real roots 
(c) | atmosttwo real roots (d) Noreal roots 
Solution : ac z 0 
— ас>0 огас<0 
Now D,-b^—4ac & D, = d’+4ac 
When ас> 0 = D,>0 but D, may positive or negative 
When ас<0 = D,>0 but D, may be positive or negative 


In either case the polynomial has atleast two real roots 
Ans (b) 


о +20+1  В+28+1. 
BL ee 
o2+2a+q В +2В+а' 


(а) 1 (b 2 (c) 3 (d) None ofthese 
Solution : x/-px-p-q = 0 


Ка, ‚В are roots of x;-p(x*1) а = 0, then the value of S 


> а+р=р and ор--р-а 
Now (a -1)(B +1) -(a*pB)*ap-l 
—p-q-ptl-—dJeq 


о +20+1  p^«2p«l 
ао -2а-а В+2В+а 


(a. +1)? (B+1)° 
(о +1)? +q-1 m (B--D^ +q-1 


(o. +1) (B -- ^ 
(о. +1)? -(a-D(D  (B41? -(a-D(B4D 


a+l В+ @+1-В-1 


NOW 

















С a-p p-a” a-p 

a-p 
= a-p | 
Ans (a) 
Геѓо, В, у be Фе roots ofthe equation x*+4x+1 =0, then (a +B ) (B y ) (y +a)! equals 
(а) 2 (b 3 (с) 4 (d) 5 
Solution: a+B+y =0, a B+B Y+Yy а =4, a py =-l 

1 1 1 1 1 1 o p + Ву + yo (5 
+ + е =4 
«+В В+у уға Y a В o py -I 
Ans : (c) 
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(уе 


Exercise 
The minimum value of f(x) =x*+2bx+2c’ is greatest than the maximum value of 
9(x)=—x*—2cx+b’, then (x being a real ) 


IB lel 
@ к>» © b 
(c) —1<с< 5b (d) Nonreal value of b «сс exist 


If P(x) is a polynomial of degree less than or equal to 2 and S is the set of all such polynomials so that 
Р(1) = 1, Р(0) = 0 and P'(x)>0 y xe [0,1], then S = 

(à) 6 (b) {(1-а)х2ғах, 0<a<2} 

(c)  1(1—-a)x^*ax,a^0] (d) (1-аухғах,0О<а<1) 

In the quadratic equation ax°+bx+c = 01Ё д —b?-4ac and а +В, a.?* B? and a7 B? are in GP, 
where о, are the roots of the equation, then 

(а) Az0 (b ba =0 (c) сл =0 (d A =0 

Ifa, b, саге the sides of a triangle ABC such that x*—2(at+b+c)x+3 à (ab+bc+ca) = 0 has real roots, 
then 


A 5 4 5 1 5 
@ л<= (b A7; © TES (d) ЖЕР 
Let a & В be the roots of x—6x—2 = 0, with a > B. Ifa = a*— B"forn > 1, then the value of 
ау —2ag © 
2a, 15 
(а) 1 (b 2 (c) 3 (d) 4 


Let (x, y, 7) be points with integer coordinates satisfying the system of homogeneous equations, 3x— 
y-z = 0, -3x*z = 0, -3x+2y+z = 0 . Then the number of such points for which x*+y’+z’ < 100 


If x-10ax-11b = 0 have roots c & d. x^-10cx-11d = 0 have roots a & b, then a+b+c+d is 
(a 1210 (b 1120 (c) 1200 (d) None of these 


1 1 
Ift denotes the n^ term ofan A.P. and bc " andt — D , then which ofthe following 1$ necessarily 


a root of the equation (p+2q—3r)x7+(qt+2r—3p)x+(r+2p—3q) = 01s 


(а) t (b) t (c) t. @ t. 
The curve y = ( 4, +1) x42 intersect the curve y = 4, x3 in exactly one point, if à equals 
(а) 1-2,2) (b il; (с) 2 (d 125 


Read the passage and answer the following questions. 

Consider the equation x*+(1—2k) x*+k*—1 = 0 where К is real. If x^ is imaginary, or x^«0, the equation 
has no real roots. If x^70, the equation has real roots. 

The equation has no real roots if k e 


5 5 
(a) (-о-і!) (б) (1,1) (с) 15 (а) (54) 
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(ii) | The equation has only two real roots if k e 


(а) (-o-1) (b) (0,1) (c) (1,2) (d) (I, 1) 


(ш) Тһе equation has four real roots if k e 


5 

@ (0) (9 CL) (c) 15 @ (=) 

П If a, B are the roots of the equation ах*+бх+с = 0, then the value of 
1 cos(B—a) cosa 
cos(a — В) 1 cosp m 
COS a cosp 1 

(а) эш(а-+В) (b)  sinasmp (c) 1+соѕ(о +В) (4) Noneofthese 

12% If(1+k) tan?x-4tan x—1+k = 0 has real roots, then 
Л 

(а) k’<5 (b)  tan(x,+x,)=2 (c) fork-2,x,- 4 (d fork=1l,x,=0 
13 Ifp,qe {1,2,3,4}, the number of equations of the form px*+qx+1 = 0 having real roots is 

(a) 15 (b) 9 (c) 7 (d) 8 

Е TU p Q . 2 — 

14 In APQR /К- 2 Iftan 2 & tan 2 are the roots ofthe equation ax*+bx+c = 0 (az 0) then 

(a atb=c (b) btc=0 (c) atc=b (d) b=c 


Note : * Questions with more than one option 1$ correct 


Answers 
1 2. b 3. C 4. a >, C 6. 7 
a 8 C 9. C 10 (1) ауа (m d (ш) с 
11 d 12 а, b, с, d 13. С 14. а 
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COMPLEX NUMBERS AND QUADRATIC EQUATIONS 
Quadratic Equations(Location of Roots) (Lecture-02) 


Let f(x) = ax*+bx+c, a,b,c eR, az0and а, Bla < В) be the roots of f(x)=0. Let k be any 
real number 


a < Капа | 1. D > 0 (roots may be equal) 
B > К Both the ! ii. a.f(k) >0 
roots are greater Than k 11. 2k > a 1.e 2k > sumof 


roots or k > — 
2a 


о> капа В> к | i. Р > 0(roots may be equal) 
Both the roots are п. a.f(k) > 0 
greater than k iil. 2k < a p 1.е2К < sumof 


roots or k « — 
2a 


а<к< В 1.D>0 
k lies between (distinct roots) 
the roots i1. a f(k) « 0 





Wavy Curve Method 
Let f(x) = (ха, )“ (x-a, )“ — (x -a, )“ — (1) 
Where К, eN Vi &a, ЕК Vi such that a, «a, <...... «a.. Mark a,,a,...... a onrealaxis check the 


sign of f(x) in each interval. The solution of f(x) > 0 is the union of all intervals in which we have put 
plus sign and the solution of f(x) « 0 1s the union of all intervals in which we have put the minus sign. 


Exponential Equations 
If we have an equation of the form 
ах = b where a > 0, then 


x€gifbxz0; x= log, bifb>0,a #1; 
xegifa-lbzl; xeR,ifa=1,b=1 
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Lagrange’s Identity 
Га,а,,а,, b., b,, b, ER then 


[^ 27 "39 12 "27 "3 
(a? +а; +a; | (b: +5 + b? )- (a,b, +a,b, + а,Ь, ) 
Е - - a,b,) +(a,b, —a;b,}'+(a,b, -аҺ,) 
Note: If — b =-= Е т then each ratio 1s equal to 


а+с+е-.... 
b+d+f+.... 


ра" + ас" + те" +...) 
pb" + qd? + rf? +... where р, q, r, п ЕК 


Jac A ace... 


© Wd ЗЕ. 





SOLVED EXAMPLES 
1. The values of m for which both roots ofthe equation x*-mx+1=0 are less than unity is 
a. Б 0,2) b. (-,-2| с. = 2, со) d. none of these 
Solution: 
D>0 a.f(1) > 0 а-р<2 
(-т)“-4.1.1>0 1.(1—m+1) > 0 m<2 
(m —2) (п+2)> 0 — m 2 > m el- 00,2) —! (3) 
=> me(-c,2] U [2,») .... (1)| m e(-«2) ....(2) Form (1), (2) and (3) we have 


m е(-о,-2| 
Ans: b 


2. The values ofm (m = R) ‚ for which both roots of the equation x*-6mx+9m7—2m-+2 = 0 exceed 


3 15 
а. (-о,Ц b. (- 00,1) с. П, оо) а. none ofthese 
Solution: 
р>0 
(—6m)* —-4.1.(9m^ -2m?2) > 0) | a.f(3) > 0 о0+В > 6 
811—8 > 0 1.(32—181+9п2—2т+2) > 0 |6m > 6 
EST cece (1) 9т? — 200 + 11 > 0 т> 1 ...(3) 


9т? — Эт – llm +11 > 0 
Эт — 11) (м-1) > 0 


11 
> м<1&т> 5 — (2) 
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From (1), (2) and (3) m € о?” 


Ans: d 


The values of p for which 6 lies between the roots of the equation x*+2(p—3)x+9 = 0 is 


3 3 
a. - LES а b. - Ec a с. = 00, 1| d. none ofthese 
Solution: р > 0 a.f(6) < 0 
(-2(p-3)) —4.1.9 > 0 1.(36+12(р-3) +9)) < 0 
p^-6p > 0 => 12р+9 < 0 
р(р-6)>0 

-3 

р<0,р>6 ... (1) 175527 — (2) 


From (1) and (2) P € Ё 5,23) 


Ans: а 


Ка, б, ceR ,and the equation ax*+bx+ с = 0 has no real roots, then 


a.  (atbt+c)>0 b. = a(atbt+c) > 0 
c. b(atbtc)>0 d. c(atbtc) <0 
Solution: 

a> 0 а< 0 

КО) >c>0 f(0)«0 2c«0 


f(2) > O=>a+btc > 0 КТ) <0 = atbtc «0 
а(1) >20 & cf(1)>0 . afl) >0&с. (Г) >0 
a(atb+c) > 0 and c (atb+c) > 0 a(atb+c) > 0 and c (a+b+c) > 0 
Ans: b 
Exercise 
If the roots of equation x^—2ax--a^ta-3 are less than 3, then 
a а<2 b а>4 c. 3<а<4 d -2<а<3 


Read the following passage and answer the questions:- 

f(x) = ax*+bx+c = a(x — a x - В) ‚ where a < В are the roots of f(x) =0. № A = b^ – 4ас is 
negative, then its sign is same as that of a, the coefficient of x^. If f(x) = a(x - a x - В) ‚ where 
a < В, ais positive, then for any number p which lies between a & В; f(p) is negative and for 


any number q or r which do not lie between a & В, f(q) ог f(r) both will be positive. Also if a? 
< x? < b?, then a < x < b or —b < x «-a. 


i  Ifx'-2(4X-Dx + 1522 -24-7 >0Y x ER, thend є 


a. (0,2) 
E: (2,4) 


b. (1,3) 
d. none of these 
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4*. 


9" 


i. Let f(x) be a quadratic expression which is positive for all real x.If g(x) = f(x) 
+ f'(x) + f"(x), then for any real x, 
a — g(x)70 b. с(х>0 c. р(х)<04. g(x) «0 


x^- Ix -2 
i. The inequality 2x|-x! -2 7 2 holds only if 


—2 2 
а. СОСЕ b. only for 7 «x «1 
2 2 

c. —l<x<1 d. не 
. (x-afx-b) . . 
iv* for real x, the function -—————— —- will assume all real values, provided 

X—C 
a a<b<c b a>b>c 
Сс — 6 2b а. a<c<b 


Values of ‘a’ for which the roots of the equation (а+1)х2-Зах+4а = 0 (a * -1) greater than 
unity 1s 


ея «(216,1 
а. 7 , b. 7 , 


—16 
C. ав Ex d. none ofthese 
If x € К satisfies (log ,(100x))* + (log, (10x))* + log, x € 14, then the solution set contains 
the interval 
a. (1,10] b. |0921 с. (0,оо) d.  (-L«) 


If a, b are the real roots of x*px-1 = 0 and с, d are the real roots of x*+qx+1 = 0, then 
(a — c) (b— c) (a * d) (b + d) 1s divisible by 


a | a—b-c-d b at+bt+c-d 
с. a+bt+ct+d d. a-tb-c-d 
Match the following:- 

ColumnI Column II 

45 -1 

a. The value of x for which log (x — 3) < 115 (p) 0, 222 
Ы. The value of x for which log, х > log, x is (а) (0.1) 
c. Iflog, (x—1)<log, „(к 1), then x lies in the interval (г) (2,8) 


d. If log... sinx 22and x е|0,3л| then sinx lies is the interval (s) (3,3 +е) 


0 V5 +1 
(t) 2 9 
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7. 


10 


11. 


12. 


13. 


Read the paragraph and answer the questions that follow: 
еа + Jb + a А where à е М, А eRanda^—-b- 1. АСЕРІН? -ү8|-1 
ie > +45) (а) оа)" 
i м 5) 62, then 
а. x e|-3.2)u[12) b. — xe[|-32)u|-24) 
c. x e|- 2-1)u [2,3) x e[-23)u|-12) 


ii. Solution of b + X3 po + b ed p^ = РИ ы 


MN 
а. 1+ 4341 b. 1+ 4/21 
e 1+ 43,2 d. 1+ 42,2 


iil. The number of real solutions ofthe equation ü 544/14 | Т ü 5 A414 | — 30 are where 


p 


t= x72 xl 
a. 0 b. 2 
С. 4 d. 6 
| 3х? +9х +17. | 
The maximum value of f(x) = 5—15 5k+1, Then К is 
3x^-9x-c7 
a. 41 b. 40 e 8 d. none of these 


2 2 2 
X —yZ у—7х Z — 


If 
a b 





‚ then (x+y+z) (atb+c) is 


X+y+zZ 
a. ах--Бу--с2 b. atb+c с. о d. none of these 





og3 x?-2lo x . 
The value of x satisfying the equation |x — 1 DES сох? _ (x —1) is 
a. 3 b. 9 C. 27 d. 81 


If x? —9x + 20 > x^ — 9х +20 then which is true? 


a. X«40rxz5 b. 4<х<5 

С. 4<х < 5 а. none of these 
If x^*px- 1 is a factor of ax*+bx+c, then 

a. а2+с? = —ab b. a^— с? = —ab 

с. a^— с? = ab d. none of these 


À 
If à z рапа X = 5А – 3,u? = 5u — 3 , then the equation whose roots one " and is 


а. х2—5х-3 = () Ь. 3х2+19х+3 = 0 
с. 3х2—19х+3 = 0 : d. х2+5х-3 = () 
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14. Ifthe equation (cos p — 1)x*+ x (cos p) + sin p = 0, in the variable x, has real roots then ‘р’ 
can take any value in the interval. 


a. (0,27) b. (— 1,0) 


C. Е 5 d. (0, л) 


15. If (cosa +isina) is a root of the equation ax*+bx+c = 0, а, b, c eR , then 
a. acos2a+bsina+c=0 b. acos2a+bcosa+c=0 
C. asin20+bsina+c=0 d. none of these 


Note:* Questions with more than one option 1$ correct. 


ANSWERS 
l.a 2. (1) c (11) a (111) d (1v) c,d 3.a 4.а,Б 5. 0d 
6.a—5s;b—q;cor;dop 7. (1) c (41) b (a1) c 8.c 9a 10.4 
11.с 12. с 13. с 14. d 15. b 
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COMPLEX NUMBERS AND QUADRATIC EQUATIONS 
Quadratic Equations(Location of Roots) (Lecture-03) 


Let f(x) = ax*bx*c, a,b, ceR,a #0 and о, Bla < B) be the roots of f(x) =0. Letk,, k, be two 
real numbers such that k, < k, 


Exactly one root 
lies is the interval (k,,k,) 


Both the roots lie 
between k, & k, 


К <а<В<кК, 


k, & k, lie between 
the roots a « К, <k, <р 


Logarithmic Equations 


1. D> 0 (distinct roots) 
и. f(k,) f(k,) «0 


1.D »0 
(roots may be equal) 
ii. a f(k) > 0&àa f(k,) > 0 


" =p 
111. к < 5. 98) 


1. D> 0 (distinct roots) 
ii. a f(k,)<0 &a f(k,) «0 





If we have an equation of the form as log, f(x) = b where а > 0, a #1 can be written as f(x) = а? 


when f(x) > 0. 


Logarithmic Inequalities 


0<x< yand 
log, x < log, y are 


equivalent 


log, X >p 


х > ар 





О <х <уапа 
log, x > log, y are 


equivalent 


log, x >p 
>0<x<a' 
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Descartes Rule of signs 


The maximum number of positive real roots of a polynomial equation f(x) = 0 is the number of 


changes of signs from positive to negative and negative to positive. 


The maximum number of negative real roots of a polynomial equation f(x) = 0 1s the number of 


changed signs from positive to negative and negative to positive in f(— x) = 0 
Solved examples 


1. 


The values of m for which exactly one root of x^— 2mx + m^-1- 0 lies in the interval (—2, 4) is 


a. (-3,-І)/(9,53 b. (3, –1) c. (3,5) d. none 

Solution: D ^ 0 f(-2)f(4) < 0 

(—2m)? -4.1.(m^-1) > 0 (4+4m+m*—1) (16 -8m*m^-1) < 0 

4> 0 (m* +411+3) (112 —81+3) 

> ШЕК ...... (1) (m +1) (1+3) (m-3) (m-5)«0 
>me(-3,-1)U (3,5) .... (2) 


From (1) and (2), m e (3, -1) U (3,5) 


Ans: а 
The values of a for which both the rootes ofthe equation 4х? —2x + а = 0 lie in the interval 
(—1, 1) 1s. 


« (20) — 8 (= А Са а 


попе 
Solution: 

D=0 a.f(-1) > 0 a. f(1) > 0 
(-2)-4.4.а>0 4.(4+2+а) > 0 4.(4 —2+a) > 0 

4a -1 € 0 а+б > 0 а>-2 

I — (1) а>-6 - (2) ае(-2, о) - (3) 


From (1),(2) and (3), а є - 2, 1 


Ans: c 
The all possible values of a for which one root of the equation (a —5)x*—2ax+a — 4 = 0 1s 
smaller than 1 and the other greater than 2 1s 


a.  [5,24) b. (5,24] c. (5,24) d. none ofthese 
Solution: D> 0 (а—5) f(1) « 0 (a—5) f(2) « 0 
(-2ay-4(a—5)(a—-4) 20 (а-5)(а-5-2а-а-4)<0 (a —5) (4(а—5) -4a + a -4) « 0 
=> 9a-20 20 (a—5) (-a) « 0 => (а— 5) (а- 24) <0 

а >> — (1) а>5 - (2) —>5<а< 24 (3) 


From (1), (2), and (3) а є (5,24) 
Ans: с 
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4. Га, Б, с eR and the equation х? + (a+b) x + c = 0 has no real roots, then 
a. c(atbt+c)>0 b. ct(atbtc)c>0 
c.  c-(atb-c)e^0 d. c(atb-c)>0 
Solution: 
КО)>0->с>0 К0)<0->с>0 
#1) > 0 = I+atbtc > 0 f(1) < 0 = I+atbtc < 0 
f(-1)»021-(atb)*c»0 f(-1)«0 
^. f(0). #1) > 0 and (0). f(-1) > 0 —-(atb)t*c«0 
gives b and c ^ f(0) КГ) > 0 and f(0). f(-1) > 0 
gives (b) and (c) 
Ans b and c 
EXERCISE 
1l. The values ofa for which 2х2—2(2а+1)х + а(а+1) = 0 may have one root less than a and other 
root greater than a are given by 
a. 1 >а>0 b —1<а<0 C. a >0 d a>O&a<-l 
2. The value of a for which the equation (1—a*)x*+2ax—1= 0 has roots belonging to (0, 1) 1s 
a. ge HS b. а>2 с. LS cans d. а>,2 
3. Еа, б, с, x, у, 7, ер be such that (at+bt+c)*=3(ab+bce+ca—x’—y’—z’), then 
a a=b=c=0=x=y=z b. x=y=z=0,a=b=c 
с. a=b=c=0;x=y=z d x=y=z=a=b=c 
4. | Number of positive integers n for which n*+96 is a perfect square is 
a. 8 b. 12 с. 4 d. infinite 
5. The curve y = (A ES Dx? + 2 intersects the curve y = Ax + 31s exactly one point, if ? equals 
a. 1-2, 2] b. = {1} с. {—2} d. {2} 
6. A quadratic equation whose product of roots x, & x, is equal to 4 and satisfying the 
X X 
rationc 1 E xl = 2% 
a. х-2х44-0 b. х42х-4-0 c. х2+4х+4 = 0 d. х-4х-4-0 
7.  Itfa,b,c,d ер , then the equation (x*+ax—3b) (x^-cx43b) (x^-dx42b) = 0 has 
a. 6real roots b. atleast 2 real roots 
C.  4real roots d. 3real roots 
8. Suppose Р,О,К are defined as P=a*b+ab7—a’c—ac’, Q=b’*c+be?—a*b—ab? & R=a?c+ac*—b’*c— 
bce’, where a>b>c and the equation Px*+Qx+R=0 has equal roots, then a,b,c are in 
a. АР b GP с. НР d. AGP 
9. Ifa(ptq)*+2abpqtc=0 & a(ptr)*+2abpr+c=0 (a + 0) еп 


с 
a.  аг=р” b = p + m C. qr--p d. none ofthese 
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10. 


11. 


12. 


13. 


x^—xy-ty/—4Ax-4y-*16-0 represents 


a. | point b.  aecircle 
c.  apairofstraight line d. none ofthese 
| К+1„ К+2 | 
If the roots of the equation ax*+bx+c=0 are of the form к. & kel? then (at+b+c)’ is equal 
to 
а. 2b*—ac b. У, а? c. 62—4ас d.  b^2ac 


Read the passage and answer the following questions:- 
аў(и) « 01s the necessary and sufficient condition for a particular real number и to the between 


the roots of a quadratic equation /(х)-0, where f(x)= ax*+bx+c. Again if f (ш) f (w) <0, then 


exactly one of the roots will lie between pt & Hy 





1. If |b| > |a + c|, then 
a. One root of f(x)=0 is positive, the other is negative. 
b. — Exactly one ofthe roots of f(x)=0 lies in (-1, 1). 
с. 1 lies between the roots of f(x)=0. 


d. Both the roots of f(x)=0 are less than 1 
2. Ifa(atbtc) < 0 < (a+b+c) с, then 
a. one root is less than 0, the other is greater than 1. 
b. Exactly one of the roots lies in (0, 1) 
c. Both the roots lie in (0, 1) 
d. Atleast one ofthe roots lies in (0, 1) 
3. If (atb+c)c<0<a(atb+tc), then 
a. one root is less than 0, the other is greater than 1 


b. — one root lies in (— o0, o) and the other in (0, 1) 
c. Бо roots lie in (0, 1) 


d.  onerootlies in (0, 1) and other in (1, оо) 


Match the following:- 

ColumnI Column II 
(Number of positive integers for which) (p) 0 

a. One root 1s positive and the other 


is negative for the equation 
(m-2)x^-(8—2m)x — (8—3m) = 0 


b. Exactly one root of the equation (q) infinite 
x^—-m(2x-8)-15-0 lies in the interval 
(0, 1) (r) 1 

с. The equation x*+2(m+1)x+9m—5=0 has 
both roots negative 

d. The equation x^-*2(m-1 )x--m-7 5-0 has (s) 2 


both roots lying on either sides of 1 
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tim Y s. 
r-1 


n—> 0 


14. If о,Ваге the roots of 375x^—25x-2-0 & 5 = а" +В", then the value of 


1 1 1 
15.  Ifx,yzare distinct positive number such that X + " cO pin Z+ x^ then xyz = ....... 


ANSWERS 
ld 2b 3b 4c 5с ба 7.5 8с 9b 10а П.е 


I12.0)b()a(umn)bb 13.a5r5brcq;dp; 14.4 15.1 
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COMPLEX NUMBERS AND QUADRATIC EQUATIONS 


Quadratic Equations-(Lecture-04) 
Problem solving skills. 


" If one root of ax*+bx+c=0 is n times the other, then (n+1) ac = nb? 
" If one root of ax?°+bx+c=0 is square of the other, then (a’c)!+(ac”)'°+b=0 
ж If a, В are roots of ax*+bx+c=0 then 
(1) — a ,— В are roots of ax’-—bx+c=0 
: 11 
(1) а’ В are roots of cx*+bx+a=0 ; ас z 0 


(ш) ka, КВ аге roots of ax*+kbx+k’c=0 
(iv) a’, B^ are roots of a?x^-(b^—2ac)x4c^-0 


Ж If the sum of the coefficient of f(x) = 01$ 0, then 115 always a root of f(x) = 0. Also х—1 is a facter 
of f(x). 


In particular, for ax*+bx+c=0 if 


с с 
at+b+c=0, then 1 is always a root and the other root = я (-. product of roots = 2 ). 


Ж ОЕ ое +(х-а )?, \Пеге а, е К v i. 


f(X) assumes its least value when х= 


n 
Ж While solving an equation, if you have to square, then additional roots will occur as the degree of 
the equation will change. In such cases, you have to check whether the roots satisfy the original 
equation or not. 
Solved Examples 
1 Ко, „В are roots of the equation x^—2x43-0 


Then the equation whose roots are 

а 2—3 а 2+5 а —2 and p?- p? +5 is 

(a) x^t3x12-0 (0) x^—3x-2-0 (c) x^—3x12-0 (d) None 
Solutions : 

202—2 a +3=0 and В 2—2 p +3=о 

02-20-30 апа В °=2 В 2—3 р 

^ Р= 02-3 0+5 0-2 = 2а 2—3 а 3 а 2+5 а 2 = а +2 0-2 

=3—2 = 1 

Similarly, we can show that Q = p?- p *+B +5 = 2 

г. Sum = 1+2 = 3 and product = 1x22 

Hence x^—3x42-0 

Ans (c) 


1 
2 If a, B are roots ofthe equatio PUE =0, v pe R- (0), then the minimum value of a “+B * 
p 


T2 


JQ, OY 
UDAAN 
1S 
(a) 2/2 (D 2-/2%0 2 (d 24/2 
Solutions : 
at B*- (ap? —202B*=(at B)-2a B) - Xa В) 





2 

2 | | 1 1 

=|p Fs | =] = = +2 
| p) ap^ P 2p 


2 
2 ] 
=|P >| +2+ 
| m v2 
-. Min value is 2* 5 . 
Ans (d) 


1 1 
3 Let р(х) be a polynomial of least possible degree with rational coefficients, having 73 * 493 25 


one of its roots, then the product of all roots of p(x) = 0 1s 
(a) 56 (b) 63 (c) 7 (d) 49 
Solutions : 


1 1 
Let x = 73 * 493 


pv ju x og 1 
мы аа Б +3.73 . 493 | e 


1 2 


3 3 
sxo 7+49+3.7.| 7” +49 


— х?= 56+21х 
— X0 x*-21x-56 = 0 
г. Product of roots 1s 56 
Ans : (a) 
4 Ка, B, Y, 8 are roots of x*+4x°—6x’+7x—9=0, then the value of (1-- a. (1 B (1 y (16?) 15 
(a) 9 (b) 11 (с) 13 (d) 5 
Solution : 
x ^-4x?—-6x^*7x-—9 = (x-a )x- В )(x— y (x-8 ) 
Put x=i, i4+-413—672+-7i-9=(i- a. )(i— B )i— y )i— 8 ) 


zs 2491 GO) BL т КОЕ (1) 
Put x =-1 
—2—31=(—1—0)(—1—В)(=1—у)(1—8)..................... (2) 
Multiply (1) & (2) 


73 


UDAON 
4—91°=( 07 “оу В “ру y “ру 5 212) 
> 13-(1-о(1-РВЭ(1-ү2(1-62) 
Ans : (c) 
5 Ка, D, y, are roots of 8x°+1001x+2008 =0, then the value of (a + B (B y PYH Yta y is 
(a) 251 (Ы) 751 (с) 735 (д) 753 
Solution : 
actp-y- 0 
и. (а В +В +о (у а, = C YH a PER Y 


— 2008 

--3ор17 -f Ө | = 753 

Ans : (d) 
6 Total number of integral values of ‘n’ so that the equation x^*2x-n = 0 (ne М) апап e [5, 100] has 

integral roots 1s 

(a) 2 (b) 4 (c) 6 (d) 8 and n e [5,100] 
Solution : 

x^t2x-n- 0 

= Х+2Х+1 =п+1 

= (x+1)=n+1 

Xt1=+4+ Vn4] — п+1 should be perfect square 

ne [5,100] 

atl &[6,101] 

Perfect squares in the given interval are 

9, 16, 25, 36, 49, 64, 81, 100 

8 values ... 

Ans : (d) 
7 If the equation p(q—r)x*+q(1r—p)x+1r(p—q) = 0 





has equal roots, then d is equal to 


1 1 ] 1 

— + — ЕЕ Fr + — 

а) О pr © Ft @ Pt 
Solution: 


r(p — q) 
Clearly x = 1 1$ one root and the other root 1$ (лї) г roots are equal, we have 


=f 
I(p-q) = М Pr oduct of roots = nee] 
р(а-г) р(а-г) 
> rp-rq- pq-rq 
2rp-pq*rq 
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2 1 2 
212 
^ арт 


Ans : (a) 


Exercise : 


1 


2 


4* 


The largest interval for which x "—x?*x^—x--1»70 is 

(a -4<х<0 (b 0<< (c) -100<х<100 (d) -о<х<о 
Read the following passage and answer the questions. 

Ifa continuous function f defined on the real line R, assumes positive and negative values in R, then 
the equation f(x) = 0 has a root in К, for example, if it is known that a continous function f on К is 
positive at some point and its minimum value is negative , then the equations f(x) = 0 has a root in К. 
Consider f(x) = ke*-x, v хє Е where keR 1s a constant. 

(i) The line y=x meets y=ke* for k « 0 at 


(а)  nopoint (b) one point 
(c) twopoint (d) more than two points 
(1) The value ofk for which ke—x=0 has only one root is 
1 
(а) = (b e © lg2 @ 1 


(ш For k>0, the set of all values of k for which ke*—x-0 has two distinct roots is 


1 1 1 
(a) о.) (b) ы] ©) E) @ (0,1) 


426 —1543 
— а2 1 
и. 5. (38 +543) 3) a^, then a 15 


1 1 
(а) 3 (b) `В (c) 43 (d) Noneofthese 
Solution of 21og, а * log, a *3log, a = 0, where а>0, b=a’x is 
(a а!” (b) а“ (c) al? (d) Noneofthese 


Solution of the system of equations 


ud 23, " ud 
X^ +y х“ +y 


The number of ordered 4—tuple (х, у, z, w) where x, у, 7, \ є [1, 10], which satisfies the inequality 





XH 





= () 16 or 


qsin’x gcos y ді” 2 595 Ж > 120 15 
(а) 0 (b 144 (c) 81 (d) infinite. 
The number of solutions ofthe following inequality 


1 1 1 








1 
эз? x, - ух, балч бесе ее NES «n! where 
x elu Е: e nis 
(а) 1 (b 2"! (c) m (d) infinite 


75 


UDAN 


A program to give wings to girl students 


10 


11 


12* 


13 
14 


15 


The number of solutions of |[ x |-2x| = 4 1s 


(a) infinite (b) 4 (c) 3 (d) 2 
How many roots does the equation 3"! |2—|x||= 1 possess? 
(а) 1 (b 2 (c) 3 (d) 4 


Let S be the set of values of ‘a’ for which 2 lie between the roots of the quadratic equation x*+(a+2)x— 
(a+3)=0, then S is gives by 


(а) (-о,-5) (b) (5,0) (c) Со >| (d) [5,®) 
Match the following 
For what values of m, the equation 2x*—2(m+1)x+m(m+1)=0 has (m e К) 
ColumnI Columan II 
(a)  bothroots are smaller than 2 (p {0,3} 
(b) both roots are grater than 2 (а) (0,3) 
(c)  bothroots lie in the interval (2, 3) (Г) (-о.0)%/(3,о) 


(d) exactly oneroot lie in the interval (2,3) ($) ф 


81+ 76625 81—4/6625 
(e  onerootis smaller than l,theotherroot (t) === 
is greater than 1 


(f | both2 & 3 lie between the roots (V) | (7o.-1)ul|3,o) 
The real roots of the equation 


+2yx+2V3x e 
(n radical signs) 
(a 0 (b 3 (c) 1 (d) None ofthese 
Solution ofthe equation 1+3*?= 2* is 
The number of real solutions of the system of equations 














222 2x? 2y^ 
х = , = , Z= is 
14 zi i lix 1+ у^ 
(а) 1 (b) 2 (c) 3 (d) 4 
If a, b, c > 0, а? = bc and at+b+c = abc, then the least value of a*+a’*+7 must be equal to 
(a) 19 (b 20 (c) 21 (d) 18 


Note :* Questions with more than are option is correct. 


l. 
Э; 
П. 


Answers 
d РА (1) b (i a (ш) а 3. d 4. a,b 
(2,1),(+1,-1) 6. b 7. b 8. b 9, d 10. a 
a—g;bop;cor;dov;eos;fot 12. a,b 13. 2 14a 15. 
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COORDINATE GEOMETRY-I 


Straight Line(Lecture-01) 
Straight Line - 
It is a curve such that every point on the line segment joining any two points on it lies on it. 
Equation of straight line 1s always of first degree on x and y. 
General equation of straight line is axt+by+c=0 
Where a,b,c are any real numbers not all zero. 
Slope of a line 
The trigonometrical tangent of an angle that a line makes with the positive direction of the x- 
axis in anticlockwise direction 1$ called the slope ог gradient of the line 
Normally slope is denoted by m=tan 0. 


y 





Points to remember 
(i) Slope ofa line parallel to x-axis is zero and perpendicular to x-axis is undefined. 
(п)  Ifslope is positive then it makes acute angle with positive direction of x-axis and if it is nega- 
tive, then it will make obtuse angle with positive direction of x-axis. 
(ш) Ifa line is equally inclined to the axes, that it will make angle of 45° or 135°, with x- 


axis. Hence slope of line is + 1. 
(iv) It three points A,B,C are collinear then slope of AB=slope of BC=slope of AC 


У,у» di У. У 


(v) Slope of the line joining two points (х, y,) and (x,, y,) is m= хх хх 






В (x, у,) 


y 
(х,у!) 
А TN 
Ж. 
С М 


(vi) Equation of x-axis is у-0 
(vii) Equation of y-axis is x=0 





y-a (a70) 


(уш) Equation of line parallel to x-axis is у= Ға, where a is any real number 
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(ix) Equation of line parallel to y-axis (perpendicular to x-axis) 1s x = а, where a 1s any real 
number 





Angle between two lines 
The angle Ө between the lines having slopes m, and m, is given by 


Pe ЖЕ ee 
~\1+m,m, 


tan Ө = 








1+ mm, 





Where m,-tan 0, m, -(ап 0, 
(1) | When two lines are parallel then their slopes are equal ie. m =m, 
(и) | When two lines are perpendicular then the product of their slope is -1 
1.е. т m,—-] or 1+m,m,=0 
A line equally inclined with two lines 
Let the two lines with slopes m, and m, be equally inclined to a line with slope m then 


m,o-m| ,m,-m 
l+mm) (\l+m,m 





Special form of a line 

1. Point slope form 
The equation of a line which passes through the point (x,,y,) and has the slope m is у-у =m(x- 
X.) 





2. Two point form 
The equation of a line passing through two points (x,,y,) and (x,,y,) is 
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29773 (x -x,) 


х5 = Хү 


JY 





3. Slope and y intercept form [Non Vertical Line] 
The equation of a line with slope m that makes an intercept с on y-axis 15 y=mx+c 





Intercept form 
The equation of a straight line which cuts off intercepts a and b on x-axis and y-axis 
respectively is given by 


y 





(0, b) 

O| (а, 0) 

X =X X X 

х JL] ХУ ХУ ХУ, 
а b а b a b a b 


Normal form (perpendicular form) 
The equation of a straight line upon which the length of the perpendicular from the origin 1$ 


p and the perpendicular makes an angle q with the positive direction of x—axis is given by 
xcos а +узш а =p 





Note Here p is always taken as positive and о, 1s measured from positive direction of x—axis in 
anticlockwise direction between 0 and 2 л 
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Distance form or Symmetric form or Parametric Form 


The equation of a straight line passing through the point (x, y, ) and making an angle 0 
with the positive direction of x-axis 1s given by 


NUUS LL Xd _ 
cos Ө sin 0 
Where г is the distance of the point (x, y) from the point (х,у) 
Parametric form 
From the above equation we get 
X-X, =1с0$0, у-у, = rsing 





х-х trcosQ, y=y,trsing 
The coordinates (x,y) of any point on the line at a distance г from the point A (x,,y,) can be 
taken as 
(x,*rcos Q, y, +1510) 


Where the line is inclined at an angle 9 with positive direction of x—axis. 


1 If P is on the right side of A(x,,y,) then г is positive and if p is on the left side of A(x ,,y,) 
then r 1s negative. 








х—х — 
2 At a given distance г from the point (x ,y,) on the line 2 : = А 


‚ there are two 
points viz; (x,*rcos Ө ,y,*rsin Q ) and (x,-rcos 0 ,y,-rsin) 
1 Distance of a line from a point 
Length of perpendicular (distance) from the point (x, у) to the line axtbytc = 0 is given by 
| ах, + by, +c | 


ZEE 





Length of perpendicular from the origin to the line ах-+Бу+с = 0 is given by 
[с | 


pe ЕСЕКТІ Cz (х,у) 15 (0, 0)) 
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2 Distance between two parallel lines 
The distance between two parallel lines ax+by+c, = 0 апа ax+by+c, = 0 is given by 


axtby-tc,-0 
Е | C=C, | 
р Ес "me 
axt+by+c,=0 


Note that coefficient of x and y of both equation must be same. 
3 Area of a parallelogram 


Area of a parallelogram ABCD = 2 areaof AABD 


D С 


Dip» A = УВ 
51п Ө ` г 
р“. 


^ 
* 
^ 
* 
* a 
7% a 
4 
* 
Ф а 
a= 
а 


tn 


If the sides of a parallelogram be a,xt+b у+с =0 ; a x+b ytd, =0:a,xtb,ytc, = 0, a,xtb, ytd, 


= 0 area of parallelogram = (c, —d,)(c, —d,) 
a, b, 


a, b, 








Area of Rhombus 


81 


UDAN 


A program to give wings to girl students 


2 


In case of a rhombus p, = p,, area of rhombus = a 
sin 


D C 


КОХ 
РА 


1 
Also area of rhombus = 5 dd, where d,, d, are the lengths of two perpendicular diagonals 





Area of a triangle 
Area of a triangle whose vertices are (x,, у), (X,, y,) and (x,, у.) 15 


1 
2 х (У,-У,) T X(y,-y,) + x,(y,-y,)| 


or X1 yi 
2 Хх; Yo 
Хз Уз 

xX, yi 


| 
Е 2 [(X,y, X;y, *X,y;) (х,у +х.у tx y) 


1 If area of a triangle is given then use + sign. 

2 If three points A, B, C are collinear then area of triangle ABC 15 zero. 

3 It a. xt byte, =0; а,х+,у+е, = 0 and a,x+b,ytc, = 0 are the three sides of a triangle, 
then the area of the triangle is given by 


2 


1 а, b, C 
=— —— а C 
А 2C CC, 2 Ж ©; 
a, b, с; 
where С = ab.-ab, 
С, E a,b —a,b, 
C, E a,b, a,b, 
C ,C,,C, are cofactors of с, с, & c, 
Area of polygon 
The area of polygon whose vertices аге (X,, y,), (X,Y,) ............. (x_y,) 
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Гх yi 1 
" 3 X; Уу, j 2 [(X, y, +X, "Xy, ж Xy) i (X,Y, PSY; XY. s XY) 
Xa Yn 
X| yi 


General Equation of straight line 
First degree equation of the form 
ax+by+c=0 where a,b,c not all zero represent equation of straight line. 


Reducing general equation to slope intercept form 
Given equation is ах+Бу-+с=0 
Rewrite the equation by =-ax — с 


а —с 
divide by b we get у=—х— 
y get y pow 


It look like y = mx+c 


En E of х 


slope = b = Coefficient of y ] 
y- intereept — b X «Coefficient of y 


Reducing to intercept form 
Given equation is ах+Бу+с=0 


Rewrite the equation ax + by = – с 


NE: ШЕЕ 
—c/a -c/b 








X 
It look like ‚+З =], 
а b 


So intercepts are -с/а & -c/b оп x-axis and y-axis respectively. 


Reduce to normal form 
Given equation be ах + by+c=0 
Re write the equation ax + Бу = – с 
—ax—by=c 
Keeping constant term postive 
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a b C 
e e — — K — === —— 
Divide by 4/43? +62 we get FORE RAT у [2+2 


It look like x соза + y sina =р 


—a | b 
Where cosa = ————., sina = —_——— (or) tan а = — 


Ма? +b? Ja? +b? 


' distance of a line from the origin is always positive 


C 
p — p is positive. 
POET: pis p 
Image of a point in different cases 


i. The image of a point with respect to the line mirror 
Image of A(x, y,) with respect to line mirror ах+бу+с=0 be B(x, y,) is given by 


„ех, У-У y, _ 2(ах, + by, tc) 
a b а? +6? 
М is the foot of prependicular from A оп ах-+Бу-+с = 0 





V. А(хыу) 
“ы, ах+Бу-+с=0 


"s 
* 
“.. BG») 
%; 
% 


ii. The image of a point with respect to x-axis:- 
Let A(x, y,) be any point and B(x, y,) its image after reflection in the x-axis then. 
х е, & У,= —y, (М is the mid point of A&B) 


өА(х.у) 





M 15 the foot of perpendicular from A on x-axis 
iii. The image of a point with respect to y-axis:- 

Let А (x, у) be any point and B (x, y,) its image after reflection in the mirror y-axis 
then. 

x,— —-x, & y,-y, (М is the mid point of A&B) 

N 1s the foot of perpendicular from A on y-axis 
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iv. The image of a point with respect to the origin:- 

Let A(x, y,) be any point B (x, y,) be its image after reflection through the origin 
then. 

х„=—х & y,=—y, (О is the mid point of A&B) 





у. Тһе image of a point with respect to the line y = x 

Let A(x, y,) be any point and B(x,, y,) be its image after reflection in the line y=x 
then. | 

y,-x, and x,-y, (M is the mid point of A&B) 





vi The image of a point with respect to the line y = x tang 
Let A (x, y,) be any point and B(x,, y,) be its image after reflection in the line 
у=х tan Q or y=mx then. 
x,-x,cos20 ty, sin20 (М is the mid point of A&B) 
у,-х, cos2 0 —y, sin20 





Line parallel and perpendicular to given line 
Given equation of straight line be ax+by+c=0 
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A line parallel to given line is axt+by+d=0 only constant term changes. 
A line perpendicular to given line is bx-ay+k=0 
Here change coordinate of x as coordinate of y & coordinate of y as negative of coordi 
nate of x and constant term changes 
It the lines a,x+b у+с = 0 and a,xtb,ytc,=0 are prependecular then a,a,+b,b,=0 


; 2. а b, с 
i. Coincident, if — = — = — 
а, 2 с, 
, uds b с 
ii. Parallel, if — = — z — 
а, 2 с, 
- 222.24 Db 
iii. Intersecting, if — = — 
а, 2 


1. Concurrent lines 
The three given lines are concurrent if they meet at one point. 
1. Find the point of intersection of any two lines Бу solving them simultaneously. If this 
point satisfies the third equation also then the given lines are concurrent. 
i. еее lines be 
L,-a,xtb,ytc,- 0 L,-a,x*b,ytc,-0 and 
L,=a,xt+b,ytc,= 0 are concurrent if 


a, b, c, 
а, b, c,|20 
a, b, C, 


ш. The three lines L,-0, L,=0 and L,=0 are concurrent if there exist constants ү, т 
and n not all zero at the same time, such that 


2 „++ „= 0 


2. | Equations of angle bisectors between two lines 
The equations of the bisectors of the angles between the lines а х+Ь у+с =0 and 
a xtb,ytc,-0 


ах + by +c] - ax +b,y +c, 


2 2 © 3 д 
а, +b; fa; +b; 


are given by 


1. Any point on a bisector is equidistant from the given lines. 
i. — Locus of points which are equidistant from the two intersecting lines is an angle 
bisector. 


ш. | Bisectors are perpendicular to each other. 

iv. Equation of the bisector of the acute and of obtuse angle between two lines. 
Letaxtbytc-0  )— —  . ... (1) 
andaxtb,ytc,-0  - 2 — eae (2) 
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c,>0,c,>0 then the equation 


axt+b,y+c, _ SX t byte, 


Ja; +b? Ja; +b; 
is the bisector of the acute or obtuse angle between the lines 1&2 according as 
aa, +b 6, < 0 ог>0 


ах+б уче, _ а,х+б,у+е, 


again 
5 Ja; +b? Ja; +b; 


is the bisector of the acute or obtuse angle between the lines 1&2 according as 
aa, +b 6, > 0 or«0 


3. Position of two points relative to a given line 
Let the line Бе L =ах-+Бу-+с=0 
Р(х ,y,) and A(x,,y,) are two given points. 


11. 


1У. 


| ax, + by, +c 
If ах +by +c and ах„+бу„+с both are of the same sign and hence ax, + by, кс + Ву, +о > 


then the points P and О Пе оп same side of line ах+Бу+с=0 


ax, + by, +c 


If ax,+by,t+c апа ax,tby,tc are of opposite sign and hence «0 then the 


ax, + Бу, +c 
points Р and О Пе on opposite side of the line ах+Бу+с=0 


L 





If origin lie on line then the line is known as origin side. 


A 
Ӯ (0, 0) 


eO(0, 0) 


, ji eP(x,y.) 
grey) 
A point (x,y,) will Пе on origin side of the line ax+by+c=0 if ax, +by,tc and c have 
same sign. 
A point (x, y,) will Пе on non-origin side of the line ax+by+c=0 if ax ,+by, +с and с 
have opposite sign 
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Family of straight lines 
Let L =a x+b ytc,=0 and L, =a,xt+b,ytc,=0 
Then the general equation of any straight line passing through the point of intersection of 
lines L and L, is given by L +A L,=0 where л, is any real number. 

Equations of straight lines through (x,,y,) making angle o with y=mx+c 

т + tana m- tan a 


y= X—x,) and y- y, = ————— (x-x 
У 5. mee ) с Treue ) 





Standard points of a triangle 
1. Сепігоій or centre of gravity :- The centroid of a triangle is ће point of intersection of 
its median's. the centroid divides the median in the ratio 2:1 (vertex:base). 


Coordinates of G are quem Са, 


A(x py ) 


С(хьу.) р В(х.,у,) 


In 1sosceles triangle median to the equal sides are equal in length and in equilateral tri- 
angle all medians are equal in length. 

Equations of median can be obtained by using two point form with vertex and the mid 
point of opposite side. 


2. | Circumcentre:- The circumcentre of a triangle is the point of intersection of the perpen- 
dicular bisectors of the sides of a triangle. 
Coordinates of O can be obtained from the equation. 
OA? =OB*=OC? 


A(X, yi) 


C(x,y, “СЕ B(x,y;) 
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If angles A,B,C and vertices A(x ,y,) , B(x,,y,) and C(x,,y,) of a AABC are given; Then its 
x,Sin2A + x,sin2B-« x,sin2C y,sin2A + y, sin2B + y,sin 2C 
sin 2A 4 sin 2B + sin 2C sin 2A + sin 2B + sin 2C 


The circumcentre ofa right-angled triangle is the mid-point of its hypotenuse. Therefore the 
mid-point of hypotenuse 15 equidstant from its vertices 
AM=BM=CM 


circumcentre 15 given by | 


В С 


The circumcentre of the triangle formed by (0,0), (x ,,y,) and (x,,y,) is 


pu њу?) xe +y) x 6t +?) x6 22) 
2(x y, -х.у|) | 2(x;y, -xy;) 


3.  Incentre of a triangle:- The point of intersection of the internal bisecters of the angles 
ofa 
triangle 1s called the incentre of the triangle. 
The coordinates of the incentre of a triangle with vertices (x, y,), (x, y,) and (x, y,) are 


|= +bx,+cx, ау, “Бу, а 
а+ 6 +с ' a+b+c 


Where a,b,c are lengths of sides of triangle 


A 


B C 
a 


The incentre of the triangle formed by (0,0), (23,0) (0,6) is 
ab ab | 


ле ‘atb+vVa2+b? 


4. Orthocentre:- The orthocentre of a triangle is a point intersection of altitudes. 
1. Take the equations of any two sides of a triangle. find the eqnations the lines 
perpendicular to those lines and passing through the opposite vertices. solve these 
two equations we get orthocentre of the triangle. 


ii. Ifangles A,B,C and vertices A (x,, y,) В (x,, y,) and C (x,, у.) ofa ДАВС are given 
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then orthocentre of AABC is given by 


Е tanA+x,tanB+x,tanC у ап A + y, tan B y, = 
tan A + tan B + tan C ' tan A + tan B+ tan C 


i.  lIfanytwo lines out of three lines АВ, BC, CA, are perpendicular, then orthocentre 
is the point of intersection of two perpendicular lines. 
iv. The orthocentre of the triangle with verties (0,0), (x,, y,) and (x,, у.) is 


— + 
@ Е 2 Ес 24 | (x, Е ае 23 
ху хуу, ху; х,у, 
V. The orthocentre (O), centroid (G) and circumcentre (C) of any triangle lie in a straight 


line and G divides the join of O and C in the ratio 2 :1 
v. In an equilateral triangle,orthocentre, centroid, circumcentre and incentre conside. 


Coordinates of nine point circle :- Ifa circle passes through the foot of perpendicular 
(D,E,F) mid points of sides BC, CA, AB respectively (H,LJJ) and mid points ofthe line joining 
the orthocentre О to the angular points A,B,C (K,L,M) thus the nine points D,E,F H,LJ, K,L,M 
all lie on a circle, This circle is known as nine point circle and its centre is called nine point 
centre. 


С 





1.  Theorthocentre (0), nine point centre (№) centroid (С) and circumcentre (C) all Пе 
inthe same line 1.e. ONGC (oil natural gas corporation) 

2. The nine point centre bisects the join of orthocentre (O) and circumcentre (C) 

3. The radius of nine point circle is half the radius of circumcircle. 


Examples: 


1. 


Ifthe centroid and circumcentre ofa triangle are (3,3) and (6,2) respectively, then the orthocentre 
is 

(а) (-3,5) (b) (55.1) (c) (3-0 (d) (9,5) 
Solution: Centroid, circumcentre and orthocenter are collinear such that centroid divides the 
circumcenter and orthocentre in the ratio 1:2. Ans(-3,5). 

If the algebraic sum of the perpendicular distances from the point (2,0), (0,2) and (1,1) to a 
variable straight line be zero, then the line passes through the point 

(а) (3,3) (b) (LI) (c) (1-0 (d) (-1,-1) 


Solution: Let equation be ax+byt+c=0 
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2a+ob+c " 0+2b+c | atb+c | 
шү Ма? +b? Ja? +b? уа? +b? 
—>3at3b+3c=0 = a+b+c=0 


This shows that ax+by+c=0 passes through (1,1). 
3. The area enclosed by 21|х|--3)у|<6 15 


0 


(a) 3 Sq-units (b) 12 Sq.units (c) 9Sq.units (d) 24Sq.units 
Solution: 2x+3y <6, x20, у>0 

2х-3у< 6, x20, у<0 

-2x+3y <6, х<0, y20 

-2x-3y <6, х<0, у<0 


Form а rhombus with diagonals 4 & 6. 


1 
Атеа 75 х4хб= 12 sq. units. 


the lines 3x+4y=9 and y=mx+1 is also an integer is 
(а) 2 (b) 0 (с) 4 (d) 1 


5 3+9m 
3--4m 344m 





Solution: Point of intersection | 


x-coordinate is an integer when 3+4m = +1 or +5. 


аі 

т = -1,-2,— 55 

Hence there are two values of m. 

& О respectively. Then the point О divides the segment PQ іп the ratio 


(a 1:2 (b) 3:4 (c) 2:1 (d) 4:3 
Solution: Clearly A OPA- A OQC. 


9] 


The number of integer values of m for which the x- coordinate of the point of intersection of 


A straight line through the origin meets the parallel lines 4x+2y=9 and 2x+y+6=0 at points P 
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A family of lines is given by (1+2A)x+(1-A)y+A=0, à being the parameter. The line belonging 
to this family at the maximum distance from the pt (1,4) 1s 

(a 4х-у+1=0 (b 33х+12у+7=0 (с) 12х+33у=7 (d) None of these. 
Solution: x+y+A(2x-y+1)=0 





а= 
1 
The required line is у? E х Ы 3 m 12х+33у=7. 





The four sides of a quadrilateral аге given by the equation xy(x-2)(y-3)-0. The equation of 
the line parallel to x-4y=0 that divides the quadrilateral in two equal areas 15 
(a) х-4у+5=0 (b) х-4у-5-0 (c) 4y=x+l (d) 4y+l=x. 


1 
Solution: ar.of OADE-, ar OABC 


1 1 
5 (OE+AD)xOA = 5 хОАхАВ 


1 QA 2-A 1 
2| 4 Pa x2 = 5 х2х3 


2-23 
"AM 
Aa 
г. Equation is x-4y+5=0 
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Exercise 


3 7 
1. A triangle ABC with vertices A(-1, 0), В - x & C - m 1) has its orthocenter Н. 


Then the orthocentre of triangle BCH will be 


(a) (-1, 0) (b) =з =2) 
(c) (1,3) (d) (-1,2) 
2 The points A(0, 0), B(cosa, sina.) and С(соѕ В, sinp ) are the vertices of a right angled 


triangle 1f 


122) —- (B). Сари 
(а) sin 5 = J2 (b) cos| 5 - 5 (c) cos| 75 = 5 

















| 5 + J l 
(d) sin 2 17-19 
A Set of values of а, for which the point (о, о 2—2) lies inside the triangle formed by the lines 
x+y = 1, y=x+l апау =-1 is 
1-13 —1+ 13 
(a) | 2 ТІ 2 | (b) (L JB) 
ОУ (d) None 
4. Area of the parallelogram formed by the lines y = mx, y = mx+1, y = nx+l equals 
[m+n | 2 1 1 
2) m- © ша © аа | ај 
3: А and B are fixed points. The vertex C of ДАВС moves such that cotA+cotB = constant. 
The locus of C is a straight line 
(a) perpendicular to AB (b) parallel to AB 
(c) inclined at an angle (A—B) to AB (d) None of these. 
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The area of the figure formed by a|x|+bly| +c = 0 15 

с^ 2с? с? 
(а) T (b) rab (с) 2 | ab | (d) None of these 
The orthocentre, circumcentre, centroid and incentre of the triangle formed by the line x+y 
= а with the coordinate axes lie on 
(а)  x*y-l (D y=x (o)  y-2x (d у-3х 
Two points (a, 3) and (5, b) are the opposite vertices of a rectangle. If the other two vertices 
lie on the line y = 2x + c which passes through the point (a, b) then the value of c 1$ 
(a -7 (b) -4 (c) 0 (d) 7; 

Answer 

a 2. C 3. а 4. d 3. b 6. b 
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COORDINATE GEOMETRY 
Straight Line(Lecture-02) 


8. Consider the points A(0,1) and B(2,0) and P be a point on the line 4x+3y+9=0. Coordinates of 
P such that |PA-PB| is maximum are 


|22 zi E 2) 3 ы) 
а) (575 575 „Жы: @ (00) 


Solution: |PA-PB|<AB 

0-1 
Thus |PA-PB| is max. if points A,B,P are collinear. Equation of AB 1$ y-1— 2-1 (х-0)->х-2у- 
2-0 


84 13 
Hence solving x+2y=2=0 & 4x+3y+9=0 we get 2x) 





9. А light ray coming along the line 3x+4y=5 gets reflected from the line axt+by=1 and goes 
along the line 5x-12y-10. Then 


,.94 4112 "ER 
(a) fe B (b) 15° 115 
_ 64 _8 64, 14 


a = ——,b = —— а= —,b=— 
(с) us ust) 9 15" 15 


Solution: axt+by=1 will be опе of the bisectors of the lines given 


yi Qe 


5 13 
— 64x-8y-115 or 14х+112у=15 On comparing with ax+by=1, we get 
64 —8 14 112 
а----,0---- о 4а---,0---- 
115 115 15 15 
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10. 


11. 





If the point (a,a) is placed in between the lines |x+y|=4, then a is 
(а) [-2,0] (b) [0,2] (c) (-2,2) (d) [-2.2] 


Solution: х+у=4 

х+у=-4 

& pt (2,2) & (-2,-2) Пез on these lines 

Then pt. (a,a) lies between the lines then a>-2 and a<2 te. -2<а<2. 





`,х+у=-2 


Consider the family of lines 5x+3y-2+A (Зх-у-4)=0 and x-y* 1A, (Zx-y-2)-0. The equation of 

a straight line that belongs to both the families 1s 

Solution: Equation of a line belongs to both families 
passes through A and В 15 


маза кы рые 
3x-y-4 2x- y 22 S 
x=] х= 3 у+1==(х-1) 
--1 Е 
d е 5x-2y-7-0 
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12. 


13. 





If x,, X,, x, as well as у, у„ y, are in GP. with same common ratio then the points Р(х, 
y).Qx,.y,) and В (х,у) 

(a lie ona straight line 

(b lie on an ellipse 

(c) lie on a circle 

(d) are vertices of a triangle. 


Solution: Let х =a, х,=аг, х,=аг" 
у =b, y,=br, y,—br’ 

У-У. В 9-9 b 
ik 2 75-2 d 

slope of PQ = slope of QR 

Hence pts Р,О,К are collinear. 

Ans. : a 


Now 


X 
A variable straight line is drawn through the point of intersection of the straight lines P + : =1 


X 
and b + : = | and meets the coordinate axes at A and B, find the locus ofthe midpoint of AB. 


Solution: Let mid pt. of AB be (h,k). 

ab аһ | 
a+b a+b 
P is mid pt. of AB => A(2h,0) & B(0,2k). 





Intersection pt. of given lines 1s | 








2h 0 

| 0 2k 

Now A,B and О are collinear >| ар ab 
a+b a+b 





2hab Е 2kab _ 0 








=> 4hk — 
a+b a+b 
=>  2xy(atb) = ab(x+y). 
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Exercise 
1 Orthocenter of triangle with vertices (0, 0), (3, 4) and (4, 0)15 
3 | 3 : 
@ |32) ® (5,12 © |54 (4) (3,9 
2 Area of the triangle formed by the line x+y = 3 and angle bisectors of the pairs of straight 


lines х2-у?+ 2у = lis 
(a) 2 59.0115 (b) 4 sq.units (c) 6sq.units (d) 8 sq.units 

3 Let O (0, 0), P(3, 4), О (6, 0) be the vertices of the triangle OPQ. The point R inside the 
A OPQ 15 such that the triangle OPR, POR, ООК are of equal area. The coordinates of К 


are 


4 2 4 4 2 
e [Be Дә Мо (4) 


4 Consider three points P(-sin( B-a ),-cos B), Q(cos( B—a ), sinp) and R(cos( B—a 7 0), 


T 
sin( B —9)), where 0<о, В, Ө< 1: Then 


(a) P lies on the line segment КО. 
(b | О lies on the line segment PR. 
(c) _ В lies оп the line segment QP. 
(d) P,Q, R are non-collinear. 
5 The locus of the orthocenter of the triangle formed by the lines (1+p) x— py + p (1+p) = 0, 
(1+q)x — ду + (1+q)q = 0 and y = 0, where p+ q, 15 
(аў ahyperbola (b) a parabola (c) an ellipse (d) a straight 


line. 
6 Let points А (1, 1) and В (2, 3). Coordinates of the point P such that |PA-PB| is minimum 

are 

3 11 3 
2,— 0, — —,0 
(a) | | (b) | : | © — (11,3) (d) E | 
T 

7 The line x+7y = 14 is rotated through an angle — in the anticlock wise direction about the 


4 
point (0, 2). The equation of the line in its new position is 
(а) 3х—4у+8 =0 (b) 3x-4y-8 =0 (с) 4х+3у+8 =0 (а) None of 
these 


X 
8 If one diagonal of a square is the portion of the line a i : = 1 intercepted by the axes, then 


the extremities of the other diagonal of the square are 


a+b a-b a—b a+b a—b b-a 
w DIS Sjo xS 
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a+b b-a 
ry 
The image of P(a, b) in the line y =-х is О and the image of Q in the line y=x is В, then the 
midpoint of PR 1$ 


a+b Б+а 


(а) (a-b, Б+а) (b) | 27 9 Jo (a—b, b—a) (d) (0, 0) 


Let ABC bea triangle. Let A be the point (1, 2), у=х x is the perpendicular bisector of AB and 
х—2у+1 = 0 is the angle bisector of / C. If equation of BC is given by ах-+ Бу — 5 = 0, then 
а+ is 

(а) 1 (b 2 (с) 3 (d 4 








Answer 
1 C 2 a 3 C 4 d 5 d 6 b 
7 а 8 C 9 d 10 b 
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14. 


15. 


COORDINATE GEOMETRY 
Straight Line(Lecture-03) 


Locus of the image of the point (2,3) in the line (x-2y+3)+A(2x-3y+4)=0 is 
(a) x*t+y-3x-4y-4=0 

(b 2x?+2y?+2x+4y-7=0 

(c) х2+у2-2х-4у+4=0 


(d) None 
х – 2у+3 = 0 
Solution: P (1,2) 
2x 3у+4= 0 


Let image be B(h,k) then АР=ВР 
=> (һ-1)2+(К-2)? =1°+1? 
h?+k?-2h-4k+5=2 
x*+y’-2x-4y+3=0 








Ans. : d 
If the lines ах+у+1=0, х+6у+1=0 and x+y+c=0 (a,b,c being distinct and different from 1) аге 
PME ME RS 
concurrent, then т l-b Ic 
0 b) 1 | d 
(a) (b) и б 


Solution: 
с,->с,-с,,с,->с,-с, 
а 11 а 1-а 1— 
І 1=0=1 5-1 0 |=0 
11 1 0 c-l 
a(b-1)(c-1)-(1-a)(c-1)+(1-a)(1-b)=0 
divide by (1-a)(1-b)(1-c) we get 
a 1 1 
+ + —— 
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16. 


17. 


18. 


The set of values of ‘b’ for which the origin and the point (1,1) Пе on the same side ofthe st. line 
a°’xtaby+1=0 v a eR, b>o are 
(а) be[2,4) (b) be(0,2) (с) be[0,2] (d) None of these 


Solution: (0,0) & (1,1) are on the same side 
0-170 so a*t+ab+1>0 


b^—-4«0 
=> 0<0 1e , 
b^«4 
-2«b«2 but b>0 
г. Ве(0,2) 


Let P(-1,0), Q(0,0) and R (3,343 ) be three points. Then the equation of the bisector of the 
angle РОК 1s 


(a) Эу 6) x+V3y=0 © Вх+у=о @ к 
Solution: В-т m 
l+/3m 1+0 
V3-m=m+ 3m’ > УЗ? +2m-— 43 =0 
J/3m? + 3m- m - 43 =0 


(31-18 +3 }=0 





1 
ш 
43 
de 
„Зх + у-0 
„m 





P m=0 Q 
OPQR is a square and М, N are the mid points ofthe sides PQ and QR respectively. If the ratio of 


À 
the areas ofthe square and the triangle OMN 15 А: 6, Шеп is equal to 
(a) 2 (b) 4 (c) 12 (d) 16 


Solution: ar. of square = а? 
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19. 





0 0 1 
a 1 За? За? 
1 1а — l2—.—-2—— 
arof A ОММ = = 2 2 4 8 
2 |а 
— а 1 
2 
2 
В 
20% 
8 
Ans: Б 





A pair of perpendicular straight lines drawn through the origin form an isoceles triangle with line 


2x+3y=6, then area of the triangle so formed 15 


36 12 13 17 


(a) 13 (b) 7 (с) = (d) 13 





: -6 - 6 2x9. к СШев 
Solution: ОМ= 70| = 3: PQ= Дз М of АОРО => 413 .13 13 


Q 
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20. Match the column 
Column I Column II 
(a Two vertices of a triangle are (5—1) and (2,3) if orthocentre (р) (-4,-7) 
is origin then third vertex 15 
(b А point on the line x+y=4 which lies at a unit distance from (q) (-7,11) 
the line 4x43y-10, is 
(c) XOrthocentre of the triangle made by the (r) (1,-2) 
lines x+y-1=0, х-у+3=0, 2x+y=7 1s 
(d) Ifa,b,c are in A.P., then lines axt+by=c are concurrent at (s) (-1,2) 
Solution: A-p 
B-q 
C-s 
D-s 
Exercise 
1. If t, and t, are roots of the equation t^* ),t* 1 = 0, where ), is an arbitrary constant. Then the 
line joining the points (at,*, 2at,) & (at^,, 2at,) always passes through a fixed point 
(а) (a0) (b (42,0) (c) (0,а) (d) (0,-а) 
2. The equation х?+у° = 0 represents 
(a)  threerealstraightlines (b) threepoints (с) combinedequationofast. line & a circle 
(d) | None ofthese. 
3. The three lines whose combined equation is y? — Ax^y = 0 form a triangle which is 
(a) isosceles (b) equilateral (с) right angled (d) None of these 
Comprehension Type 
2 2 
A(1,3)and C [- Fg 3 are the vertices ofatriangle ABC and the equation of the angle bisector 
of / ABC 1s xty=2 
4 Equation of side BC is 
(a) 7х43у-4 (b) 7х+3у+4 = 0 (с) 7х—3у+4=0 (d) 7x-3y =4 
5. Coordinates of vertex B are 
3 17 17 3 59 
(а) 2.7 (b) (1,5 (с) -53 (d (р 
6. Equation of side AB 15 


(a)  3x-7y-2A (Б) 3х+7у+24=0 (© 13х+7у+8=0 (d) 13х-7у48-0 
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Assertion and reasoning Type 

Lines L, L, given by у-х = 0 and 2x + y = 0 intersect the line L, given by y*2 = 0 at P and Q, 
respectively. The bisector of the acute angle between L, and L, intersects L, at К. 

Statement 1 : The ratio PR : RQ equals 2./2 : 4/5. 


Statement 2 : In any triangle, bisector of an angle divides the triangle into two similar 


triangles. 

a Statement 1 is true, Statement 2 is True; Statement 2 15 a correct explanation for 
Statement|]. 

b Statement | is True, Statement 2 15 True; Statement 2 is NOT a correct explanation 
for Statement 1. 

C Statement 1 1s True, Statement 2 1s False. 

d Statement 1 is False, Statement 2 1s True. 


Matrix-match 
This question contains statements given in two columns which have to be matched. State- 
ments a, b, c, d in column I have to be matched with statements p,q, r, s in column II. If the 
correct match isa —5p,a—s,b—qb-r,c—p,cqandd- s, then the correctly dubbled 
4x4 matrix should be as follows : 
Consider the lines given by 

Ll. XY =) =O 

L, : 3x -Ку-1=0 

Г. : 5х + 2y—12=0 


Column I Column П 
a L, L,, L, are concurrent, if р. К--9 
b One of L,, L,, L, is parallel to at least one of 
the other two, 1f а. К--б6/5 
C L,, L,, L, form a triangle, if Г. К = 5/6 
d L, L,, L, do not form a triangle, if s. k=5 
Answer 


1 b 2 d 3 d 4 b 5 C 6 a 
as cor 
b> p,q 4-р, 9,8 
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CIRCLE (LECTURE - 1) 
BASIC CONCEPTS 


Circle : A circle 1$ the locus of points which are equidistant from a fixed point and lies on the same plane. 
Fixed point is called centre ofa circle and constant distance 1$ called radius of the circle 

STANDARD EQUATION OF A CIRCLE 

The equation of a circle with the centre at (h,k) and radiaus г is 

(х)? + (y-ky-r 

If centre is at the origin and radius is г then the equation of circle is х2--у? =r 

GENERAL EQUATION OFA CIRCLE 


x^ty^42gx42fy*c = 0 where о, f, and c are constants 


centre (—g,—f) and radius is Jg? +f <6 

CONDITIONS FOR A SECOND DEGREE EQUATION TO REPRESENT A CIRCLE 
ax?+2hxy+by’+2¢x+2fy+c = 0 is a second degree equation 

(i) coefficient of x^ = coefficient of y". ie., а= Б 

(и) coefficient ofxy=0 lẹ., h=0 

If g°+f—c>0 then the circle represents real circle with centre (—g, —f) 

If g^? +f? -c =0 then the circle represents point circle since radius is zero 

If g?-f-—c«0 then the circle is imaginary circle . 

EQUATION OF CIRCLE IN VARIOUS FORMS 

1 Equation of circle with centre (h.k) and passes through origin. is x*+y7+2hx+2ky = 0 


Note that when a circle passes through origin the constant term must be zero 





2 If the circle touches x-axis then its equation is (x + h) +(y+ KY =k? (or) x^*y? + 2х + 2ky+h’=0. 
In this case radius is ordinate of centre of a circle. Four circles possible 
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3 If the circle touches y—axis then its equation is (x + h) + (y + К)? = h? (or) х+у? + 2hx + 2ky+k? =0. 
Here radius ofthe circle 1s abscissa of the centre. Four circles possible. 





4 If the circle touches both the axes then its equation is (x + r)*(y + r) =r’. Four circles possible 


x^ty? + 2rx + 2ryH’ = 0 





5 If the circle touches x—axis at origin then its equation is x*+(y + К)? = К 


x^ty! + 2ky = 0 
y 
D. 


6 If the circle touches y—axis at origin then its equation is (x + h)^ty? = h^ (or) x+y? + 2hx ^ 0 


МА 
Гол спо „„ 
LAS 


7 If the circle passes through origin and cuts intercepts a and b on the axes, then the equation of circle 
is x*+y*—ax—by = 0 and centre is с(а/2, b/2) four circles possible. 
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Equation of Circle on a given Diameter 


If (x,,y,) and (x,,y,) are end points of the diameter then the equation of circle is 
(xx, (x-x.) + (у-у )(у-у,) = 0 
Р(х,у) 


А В 
(хау!) (ху) 


Parametric form of Circle 

x = h*rcos Ө 

у = k+rsin Ө 

Where 0 is parameter (0< 0 «2 x) 


In particular coordinates of any point on the circle x*+y’ = r^ is (гсоѕ Ө, rsing ) оп the circle 


x^ty^-2gx42fy*c =0 is Б gg -f?-c(cos0)-f - Jg! -f?—c (sin о} 





Intercept made on the axes by а circle 
Let the equation of circle is x*+y*+29x+2fytc = 0 


АВ=х - intercept = 24 g^ —c 


CD = у - intercept = 24 f? —с 


P 
Position of a point with respect to a circle. 
let the circle is x*+y*+2¢x+2fyt+c = 0 ол 
Point P(x, y,) lies outside,on or inside the circle 


accordingly CP», =, < radius 


(or) S, =x +y +2gx *2fy tc», =, < 0 107 
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Maximum and Minimum Distance of a point from the circle 
Let the circle х°+у*+2ех+2{у+с = 0 and point P(x, y,) 
The maximum and minimum distance from P(x, y.) to the P(x, y.) 
circle are 
РВ =CB+CP 


=r + СР 
PA =|СР-СА| = |PC-+| 
PB is maximum distance and PA is minimum distance. 
Line and a circle 


Let S = 0 and L = 0 be a circle and a line. If r is the radius of the circle and d is the length of 
perpendicular from the centre on the line then, 


5-0 
(i) аст —. line does not meet circle 


L=0 
5-0 
a) d=r — line touches the circle. It is a tangent to the circle 
L=0 
5-0 
(ш d<r => line intersect the circle line is а secant to the circle 
—. -0 
5-0 
(iv) а-0 — line is a diameter of the circle — 
Ку = тх+с is a line and x*+y’ =г is a circle then 
(i) с?>г”(І-нш2 — The line is a secant of the circle.The line intersects the circle in two 
distinct points. 
(1) c-r(ltm?) — The line is a tangent to the circle. The line touches the circle at unique 
point. 
(ш) c«r(ltm?) — The line does not meet the circle 
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Equations of Tangents 
Point form : Equation ofthe tangent to the circle x+y’ = а? at the point (x,, y,) on it is : хх tyy =a’ 
Equation of the tangent to the circle х°+у*+2ех+2{у+с=0 at the point (x, y,) on it is 
xx, tyy +е(х+х + (уу, te =0 
Parametric forms 
Equation of the tangent to the circle х2+у = a’ at the point (a cos 0 .asin Ө ) on it 
is хсоѕ Ө +узш Ө =a 
Slope form 


The equation of a tangent of slope m to the circle х2+у? = а? is у= mx + a 4/1 + m? 


am - a 
The coordinates of the point of contact are | + ===, + -5 
Р | JIl-m^ vl+m 


(i) | Condition Юга line y = mx+c to be a tangent to the circle х°+у’=а? is с? =а(1+т?) orc = 


+а./1 + пл” 

(it) | Condition that the line / x my*n = 0 touches the circle x*+y*+2¢9x+2fy+c = 0 is ( / gtmftn) 
= (ү?+т?)(р?+/°—с) 

(ш) ^ Equation of tangent to the circle x*+y?+2¢x+2fy+c = 0 in terms of slope is у = mx+mg— 


f+ yg’ +f с +? 
(iv) Тһе line / x+my+n = 0 touches the circle (x-a) +(y-b¥ = r^ if (a ¢ +tom+tn¥ 7 r*( gm’) 
(v) Ifthe line y =mx+c is the tangent to the circle x*+y’ =r’ then point of contact is given by 


= тг? г? 
‚— 
C C 


(vi) Ifthe line ax+by+c = 0 is the tangent to the circle x*+y’ = г? then point of contact is given by 


-ar -br 
Cc с 


Tangents from a point outside the circle 
If circle is x*+y’ = a? and 
any tangent to the circle 1$ 


y-mx*a4]. m? 


P(x,, y,) lies on the tangent 
ies yi - mx ta № 1+ т: 
У тх, -а A124 m? 


Squaring 
(y mx, =a?(1+m?) 
m^(x,^—a^) – 2mx y, ty,^—-a* = 0 is a quadratic equation in m which gives 2 values of m. 
We get two equations of tangents. 
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Let the circle be x*t+y*=r’ and a point Р(х , y.) 


outside the circle . 
Let the slope of the tangent is m then equation of 
the tangent is у-у, = m (x—x, ) (1) 


Now find the distance ofthis line from the centre 
(0,0) and equate to the radius. We get equation 


mx, -yı 
Vl+m’ 
Length of the tangent from a point to a circle. 
Let the circle be S = x*t+y’*+2¢x+2 fy+c =0 then 
centre and radius of circle are (-g, —f) and 


Jg +P -e respectively and let P(x,, y,) be any 


point outside the circle. 


PLs Jx +y, +2 ех +2f y, +с 
= /S, 


Power of point with respect to a circle 
The power of P(x,, y,) with respect to S = 
х^+у2+20х+2 ѓу+е = 0 is equal to РА. РВ ог 
PC.PD which is x,*+y,*+2gx,+2fy,tc=0 > 
$ =0 (: PA.PB = PC.PD- РТ?) 
Note : 


in 














(i) The power ofthe point outside the circle is positive а 
(и) | The power ofthe point on the circle is zero F 
(i) The power ofthe point inside the circle is negative 
Р(х,у.) 
Pair of tangents 
The equation ofthe pair of tangents drawn from the 4 


point Р(х y.) to the circle S = 015 SS, = Т? 
Where S = х2+у++20х+2 fytc 

S 7Xx/ty,H2gx +2 fy, tc 

T =xx,tyy,+g(xtx, tf yty, tc 


Note: The pair of tangents from (0,0) to the circle х+у+20х+2 fy+c =0 are at right angles if 
02+Ё = 2с 


Normal to а circle at a given point 
The normal ofa circle at any point is a straight 
line which 1$ perpendicular to the tangent at the 
point and always passes through the centre of 
the circle. 
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Point form 
To find the equation of normal to the circle x+y? 
= а? at the point p(x,,y,) on it . 
Since we know that normal passes through the 
centre ofa circle . So we get two points on nor- 
mal using two point form ofa line we get the equa- 


tion of normal as 
у-0 x-0 
y -0 x -0 
Or 
PERS 
Уу AY 
Xy -yx,—-0 
To find normal at (x,, y,) of scored degree conics ax*+2hxytby*+2gx+2 fytc = 0 
a h g 
| | b f 
then according to determinant 
g fc 


Write first two rows as ах Њу +g and hx +Бу +f 


Х = Хү У-У; 


Then normal at (x ,у,) of (1) is ax, thy, +g ~ hx, by, +f 


If equation of circle is х+у? = а? 
here a=b=1 and h=0=g=f 





% = v Is equation of normal at (x , y,) 


If equation of circle is x*+y’+2¢x+2fy+c = 0 
herea=b=1 and h=0 


хх уу 


x +g yf 





Then 
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Chord of contact 
Let the equation of circle be ху’ = г’ PA and PB are pair of tangents drawn from the point P(x,.y,) 
then AB 15 the chord of contact with A and В as its points of contact. 
г. Equation of chord of contact AB is xx, tyy =а? A 
Equation of chord of contact look like equation 
of tangent at point but point are different 
If the equation of circle be x*+y*+2¢x+2fy+c = 
0 then the equation of chord of contact 1s 
хх tyy te(atx, Hlyty, )}+e=0 


Р(х,у.) 


В 
Equation of the chord bisected at a given point 


Let the equation of circle be x^-y—r^ and AB is a chord of it Let M(x,,y,) be midpoint of AB. 


У! 
Slope of CM = 7 
Хү 


Slope of AB = 
у x 


Equation of chord AB 15 


Vy, (x-x,) 


yyy, -- xXx +x," 
XX, yy, X ту 
xx, tyy, a= (xi * yr а?) 
1-5 
If the equation of circle be x*+y*+2gx+2fytc = 0 then the equation of chord which is bisected at (x, 
y,) 15 
xx, tyy tgx +x Hy ty Jte =x, ту 2х 4у с 
Director circle and its equation 
The locus of the point of intersection of two perpendicular tangents to a given circle is known as 
its director circle. 
Equation of Director Circle 


P(h,k) 
9 


459:459 


AL a 


OS 


Let P(h,k) be the point of intersection of tangents to a circle x^*y* = rat right angle. 
ACBP 15 а square 
г. AC = CPsin45? 
р+к 
~ 
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Squaring we get 

21’ = БЕК? 

or x^ty?— 2r' is the required equation. of director circle 
Intersection of two circles, common Tangents to two circles 

Let the two circles be (x-g,)^(y-£ Y =r, and (x-g,)*(y-£ =r 

with centres С (g,,f,) and C,(g,,f,) and radii r, and r, respectively 
Different cases of intersection of two circles 

Case I When |С Cr +r, 

ie., distance between the centre is greater than sum of the radii. 

In this case there are 4 common tangents can be drawn. 


Two direct common tangents (circles lies on the same side ofthe tangent) 
ABE and CDE 





Two indirect (Transverse) common tangents (circles lies opposite side ofthe tangent) 
GFH & IFJ. 
Note that centres oftwo circles and point of intersection of tangents are collinear also 


CE Ч CF г 





CE т, E CF г, 
To find the equations of common tangents. 
Let us assume equation of tangent of any circle in slope form be 


(У) = (х+р)+г ур + m? 

Points E & Е satisfy this equation. Substitute the coordinates of E & Е to get the values of m. 
Substitnde the values of m we get required respective common tangent equation 

Case II When|C С, = r +r, 








ie., distance between the centre is equal to sum of the radii. 

In this case there are 3 common tangents 2 direct common tangent and one transverse common 
tangent 

The equation of tangent at point Е is 5 —5, = 0 where S, = 0 and S, = 0 are equations of circles. 
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гб» б, ТЬе, | 


Coordinate of F are , 
Т +, rr, 


Case III When |C,C,|<r, +r, 





ie,. Distance between the centre is less than sum of the radii. 
In this case only two direct common tangents are possible. 
Case IV When |С С, = |r, 


1е., distance between the centre 1s equal to difference ofthe radii. 
Then the two circles touch each other internally. 

In this case only one direct common tangent 1$ possible. 
Equation of common tangent is 5 —5, = 0 

Е divides line joining C, and C, externally in the ratio г т, 


ng,-L5g, ni, ы 


~ coordinates of F are қ 
n-—Lb n-—Ln 


Case V When |C,C,-]r,—r,| 





ie., distance between the centre is less than the difference of the radii. Then one circle contains the 
other 
In this case there 1$ no real Common tangents. 
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Length of direct common tangent if |C,C,|>r,+r, 


length of direct common tangent = ІШЕГІН 


length oftransverse common tangent = Jd — (т, +r)? 


Where d = (СС, and r, г, are radii of the circles 
Common Chord of two circles 
The common chord joining the point of intersection oftwo circles is called their common chord .If S 
= 0 and S! = 0 be two intersecting circles then the equation of their common chord is S-S! = 0 
Let the equations of circles are 
5-х ғу 26 xt2f у+с = 0 
S! = x^tyt2g х+2Бу-с, =0 
Then equation of common chord АВ 1$ 
S-S'=0 





2x(g.-g, +2y(f-f, +e с, = 0 


Length of common chord is 2AM = ,/(C,A)* - (С.м)? 


С Mis the length of perpendicular from the centre C, to common chord and С А is radius of circle. 

Note : 

(1) | Common chord AB becomes maximum length when it is a diameter of the smaller one. 

(и) | Circle on Фе common chord a diameter then centre of the circle passing through A and B lie 
on the common chord of the two circle 

(ш) Ifthe length of common chord is zero then the two circles touch each other and the common 
chord be comes the common tangent to the two circles at the point of contact. 

Angle of intersection of two circles 
Let the two circles S = x^ry^t2gx42fytc = 0 and S' = x^*y^t2g x+2f ytc =0 intersect each 
other at the point P and О. The angle Ө between two circles S = 0 and S' =0 is defined as the 


angle between the tangents to the two circles at the point of intersection. 0 must be taken 
acute angle . 
C, and C, are the centres of circles 5 = 0 and S' =0 then С (7g,-f) and C (7g, 1, ) and their radii 


r= g +f с &r= J/g, +f, =C 





UDAN 


A program to give wings to girl students 


Гега = [сс] = J(g-g))^ €(f-f))^ = yg? *gi^ — 2881 € f^ fj^ — 2ff, 


C,PLAA’,C,PLBB’ since radius is perpendicular to the tangent at the point of contact 
ie. / C,PA' =90 and Z C,PB' = 90 
- ZC,PB' =90 - Ө andy СРА' =90—-0 
Hence / СРС, = 90-0 +0 +90-9 = 180-0 
Now in A СРС, 
B^ + г, =a 


cos(180—9) = (cosine rule) 


2түг» 


n^ + г, — d? 


cos Q — 2nr, 








If the angle between the circles is 90 1e., Ө = 90, then cos90 = 0 Then the circles are said to be 
orthogonal circles or the circles cut each other orthogonally. 
arr d= 
gtf—ctg *+f eee ae a20 
2gg,+2ff = crc, 
It is a condition for two circles to be orthogonal 
Radical axis 
The radical axis of two circles is the locus of a point which moves such that the lengths of the 
tangents drawn from it to the two circles are equal. 








Radical axis 
PT =PT, 


Radical axis 


Radical axis 


PT =PT, | 


Consider S = x^ry^t2gx42fytc = 0 and S' = x^ty^2g xt2f ytc,=0 

Let P(x,, y,) be any point such that РТ (= РТ, 

or (РТ)? = (PT 

X Ty РХТУ tO хоту "PABX EAE V т. 

2x (g-g,)2y (Еее, =0 (1) 

г. locus of P(x, y,) is a straight line and equation (1) represents its equation. 
Equation of radical axis is 2x(g-g, )+2y({Hf, )+с-с = 0 
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Properties of radical axis 


1 Radical axis 1s perpendicular to the line joining the centres ofthe given circles. 
(Slope of radical axis) х slope of line joining centres =—1 
енер Т=П 
BE NE ARE: NE 
еи) жән 


2 The radical axis bisects common tangents of two circles 





As М lies on radical axis and AB is a tangent to the circles · AM = BM. 
Hence radical axis bisects the common tangents 

3 If two circles cut a third circle orthogonally, then the radical axis of the two circles will pass 
through the centre of the third circle, or the locus of the centre of a circle cutting two given 


circles orthogonally is the radical axis of the given two circles 
СР = CQ 





Hence C lies on the radical axis of the circles S = 0 and $' = 0 
4 The position of the radical axis ofthe two circles geometrically 


radical axis 


radical axis direct common tangent 


radical axis common chord 


common transverse tangent 
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Radical Centre 
The radical axes of three circles, taken in pairs, meet in a point, which 1$ called their radical 
centre. 
Let the three circles Бе S, -0,5,-05,-0 
OL, OM, ON be radical axes of the pair sets of circles{S, —0, S, = 0}, 15,70, $.=0}, 15,-0, 


S,=0} respectively 
5-0 5-0 
L 
оо 
M 
N 


5-0 


Equations of OL, OM and ON аге S-S, = 0 $,-5, = 0 and S,-S, = 0 

Family of lines passes through point of intersection of lines 5—5, —0 and S,-S, =0 is 
SD A(S,-8,) = 0 

ЦН) = 1 then the line becomes S,-S, = 0 


3 The radical centre of three given circles will be the centre of a fourth circle which cuts all the 
three circles orthogonally. and the radius ofthe fourth circle is the length oftangent drawn from 
radical centre of the three given circles to any of these circles 
(x—-y)(y-ky = r^ is the fourth circle with centre (h,k) and radius г 
Centre (h,k) is the radical centre of three circles and radius г is the length of tangent to one of 
these three circles from radical centre (h,k) 


Co - Axial System of Circles 


A system of circles or family of circles, every pair of which have the same radical axis are called 
co-axial circles 


118 


А program to give wings to girl students 


1 The equation of family of co-axial circles when the equation of radical axis and one circle are 
given 





L=axtbytc = 0 
S = х+у2+20х+2#у+с=0) 
Then equation of co-axial circle is SA L — 0 
2 The equation of co-axial system ofa circles where the equation of any two circles of the system 
are 





.... 


5, +h (S-Sj)-0 S (S,-S,)=0 


S,-xty-t2gxt2fytc = 0 
S, = x^rty2g x+2f утс, =0 
respectively is S +A (S, -S,) = 0 
and $,- 4 (S. -S,)) = 0 (4, z- 1) 
НА, 5, =0 (А z- 1) 
НА, 5, =0 (Л, z- 1) 
3 The equation of a system of co-axial circles in the simplest form is x’+y’+2gx+c = 0 where g is 
variable and c 1s a constant 
The common radical axis 1$ the y-axis (centre on x-axis) 
The equation of system of co-axial circles in the simplest form is x*+y’+2fy+c = 0 where fis а 
variable and c 1s a constant 
The common radical axis is the x—axis (centre on y axis) 
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Find the equation of tangent to the circle x*+y*—2ax = 0 at the point (a(1+cos а), a sina ) 
Solution : 

Equation of tangent of x*+y*—2ax = Oat (a(1+cos a ),asin a ) 15 

ах(1+соѕ а )*aysin a —а(х-+а(1-+со$ a )) = 0 

ax+axcos о, +ауѕіп а —ax—a’*(1+cos а ) = 0 

axcos а +ауѕіп а =a*(1+cos a ) 

хсоѕ а tysin а, = а(1+соѕ о) 

Find the equations of the tangents to the circle x^*y^ = 9 which make an angle of 60° with the 
axis. 

Solution : 

Since tangents make an angle of 60? with the x—axis so slope of tangent 


m = tan60°=m= „/3 


radius of circle х+у? = 9 is 3 
we know equation of tangent to a circle x*+y’ = a? is 


y=MX+ a./] +m? 
„у= J3x+3 143 
=./3x+6 


or 4/3 x-y+6=Oie., 4/3 х-у+6 = 0 and ,/3 x-y-6 =0 are equations of tangents. 

Show that the line (x—2) cos Ө +(y—2) sin 0 = 1 touches a circle for all values of Ө. Find the circle. 
Solution : 

Since the line (x—2) cos Ө +(y—2) sing = 1 (1) touches a circle so it is a tangent equation 
to acircle. 

Equation of tangent to a circle at (x,,y,) is (x-h)x,*(y-k)y, =a’ to a circle (х—у)*+(у—К)°= а? 
comparing (1) and (2) we get 

x—h = x-2 y-k = y-2 and а? = 1 

x, = lcos@ у, = 151 0 

г. Required equation of circle 15 

(x-2y + (у-2) = 1 

х^++у—4х—4у+7 = 0 

Find the equation ofthe normal to the circle x*+y” =2x which is parallel to the line x+2y = 3 
Solution : 

Equation of normal at (х,у) of ху‘ 2x = 015 


х-х у-у [хх у-у 
х-1 y,-0 ах +5 Бу +f 
3 


Slope ofthis equation 1s 
x,-l 


-] 
Slope of x+2y = 3 is 3 
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Since given that normal is parallel to х+2у =3 


= е] 

* 35] то 
2y =x +1 therefore locus of (x, y,) is х +2у = 1 
It is the equation of normal 

5 Show that the line 3x-4y = 1 touches the circle x^*y—2x-4y-* 1 = 0 find the coordinates of the 

point of contact. 
Solution : 
Centre and radius of circle х°+у*—2х+4у+1 =0 


is (1,72) and „/1+ 4—1 = 2 respectively. 
If the distance of a line 3x-4y = 1 from Фе centre (1—2) is equal to radius then the line touches or 




















it is tangent to a circle. 

a ax, +by, +e) 4 

ШЕГЕ Ма +b? 
3+8-1 

“i 5 

=2 


г. line 3x—4y= 1 touches the circle. 

Let point of contact be (x,,y,) then equation of tangent to a circle х°++у*—2х+4у+1=0 15 
ххү+уу—(х+х )+2(у+у,)+1=0 
х(х—1)+у(у+2)—х+2у+1=0 (1) 

and given line 3x-4y-1 = 0 (2) 

(1) and (2) are idenfical then comparing (1) and (2) we get 

X —l yZ У 

3 -— t -] 

-x +tl1=-3x +6y +3 ог 2х-бу-2-0 
-y -2 =4x -$y-4 ог 4х—7у—2=0 








-1 —2 
Solving these two equations of x,y, we get x, = E and y, — ES 
| 2(-і1 -2 
г. point of contact 1s 7575 
6 The angle between a pair oftangents from а 
point P to the circle 


х2+у+4х—6у+951п? а +13cos? а = 01s 2a. 
Find the equation ofthe locus ofthe point P. 
Solution : 

Let the coordinate of Pbe (x ,у ) and given 
circle is x*+y’+4x—6y19sin’ a 4-13cos? а =0 
(x-2y(y-3y—4—949sin? a -13cos? а = 0 

(х+2)2+(у—3 )2+951п? а –13(1—соѕ? a.) = 0 





121 


UDGION 
(х+2)2+(у-3)2+951п? a. —13sin’? а = 0 
(х+2)2+(у-3)? = 4510? a = (2sin a y 
'. centre and radius of circle is (2,3) and 2 sing respectively 


Distance of P and C 15 
PC - dix +2 ЖІГЕРІ 
In APCR 

2sin а 


sina = I(x, +2) e (y, -37 
ог ,/(x, +2) + (у, -3) =2 


Squaring 
(x, +2)'+(y,-3)° = 4 or (x*2)(y-3) = 4 
г. locus of point P 1s a circle 
7 If the length of tangent from (fg) to the circle x*+y” =6 be twice the length of the tangent from (Ёо) 
to circle x*+y’+3x+3y = 0 then prove that Ё+р°+4Ё+4е+2 = 0 
Solution : 
According to the question 


Jf +9°—6 -24f^ - g^ +3f -3g 
Squaring both side 
Р--о-6-А(Ғ--о--3ҒҒ3о) 
3£43g12fr12g*6-0 

Divide by 3 we get f--g^-4fF4Ag t2 = 0 


8 The chord of contact of tangents drawn from a point on the circle x°+y’ = a’ to the circle x*+y” = 
b° touches the circle x*+y’ = c^ show that a.b.c are in GP. 
Solution : 
Let P (a cos 0 ‚азш Ө ) bea point on the circle х+у? = а? Then equation of chord of contact to the 
circle x*+y’ = b? from P (a cos Ө, asin Ө ) is 
x(a cos Ө )+y (asing) = b? 
Р 
ахсов Ө +ауѕіп Ө =b? 1 
It is a tangent to the circle х2--у?- с? o 
-. length of perpendicular to the line — radius. 
_ hb’ 
Уа? 
? = ас 
. a, b.c are in GP. 


=с X ay а? 
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EXERCISE 


PA 
The points A and B in a plane are such that for all points P lies on circle Satisfying PB k, then k 


will not be equal to 
(a) 0 (b) 1 (с) 2 (d) None of these 
If the line hx+ky = 1 touches x*+y’ = а? then the locus of the point (h,k) is a circle of radius 


1 
(а) а () Ша © уа @ du 


Equation of incircle of equilateral triangle ABC where B(2,0), C(4,0) and A lies in the fourth 
quadrant is 


2у 2у 
(а) х2+у2-6х+ 3 +9=0 (b) x^ty^—6x— 3 49-0 


2у 
(с) х^+у2+6х+ 13 +9=0 (d) None of these 


A variable circle having radius ‘a’ passes through origin meets the coordinate axes in points A and 
B. locus of centroid oftriangle OAB, *O' being the origin is 


(a Iy) = 4a’ (0) 9(х%у)=а 

(с) 9(х2+у?) = 2а? (d) 9(х2+у?) = 8а? 

The locus of the centre of the circle which cuts a chord of length 2a from the positive x—axis and 
passes through a point on positive y—axis distant b from the origin 1s 


(a) x^t*2by = Б+а? (b) x—2by = b*+a’ 

(c) xt 2by = a-b? (d) x^—2by = Ба? 

The number of circle having radius 5 and passing through the points (—2,0) and (4,0) is 

(a) one (6) two (с) four (д) infinite 

The equation ofthe smallest circle passing through the intersection of the line х+у=1 and the circle 
x^ry* = 9 is 

(a) x^ty^txty-8 = 0 (b) x*+y*-x—y-8 = 0 

(c) x*+y*-x-yt+8 = 0 (d) None of these 


The number of the points on the circle x*+y*-4x—10y+13=0 which are at a distance 1 from the 
point (—3,2) 1s 

(a) 1 (b) 2 (c) 3 (d) None of these 

The locus of the mid-point ofa chord of the circle х2--у? = 4 which subtends a right angle at the 
origin 15 

(a) xty-2 (b) туі (с) х+у=2 (d) xty= 1 


The area of the triangle formed by joining the origin to the points of intersection of the line x „/5 +2y 
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11 


12 


13 


14 


15 


-3,/5 and circle х?+у? = 10 is 
(а) 3 (b 4 (c) 5 (d 6 


If (3,2) lies on the circle x*+y*+2¢x+2fy+c=0 which is concentric with the circle x*+y?+6x+8y— 
5 = 0 then с is 


(a) 11 (b) -]] (с) 24 (d) None of these 


A variable circle passes through the fixed point A(p.q) and touches x—axis. The locus of the other 
end ofthe diameter through A is 


(a (х-р)-4ау (b) (к) =44у © бр (d  (y-gy-4px 
If the lines 2x+3y+1 =0 and 3x-y-4 = 0 lie along diameters of a circle of circumference 10 л, then 
the equation of the circle 15 


(a) x^ty^—2x12y-23-0 (b) x^ty^t2x42y-23-0 
с x^ty/—2x-2y-23-0 d) x^ty^2x-2y-23-0 
y E y y 


The lines 2x—3y=5 and 3x—4y = 7 are diameters of a circle having area as 154 sq.unit, then the 
equation of the circle is 


(a) x^ty-2x-2y-62 (b) x^ty2x-2y-47 
(c) х^+у—2х+2у=47 (d) x*+y*-2x+2y=62 


The equation of circle which passes through the origin and cuts off intercepts 5 and 6 from the 
positive parts ofthe axes respectively, 1$ 


61 61 
(а) — GeS2yvyt3)—7 7 (b («-5/2)Қу-3у--- 
61 61 
(б) (х-5/2)-(у-3)--. (d («-5/2)ңуну-- 
ANSWERS 
1.6 2.6 3.a 4.a 5.С 6. b 
7.b 8.d 9. b 10. с 1.6 12.а 
13.а 14. с 15. b 
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CIRCLE 


Lecture —2 


1 Find Фе equation ofthe system of circles co-axial with the circles х^+у*+4х+2у+1=0 and х2+у2— 
2x 6y—6 = 0. Also find the equation of that particular circles whose centre lies on radical axis. 
Solution : 
Given circles are 
S 2x^ty-rAx12yt1-0 
S,2x^ty-2xt6y-6 =0 
5—5, = 0 
6x—4y+7 = 0 
System of co-axial circle is S, +A (5 –5,) = 0 
х2+у+4х+2у+1+ 2, (6x4y+7) =0 
x*+y?+2x(24+3 2, )*2y(1-2 7, ) 1*7 4 =0 
Centre of this circle is (-(2+3 А, ), - (1-2 1 ) 
lies on radical axis 
+ 6(-2-3 2) 4-247 = 0 
—12—18),+4—8),+7 = 0 


-1-26),-0 
-1 
^ = 26 
г. Required particular member of co-axial circle is 26(x*+y’)+98x+56y+19 =0 
2 If the circumference of the circle x*+y’+8x+8y—b = 0 is bisected by the circle 
х^+у—2х+4у+а = 0 then a+b equal to 
(a) 50 (b) 56 (c) —56 (d) -34 


Solution : (c) 

Equation ofradical axis (common chord ofthese circles) 15 

10x+4y—b—a = 0 

Centre of first circle is (4, —4) 

Since second circle bisects the first circle 

Therefore centre of first circle must lie on common chord. 
10(—4)-4(-4)—b-a- 0 
—40—16—(a+b) = 0 


atb = –56 
3 The equation of the circle passing through the point of intersection of the circles x*+y’—4x—2y= 8 
and x*+y*—2x—4y = 8 and the point (—1,4) is 
(a) х2+у+4х+4у-8 =0 (b)  x^ty—-3x44y4*8 = 0 
(c) x*t+y*+x+y-8 =0 (d) х--у-3х-3у-8-0 
Solution : (d) 


Equation of any circle passing through the point of intersection of the circles 15 
x^ty^—4x-2y-84 ), (x^t*y^-2x-4y-8) = 0 
This circle passes through the point (—1,4) 
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1+16+4-8-8+ у, (1+16+2-16-8) = 0 


5—5), = 0 
à =1 
Required circle is x^*y^—3x-3y-8 = 0 
4 If the common chord of the circles x^*(y-b) = 16 and x*+y’ = 16 subtends a right angle at the 
origin then b = 
(а) 4 (6) 4,2 (с) -442 (4) 8 
Solution : 
The equation of common chord is 
S-S, = 0 
(y-by-y' = 0 
b*—2by = 0 
b(b-2y) = 0 
b=2yorl= e 


b 
The combined equation ofthe straight lines joining the origin to the points of intersection y = b/2 


2 
2 
and x^ty* = 16 ЕЗ = b?^x^*(b^-64)y* = 0 


This equation represents a pair of perpendicular lines 
65—64 =0 > b= + 4,2 


5 Given the circles x^*y^—4x—5 = 0 and x’+y’+6x—2y+6 = 0 Let P bea point (о, В ) such that 
the tangents from P to both the circles are equal. Then 
(а) 2a+1068+11=0 (b) 2а—10В+1=0 
(c) 10a-2ß+11=0 (d 10a+2ß+11=0 
Solution 
PT, =РТ, 

lo? +B? -4a-5 = Jo +В? + ба —20 +6 
Squaring, 
a^ +В 240—5 = a^*B^*6a.—2 B +6 
100-2В +11 = 0 
correct option is “с? 

6 If the circles х+у+2х+2Кку+6 = 0 and х°+у*+2Ку+К = 0 intersect orthogonaly then К 15 
(а) 20r-3/2 (b  —20r-3/2 (c) 20r3/2 (d) - 
20r3/2 
Solution 


Condition for two circles to intersect at right angles is 2g, g,+2f f, = с, c, 
Неге two circles are x*+y?+2x+2ky+6 = 0 and x*+y*+2ky+k = 0 
g-Lf-kc,-6 

g,=Of,=kce,=k 
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0--2К? = 6+k 
2k^-k-6 = 0 
2k?-4k+3k—6 = 0 
(2k+3) (k-2) = 0 


К--3/2 ork =2 
correct option is ‘a’ 
7 The distance between the chords of contact of the tangents to the circle x^*y^*2gx42fy-*c = 0 
from the origin and the point (g,f) 1s 
1 
(а) gf (b (Рю) 
2 2 2 2 
в жа Шы; 
© [ez | © 5 Jg + Е" 


Solution 
Equation of chord of contact to the circle from (x y, ) is 
хх tyy tgx Hlyty, +e -0 


From (0,0) ОУ tE =Q кеннен (1) 
& From (0,0) is ox+fyte(x+g)+f(y+f)+c = 0 
2¢xt2fyt+e°+f+c = 0 
g^ +f" +c 
gx+fy+ 0003 |= СТРОНГ (2) 


Now lines (1) & (2) are parallel 


distance between paralled line 1$ 








Cc, —C, 
a^ +b? 
2 2 

+f“+c 
ie 
2 





-c б +f” с 


Бг + —с 


1 
2 le? +? 


correct option is *d" 
EXERCISE: 


T 
l. Let 0<a< 5 be a fixed angle. If P = (cos 0,sin 0) and Q = cos(a = 0) | sin(a = 0)Q obtained 


form P by 

a. clockwise rotation around origin through an angle a 

b.  anti-clockwise rotation around origin through an angle o 
c. reflection in the line through origin with slope tan a 

d. reflection in the line through origin with slope tan а /2 
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2. Ifthe tangent at the point P on the circle х24-у?--бх--бу = 2 meets the straight line 5x—2y+6 = 0 
at a point Q on the y-axis, then the length of PQ is 
аа 4 b. 2,5 0s 5 d. 345 
3. Тһе equations to the sides АВ, BC, CA ofa AABC are drawn on AB, BC, СА as diameters. 
The point of concurrence of the common chord is 
a. centroid ofthe triangle b. orthocenter 
C. |J circumcentre d. іпсепіге 
4. The number of rational points (a point (a, b) is rational, if a and b both are rational numbers) оп 
the circumference ofa circle having centre (л, е) 15 
a. | atmostone b.  atleasttwo c. exactly two d. infinite 
5. Тһе locus of a point such that the tangents drawn from it to the circle x*+y’—6x—8y = 0 are 
perpendicular to each other 15 
a.  x^ty-—6x-8y-25 = 0) b.  x^ty^t6x-8y-5-0 
с. x*+y*-6x+8y—5 = 0 d.  х’+у’—6х—8у+25=0 
6. Ifthe two circles x*t+y*t+2gxt2fy = 0 and x^ty^42g,x*2f у = 0 touch each other, then 
a  fg-fg, b. ff, = gg, 
с. fT-g-f-g d. none ofthese 
7. The number of integral values of? for which x2+y2+} х+(1— л, )у+5 = 0 is the equation ofa 
circle whose radius cannot exceed 5, 1s 
a. 14 b. 18 e 16 d. none ofthese 
8. The circle x*+y*+4x—7y+12 = 0 cuts an intercept on y-axis of length 
a. 3 b. 4 e 4 d. 1 
9. One of the diameter of the circle x*+y7—12x+4y+6 = 0 is given Бу 
a. х+у= 0 b. х43у-0 с. xX=y d. 3х+2у= 0 
10. The coordinates of the middle point of the chord cut off by 2х—5у+18 = 0 by the circle 
x^t-y/—6x-2y—54 = 0 are 
a. (1,4) b. (2,4) c. (4, I) d. (1,1) 
PASSAGE - 1 
LetA= (a,0) and B= [- a,0) be two fixed points Va є (= 20,0) and P moves on a plane such 
that PA = nPB (n = 0) 
On the basis of above information, answer the following questions: 
11. If |n + | , then the locus of a point P is 
a. | astraight line b.  aecircle c.  aparabola d.  anellipse 
12. Ifn=1, then the locus of a point P is 
a. | astraight line c. acircle c.  aparabola d.  ahyperbola 
13. IfO0<n< 1, then 
a.  Aliesinside the circle and B lies outside the circle 


b. A lies outside the circle and B lies inside the circle 
C. both A and B lies on the circle 
d both A and B lies inside the circle 
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14. 


Ifn> 1, then 

а. A lies outside the circle and B lies inside the circle 
b. A lies outside the circle and B lies inside the circle 
C. both A and B lies on the circle 

d. both Aand B lies inside the circle 

If focus of P is a circle, then the circle 

a. passes through A and B 

b.  neverpasses through A and B 

C. | passes through A but does not pass through B 

d passes through B but does not pass through A 


ANSWERS: 
l.d 2,6 3.b 4.a 
7. с 8.4 9.b 10.a 
13.а 14. b 15. b 
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CIRCLE 
Lecture — 3 
Example 1 
Find the equation of the image of the circle x^*y^-16x—-24y4183 = 0 by the line mirror 
4х+7у+13 = 0 
Solution : 
The given circle and line are 
х^+у2+16х-24у+183 = 0 (1) and 4х+7у+13 = 0 (2) 


Centre and radius if the circle are 


(-8, 12) and ./644 144183 = J25 = 5 respectively. 


ore 


4x+7y+13 


Equation of line C C, is 7х-4у+К = 0 it passes through (—8, 12) 
7. —56—-48+k = 0 
k = 104 

Equation of line C C, is 7x-4y+104 = 0 (3) 
To get the coordinates of M. Solve the equation 

(2) & (3) 

(2)x4+(3)x7 

16x + 28у + 52 = 0 

40x – 28у + 728 20 

б5х + 780 = 0 

x ——]2 
put the value of x in (2) we get 
—48+7у+13 = 0 

7у= 35 
у= 5 

'. coordinate of M is (12,5) 
М is the midpoint of C and C, 


h-8 
5-127 EN —h--16 


k+12 
>= => K=-2 
2 
г. Equation of imaged circle is 


(x+16)°+(y+2)? = 25 
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х2+у+32х+4у+235 =0 


1 The circle passing through the point (—1,0) and touching the y—axis at (0,2) also passes 
through the point 
-3 —5 -3 5 
(a) EX (b) 2222 (с) EE (d) (-4,0) 
Solution : 


Family of circles passing through a point (0,2) and touching line x= 0 (y-axis) 15 
(x—0)'+(y-2)"+ Ax = 0 
It passes through (—1,0) 


^ 144-7 =0 
а ELS 
г. equation of circle is 


x^ty^-5x-Ay44 = 0 
It also passes through A(-x,,0) 
/. X,7-5x, 44-0 
(x,4)(x,-1)=0 
x-4,x-l 
. 1 also passes through A (-4,0) 





2 Two parallel chords of a circle of radius 2 are at a distance 4/3 +1 apart. If the chords subtend 


T 2T 
at the centre, angles of k and Y where k>0 then the value of [k] 1s............... 


( [k] denotes the greatest integer) 
Solution : 


T ] 
Let = О, = 5 ZAOB= / AOM 


Then / СОМ =2 а 
In A AOM 

E. 
cosa = 5 


In ACON 


43 41- x 
2 
cos2 а = 2cos? а -1 


4341- 





созда = 


X 
cos2q =2 — -] 
ы 4 


43 +1—х LX | 
2 2 
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Зы хех -2 


хх 4/3 _3=0 
_ -141+48 +3) 
2 
_ —1+413 +443 
2 
—1+(2V3 +1 
ETT 
epos 
ЕЕ 
2 
х= y3 
= T 
соѕ а = = COS c 
ex 
4-6 
Required angle = — =2a = ~ 
equiredangle- т =20 = 5 
3. Let ABC and AB C' be two non-congruent triangles with sides AB = 4, AC = A C' = 2,/2 and 
angle В =30°. The absolute value of the difference between the areas of these triangles 15 
Solution : 
Draw circle through AC С” and AB intersect the circle at P 
C 
In A ABD QE 0 SA 
^ = р jn \ ZA E 
2 um B 
1-2 Í 
4 2 
7 AD=2=DC= с'р 
Difference of areas of A ABC and A ABC’ is A АСС” 
1 
‚ал ACC’) = 2 х4х2 = 4 sq.u. 
4. The centres of two circles C, and C, each of unit radius are at a distance of 6 units from each 


other. Let P be the mid-point of the line segment joining the centres of C, and C, and C bea 
circle touching circles C, and С, externally. If a common tangents to C, and C passing through Р 
is also а common targent to C, and С, then the radius of the circle C is 

Solution : 
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In A CPC, 
СР? = (CC.C. PY 6 
К = (r- 1) -9 
k^-r--2r-8 (1) 
In A PQC, 
РО = 3—]* 
=8 
г. In a СРО 
k? = г2+8 (2) 
From (1) & (2) 
+8 = #+2г—8 
2r = 16 
те 
J: A straight line through the vertex P ofa triangle PQR intersects the side QR at the point S and the 
circumcircle of the triangle PQR at the point T. If S is not the centre of the circumcircle then 


1 1 2 1 1 2 
(а) % ST ^ JQSSR (0) bs 7 т> JOSSR 
() PS ST OR (4) PS ST QR 
Solution : р 


Points P, О, T, К are concyclic 
г. PS.ST = QS.SR 


PS+ST 
= 5 > JPSST (АМ>ОМ) В 
- PT224PSST : 
11 2 - I" 
— + —— — 
апа PS ST = JPSST OSSR (Dividing by PS.ST) 


= > ,/SQSR (AM>GM) 


> S > /SQSR 
1 2 

> [SQSR = QR 
2 4 

> /505к 2 QR 

1 1 p 4 

PS ST 2JQSSR 2 QR 


Ans: (d) 














Also, 
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6 Let ABCD be a quadrilateral with area 18, with side AB parallel to the side CD and 
AB=2CD. Let AD be perpendicular to AB and CD. Ifa circle is drawn inside the quadrilateral 
ABCD touching all the sides then its radius 1s 
(a) 3 (b) 2 (c) 3/2 (d) 1. 
Solution : 
ABCD is a trapezium (>; AB parallel to CD) 


1 
г ar(ABCD) = 5 xh (sum of parallel sides) 


1 
2 
18 = гхЗа 

ат = 6 

CB 1s a tangent to the circle 
г. equation of tangent is 


х21(2а+а) 


— 2r 
yt (х—2а) = 2rx+ay—Aar = 0 


It is a tangent to the circle (x-r)^*(y-r) = г 





2r? + ar —4ar 
№ Ar? + а? 


г 4р2 +a? = 2r——3ar 


Е T= 








4r? +а? = 21-3а 
Squaring 
Ar^-a^-4r^-93?-]2ar 
12т = 8a => 3r = 2a 
аг- 6 
2а 
3 


2 


on) 


М 
со 





= 6 
3 


а? = 9 
а= +3 
>» уке? Ans: (b) 
7 The radius of the least circle passing through the point (8,4) and cutting the circle 
х2+у? = 40 orthogonally is 


(а) 45 (b V7 (с) 2.5 (d 44/5 


Solution : 
Let the circle be х+у2+20х+2#у+с = 0 (1) 
Given circle is х+у? = 40 (2) 
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These two circles are orthogonal 
^. c-40- 0 >c=40 
(1) passes through (8,4) 
64+16+16е+8Ё+40 = 0 
120+16е+8Ё= 0 
f+2¢e+15 =0 or f=—-(2g+15) 


radius = Jg^ +f* —c 
= Jg? - (2g 415)? — 40 


For least circle radius must be minimum 
Let f(g) = g^*(2g*15)* —40i1s minimum 
f'(g) =28+4(25+15) =0 

10g = —60 

о=—6 

f£” (9) = 10>0 minimum 
Ғ--(-12-15)--3 

Equation of circle is x*+y*—12x—6y+40 = 0 


radius = 436 +9 — 40 


= 1/5 Ans: (a) 
8 P is a point (a,b) in the first quadrant. Ifthe two circles which pass throngh P and touch both the 
co-ordinate axes cut at right angles, then 
(a а’ баб? = 0 (b) a^2ab-b^-0 
(c) a—4abtb^-0 (d) a-8abtb?-0 
Solution : 
Equation of the two circles be 
(x—r)^-(y-r) = r^ > x*^ty^-2xr-2yrtr/ =0 
These two circles passes through (a,b) 
^ (asy+H(b-ry = г 
а’+г’—2аг +b°+r—2br—r = 0 
г—21(а+6)+(а?+Ь?) = 0 
It is a quadratic equation in г 
(түн, = 2(atb)and rr, = a+b’ 
Condition for orthogonality 1s 
2g,g, 2f f, =C +C, 
ADD 
Ari =r itr 
Orr rp our WADE 
6r r =r +r) 
6(a°+b°) = 4 (atb)? 
ба’+6Б`= 4a°+4b°+8ab 
2a^42b^-8ab = 0 
a^tb^-4ab = 0 
Ans: (c) 
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9 A circle S = 0 passes through the common points of family of circles x*+y*+ 4, x-4y43 = 0( 2, ЕВ) 
and have minimum area then 
(a areaofS =015 л sq.u 
(b) radius of director circle of S =0 is 4/2 
(c) Radius of director circle of S = 0 for x—axis is 1 unit 
(d) S = Опеуег cuts |2x|= 1 
Solution : 
(x+y —4y+t3)+ 1.x =0 
„. х= 0 and у—4у+3 = 0 
(y-3)(y-1) = 0 
y-3,l 
^. (0,3) (0,1) are common points. 
x^ty^t2gx42fyctc = 0 
passing through (0,3) & (0,1) 


9+6#+с= 0 (1) 
1+2#+с= 0 (2) 
(1) — (2) we get 

8--Af =0 

f = -2 and c=3 


г. Ху? +2 ох-4у+3 =0 


radius = 4/0? -4—3 = Jg^ +1 


for minimum area radius must be minimum 
Since 02+1 is positive so g must be zero 

г. radius = 1 

Area = лг = qSQq.u. 


Radius of director circle is ,/2 times the radius ofthe given circle. 


г. Radius of director circle is ,/2 Ans: (b) 
10 Area of part of circle x*+y*—4x—6y+12 = 0 above the line 4x+7y—29 = 0 1s A, 
then [ A | = [.] 1s greatest integer function. 


Solution 
Since line 4x+7y—29 =0 
passes through the centre (2,3) of the circle 
The line is a diameter ofa circle with radius ./4+9_—12 71 


x c 
area of semi circle 1s = 2 пг 


S "V 
„= 
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EXERCISE: 


1. 


The number of common tangents that сап be drawn to the circles х^°+у*—4х—бу—3 = 0 and 
a. 1 b. 2 c 3 d 4 


2. | А variable chord is drawn through the origin to the circle x*+y*—2ax = 0. The locus of the centre 
of the circle drawn on this chord as diameter is 
a.  x^ty^tax-0 b.  x^tytay-0 
c. x*+y*-ax = 0 d. х+уѓау = 0 
3. ЕО is the origin and OP, OQ are distinct tangents to the circle x*+y*+2¢x+2fy+c = 0, the 
circumcentre of the triangle OPQ is 
a.  (-g,-f) b. (6,0 c. (6-0) d. none ofthese 
4. Equation ofthe normal to the circle x^*y^—4x--4y-17 = 0 which passes through (1, 1) is 
a.  3x42y-5-0 b. 3x+y-4=0 
c. 3х42у-2-0 d. 3х-у-8-0 
5. The equation of the circle touching the lines ly = x ata distance ,/2 unit from the origin is 
a.  x^ty-4x42-0 b. хчуч4х-2-0 
C. — x^ty^t4x*2-70 d. none ofthese 
6. Тһе shortest distance from the point (2, —7) to the circle x^*y^-14x-10y-151 = 0 is 
a. 1 b. 2 c. 3 d. 4 
7. The equation ofthe image ofthe circle (x—3)2+(y—2)2 = 1 by the mirror x+y = 19 is 
a. (x—14)*+(y-13)=1 b.  (x-15y4(y-14)? = 1 
c. (х-16)-(у-15)%- 1 d. (х-17)-(у-16)2-1 
8. IfPandQaretwo points on the circle х2--у?-4х-4у-І which are farthest and nearest respectively 
from the point (6, 5), then 
22 22 19 
а x) b © Ed 
14 11 l4 
E Ж d. о ( 44 
9. A circle ofthe coaxial system with limiting points (0, 0) and (1, 0) 15 
a.  x^ty-2x-0 b. хчу-бх43-0 
с. x*ty=1 d.  x^y-2x-1-20 
10. Ifa variable circle touches externally two given circles, then the locus of the centre of the 
variable circle 1s 
a. | astraight line b. aparabola 
c.  anellipse d.  ahyperbola 
PASSAGE 


For each natural number k, let C, denotes the circle with radius k units and centre at the origin. 
On the C, , a particle moves К units in the counter clockwise direction. After completing its 


motion on C,, the particle moves to C, ,, in some well defined manner, where / > 0, The motion 


k+é 
of the particle continues ш this manner. 
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11. 


On the basis of above information, answer the following questions: 
Let ¢ — 1, the particle starts at (1, 0). If the particle crossing the positive direction of the x-axis 
for the first time on the circle С, then n is equal to 


a. 3 b. 5 8 4 d. 8 
НК = Nand р = 1, the particle starts (—1, 0) the particle cross x-axis again at 
a. (3,0) b. (1,0) c. (4,0) d. (2,0) 


ИК e Nand / =], the particle moves in the radial direction from circle C, to C, *1. If particle 
starts form the point (—1, 0), then 


a. | it will cross the +ve y-axis at (0, 4) 
b.  itwillcross the —ve y-axis at (0, —4) 
c. it will cross the +ve y-axis at (0, 5) 


d. it will cross the —ve y-axis at (0, —5) 

Пк e Nand д = в, particle moves tangentially from the circle C, to С, , such that the length of 
tangent is equal to К units itself. If particle starts form the point (1, 0), then 

a. the particle will cross x-axis again at x = 3 

b.  theparticle will cross x-axis again at x = 4 


с. the particle will cross +ve x-axis again at x = 2./2 


d. the particle will cross “уе x-axis again at x є (2/2 А 


Let the particle starts from the point (2, 0) and moves 7/2 units, on circle C, in the counter- 
clockwise direction, then itn moves on the circle C, along the tangential path, let this straight 
line (tangential path traced by particle) intersect the circle C, at the points. A and В tangents 
drawn at A and B intersect at 


TIE b. [29/2] с (9,9) а (5.2) 


ANSWERS: 
l.c 2.c 3.d 4. b 5.a 6. 5 
7.d 8. b 9.d 10. d ll.c 12.c 
13. c 14. d 15.a 
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PARABOLA (LECTURE-1) 


Conic Section 


A conic section or conic is the locus of a point P which moves in a plane such that the ratio of its 
distance from fixed point to the distance form the fixed line always remain same (constant). 





PS 
—— — е 
PM 
"s P(moving point) 
fixed line S(fixed point) 
e The fixed point known as Focus. 
e The fixed straight line is known as Directrix, 
. The constant ratio 15 called the Eccentricity denoted by e. 
e The line passing through the focus and perpendicular to the directrix is known as axis. 
e A point of intersection of a conic with its axis is called a vertex. 
e The point which bisects every chord of the conic passing through it, is called the centre of 
the conic. 
e The chord passing through the focus and perpendicular to the axis is known as Latus — 
Rectum. 


GENERAL EQUATION OFA CONIC SECTION: 
Let coordinates of focus be S (p, q), equation of directrix be ax + by + c = 0 and e be the 
eccentricity ofa conic. Let P(h, k) be a moving point, then by definition. 
SP = e PM 


(п-р) +(k-q} Jab bk ec 


ма? +b? 


ра ие 








Thus locus of (h, k) 1s 
2 (ах + by + с} 
а’ +? 
This is equation of conic section which, when simplified, can be written in the form 
ax*+2hxy+by’+2¢x+2fy+c = 0 which is general equation of second degree. 


(x-py)*(y-qY-e 
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Section of right circular cone by different planes 
A right circular cone is as shown in the figure — 1 





Circular Base 
Figure 1 


1. Section of aright cone by a plane passing through its vertex 15 a pair of straight lines 
passing through the vertex as shown in the figure — 2. 





Figure -2 | 


i. Section of aright circular cone by a plane parallel to its base is a circle as shown in the 
figure — 3. 





| Figure- 3 
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ш. Section of aright circular cone by a plane parallel to a generator of the cone is parabola 
as shown in the figure — 4. 


Figure-4 


iv. Section of aright circular cone by a plane neither parallel to any generator of the cone nor 
perpendicular or parallel to the axis of the cone is an ellipse as shown in the figure — 5. 


A 
/ 
LN 
| L^ 
Figure-5 р ag 





V. Section of a right circular cone by a plane parallel to the axis ofthe cone is a hyperbola as 
shown in the figure — 6. 
3D View : 


CIRCLE 


242 ти 
“x s Я 
é ' 
^ 
і 





eS. Е 


ELLIPSE PARABOLA |. HYPERBOLA 


Distinguishing various conics: 
The nature of the conic section depends upon the position of the focus with respect to the 
directrix and also upon the value ofthe eccentricity. 
1.  Iffocuslies on the Directrix. 


А = abc + 2fgh — af^ — bg^ — ch^ = 0 
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General equation of a conic represents a pair of straight lines, if 
e һ?>аб, the lines will be real and distinct 
e h’=ab, the lines will be coincident 
e h’<ab, the lines will be imaginary (a point) 
2. If focus does not lie on Directrix. 
1 Л=0, а=Ъ, В = 0, a circle 
п. Л=0,е= І, h*=ab, а parabola 
Ш. Az0,0 <е <1, h? «ab, an ellipse 
iv. Az0,e» 1, h^» ab, a hyperbola 
у. A#0,e> 1,hb°> ab, a+b = 0, rectangualr hyperbola 
Z 





у“ дах 
Vertex (0, 0) | 
Tangent of lotus rectum x = 0 

Extremities of lotus rectum (a, 2a) , (a, —2a) 
Length of lotus rectum. 4a 

Focal distance (SP) SP=PM=x+a 
Parametric form x = at2, y = 2at, t is parameter. 
Focal distance — the distance of a point on the parabola from the focus. 
Focal chord — A chord of the parabola, which passes through the focus. d 
Double ordinate — A chord of the parabola perpendicular to the axis ofthe parabola. 

Latus Rectum — A double ordinate passing through the focus or a focal chord perpendicular to 
the axis of parabola. 


e Perpendicular distance form focus on directrix = half the latus rectum. 
. Vertex 1s middle point of the focus and the point of intersection of directrix and axis. 
° Two parabolas are said to be equal if they have the same lotus rectum. 


Other Standard Forms of Parabola: 





y y 
Py... 
NEN Р Ms, 
ү, L | 
xi X я! 7 
|р fT: Eno 3 
7: Z p» м : 
A in 
y у; 
Equation of curve: у’ —— 4ax x^— 4ay х? =—4ay 
Vertex (0, 0) (0, 0) (0, 0) 
Focus (—a, 0) (0, a) (0, —a) 
Directrix x—a-0 yta-0 y-a-0 
Equation of axis y-0 x-0 x-0 
Tangent of vertex x =0 y=0 y-0 
Parametric form (—at*, 2at) (2at, at?) (2at, —at?) 
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Position of a point with respet ot Parabola 
у’ = 4ах у’ =- 4ах х? = Дау х? = – 4ау 







Inside 


Inside | outside Inside \ outside 
ер (x, yi) 
S = у> – ax, S = у + Дах, S = х, – 4ау, S = х + ay, 
S <0 Inside 5 <0 Inside S <0 Inside S <0 < inside 
S > 0 Outside S > 0 — Outside S > 0 Outside S > 0 — Outside 
S = 0 — on the parabola S=0— onthe parabola S =0 — onthe parabola — S,-0 > оп the parabola 


Equation of Parabola when vertex is shifted. 


І. Axis 1s Parallel to x-axis: 
Let vertex A be (p, q) then equation of parabola be 


(y - q% = 4а (x - p). 





II. Axis is parallel to y-axis: 
Let vertex A be (p, q) then equation of parabola 15 


(x -py = 4a (y -q) 





Parametric Form: 
у? = 4ах 2 —— 4ах х? = 4ау х? —— 4ау 
х = аб x = – аб х = 2аї х = 2аї 
у = 2at у = 2аї у = аё у = – аё 
Parametric (at^, 2at) (- at’, 2at) (2at, at? ) (2at, — at? ) 
coordinates 


Properties of Focal chord: 
1. Ifthe chord joining P(t,) and Q(t,) is the focal chord then t,.t, =- 1. 


2 
2. | Length of focal chord is a + J 


3. The length ofthe focal chord which makes an angle Ө with the positive direction of x-axis is 
Да cosec? Ө. 


4. Semi latus rectum of a parabola is the harmonic mean between the segments of any focal chord 
of the parabola. 


144 


А program to give wings to girl students 


5. Circle described on the focal length as diameter touches the tangent at vertex. 
Equation of tangent: 


Parabola Point form Pt. ofcontact Parametric form Pt. of contact slopeform Pt. of contact 
Е _ Е | Е а а 2а 
y =4ax yy =2a(x+x,) (х,у) ty=x+at (at^, 2at) y=mxt "dE lem 
2— = = 2 2 = a E -2а 
у=-4ах yy =—2а(х +x) (х,у) ty = - x* at ( at^, 2at) y = mx Em T ДР 
2— - = 2 2 == а 2а E 
х = 4ау хх = 2а(у+у) (х,у) tx=y tat (2at, at^) х= ту + Ре unm 
2 = = 2 2 = ч -2а E 
x--4ay xx=da(yty,) (х,у) tx=-ytat (2at, — аб) х= ту EM нер (ЖЕ. 


Pair of Tangents from point (x,, y,) 
Let eq" of parabola be y’= 4ах 


S = у: – Дах А 

9,7 yi- Дах, 

T = уу - 2а(х+х.) р 

Equation of pair of tangents is SS, = Т? i.e. (х, у) 

(у: 4ах) [уг – 4ах,) = (уу, —2a(x +x,)} B 
Properties of Tangents: 
1. Point of intersection of two tangents of the parabola:- P(t 

Equation of tangent at P ist y =x + at; 

Equation of tangent at Q is t,y =x + at; A 

Solving these equations, we get 

X=att, y at, + at, 

Alat t, a(t, + t,)) Q(t) 
2. Locus of foot of prependicular from focus upon any tangent 1s tangent at vertex:- 


Equation of tengent at P is ty = x + at’ 
Let the tangent meet y-axis at Q then Q(0, at) 


— at 
slope of QS = "uS -t 


1 
slope of tangent = : 





1 
ni t)=-1 — SQ L tangent 


3. | Length of tangent between the pt. of contact and the point 
where tangent meets the directrix subtends right angle at focus:- 
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Equation of tangent at P(t) 
ty 2x t at 
Point of intersection with directrix x = — a 1s 


а 
- а, а 2 
t 


lone SP = 2at Е 21 
Ба а-а 12-1 





аї Ы 
dco 2 
t t-1 
slope QS = = 
pe Q —2a -2 
m, m, ese] 
PS 1 QS. 
4. . Tangent at extremities of focal chord are perpendicular adn intersect on directrix 
(Locus of intersection point of tangents at extremities of focal chord 1$ directrix) 








a —2a 
Let P(at?, 2at) and Q FI PE 


t 
EquationoftangentatP ^ ty-xtatÜ  — ___...... (1) 
| 1 а 
Equation oftangentatQ — — 17 =X+ " 
a 
y pm р (2) 
Point of intersection of both tangents, we get after sloving (1) & (2) Le. 
xta-0 


A point lies on the directrix. 


Example: 1 The focal chord to у? = 16x is tangent to (x—6)’ +у?= 2, then the possible value of 
the slope of this chord, are 


а tn b 12,2 с. |- 2.1) d. 


Ж 


Solution: The focus of parabola 15 (4, 0). Let slope of focal chord be m. Equaiton of focal 
chord is y = m(x-4). It is tangent to the circle then 
6m — 4m 


ee 
4m! +1 
4m^-2(m^1) 
2m? = 2 
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Example: 2 Тһе curve represented by (ах +,/by =1, where a, b > 0 is 


a. a circle b. a parabola C. an ellipse d. a hyperbola 
Мах =1—./by 


Solution: ах = 1+by —2,/by 


(ах-Ьу—1)2= (- 2 by 
a^x^-b^y^-1-2abxy-2ax-*2by = 4by 
a°x*—2abxy+b*y*—2ax—2by+1 = 0 


а? —ab -a 
A=|—ab b? -b 
-a -b 1 = a?(b?-b?)*ab(-ab-ab) —a(ab°+ab?) 
= 0 – 2а262—2а?Ы? 
= — 4a/b^ #0 
h/-ab = (—ab)? — (a?) (b?) = 0 


~. Itis a parabola 
Ans: b 


Example:3 The equation of the directrix of the parabola y*+4x+4y+2 = 0 is 
—3 


5 d. х = 


а. x =-1 b. х=] с. х = 


м [о 


Solution: y*+ 4y = —4x—2 
ө+?'=-4 (x-1) 
2 
y! =-4AX 
1 
Equation of directrix is X =A1.e. X— 2 - 1 
3 
2х-3-Оогх-- 
2 
Ans: d 
Example:4  Thelocus ofthe midpoint of the segment joining the focus to a moving point on the 


parabola y? — 4ax 1s another parabola with directrix 
a. y-0 b. х=—а с. х-0 d. none of these 
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Solution: Let P(at?, 2at) lies on the parabola 











у’ = 4ах 
Mid point of PS is О. 
A 
h= at а 
2 2 
2h-a „К 
ЕЕ, =t 
а а 
кышы 
а а 
a(2h — a) = К 


Locus of(h,k)is У2=2а E z а 


: . & à a а 
Equaiton of directrix is x - — = —— 
2 2 
х =0 
Ans: с 


Example:5 The angle between the tangents drawn from the point (1,4) to the parabola y? = 4x 
is 


n E: n n 
a. 6 à 4 e 3 2 


Solution: Equation of tangent of the parabola у? = 4x is 
1 
y = mx + — 
m 
This equation passes through (1, 4) 1.e. 
1 
4=m+— 
m 


— m’*—4m+1 = 0 
m,.m, = ] and m, + m, —4 











Angle between the two tangents is tan 0 = кыш. 
+m,m, 
4-4 42 
1+1 2 
,06-- 
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Ans: с 

Exercise: 6 Tangent to the curve y = x^*6 at a point (1, 7) touches the circle x*+y*+16x+12y+tc 
— 0 ata point Q then coordinates of Q are 
a. (—6, —11) b. (-9,-13) e (-10,-15) а. (—6, —7) 


Solution: Equation of tangent at (1, 7) to the curve y = x^*6 is 
P NODE, 

2х — у =0 | ... (1) 

This line also touches the circle 1.е. 
Equation of normal of circle passing through 
centre (—8, —6). 

х+2у +A =0 

-8 —12 +А= 0 

Л. = 20 

лх-2у-20-0 |. (2) 

О 1s intersection point of (1) and (2) 

X — —6, ye 

Q(-6, —7) 

Ans: d 


Exercise: 7 Consider the two curves с: у? = 4x, c,: x^*ty—6x*1 = 0. Then 
a. c, and c, touch each other only at one point. 


1 2 
b. c, and c, touch each other only at two points. 
C. c, and c, intersect (but do not touch) at exactly two points. 
d c, and c, neither intersect nor touch each other. 


Solution: Let eq" of tangent of parabola be 


1 
у= MX + = is also a tangent to the circle then 





ТТІ 
Te 5 d 
(3m? +1) ata] 
m 


m*—2m+1 = 0 
m*=1>m= + 1 >Twocommon tangents are possible. 


Exercise: 8 If b, care intercepts of a focal chord of the parabola y*= 4ax then c 1s equal to 
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і s ab ab 
Solution: We know that 2a — 2х5АхӘВ 
SA + SB 

23 — 2bc 

b+c 
аб+ас = bc 

ab 

=¢ 
a—b 
Ans: d 


Exercise: 9 The circle x*+y*—2x—6y+2 = 0 intersects the parabola у? = 8x orthogonally at the 
point P. The equation ofthe tangent to the parabola at P can be 
a. 2x -у+1 = 0 b. 2х+у —2 = 0 
с. xty —4 = (0 а. x -y 4 = 0 


2 | | 
Solution: Let y = mx + — be tangent to y? = 8x. Since circle intersects the parabola 
m 


orthogonally. So this tangent is the normal for the circle. Every normal of the circle passes 
through its centre. So centre (1, 3). 


2 
З= т+ = т? —-3m+2=0 
m 


(m—2)(m- 1) = 0 
m = 1, 2. 
у = х+2 огу = 2х+1 
Ans: а 
Exercise: 10 A tangent РТ is drawn at the point P(16, 16) to the parabola у? = 16x. PT tangent 


intersect the x-axis at T. If S be the focus of the parabola, then ZTPS is equal to 


a. tan! E b. E C. E tan” 2 d. tan! 2 
2 4 2 2 4 
Solution: ST =4+ AT = 16+4 = 20 
PS = 4+16 = 20 
АТР is isosceles triangle 
16-0 4 21апӨ 


tan 20 == 
16-4 3 ]-tan*0 


2tan^0-3tan0-2-20 
(2 tan 0 — 1 (tan 0 + 2)- 0 





1 
{апӨ = 5, tan0 = -2 (Not possible) 
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^ (біз acute angle) 


1 
Ө = tan — 
2 


Ans: а 


Exercise: 11 Ifa, b,c are distinct positive real numbers such that the parabolas у? = 4ax and y? 
= 4c (x— b) will have a common normal, then 


<1 b. E < 0 


а = с а = с 


4. 0 < 











с. jee? d. 7 


а = с а = с 


Solution: Equation of normals are 
y-mx-2am-am?^  ... (1) 
y-m(x-b)-2em- cem?  .... (2) 
Equation 1 and 2 are identical then 
—2am —am? = —bm —2cm -cm? + m 
2а+ат? = b+2c+cm? 

(а c)m?- b+2(c —а) 











For m be real ^2 


Ans: d 

Exercise: 12 If AB bea chord of the parabola у? = 4ax with vertex at А. BC is perpendicular to 
AB such that it meets the axis at C. The projection of the BC on the axis of parabola 1s 
a. 2a b. 4a C. 8a d. 16a 


Solution: Let coordinates of B be (x, y) 


In AABD,tan0 = = = 
AD 





X 
BD 

In ABCD, tan(90 — 0) --- 
DC 

4 
„ЮС =у.” = 21 = да 
x X 
Ans: b 
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Exercise: 13 А circle is descirbed whose centre is the vertex and whose diameter is three-quarters 
ofthe latus rectum of the parabola у? =4ах. If PQ is the common-chord of the circle and the 
parabola and LL, is the latus rectum, then the area of the trapezium РІ. L,Q is 


л 2 М 
| 2 ү b. 4a? c. 242a? d. 24954” 





Solution: Centre of circle (0, 0) 
3 
diameter — 4 4a = За 


2 


Eq? of circle x^ + y^ = T м. (1) 


Ед" оЁ parabola у? = 4ах 2... (2) 
coordinates of P and О, we get after solving (1) and (2). 


2 
dci 
4 





2 
(х+2а)? = (5% ->х--2а: = 
2 2 


a —9a 
X = —,——— (not possible 
35 (not p ) 


БЕ 2а у= +4/2а 


РО = 24/2а, Г.Т, = 4а 


1 
Area oftrapezium = 5 (PQ ан )х distance between them. 
1 
== (л/а + аа — 3 
2 2 
B к Қ; 
2 
Ans: а 


Exercise: 14 From the point (15, 12) three normals ае drawn to the parabola y? = 4х, then centroid 
of triangle formed by three co-normal points 15 


а. (5, 0) b. (5, 4) с. (9, 0) d. 200 


Solution: Let equation ofnormal be y=-—tx+2t+t? 
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It passes through (15, 12). So 12 = —15t+2t+t? 





t -—13t-12=0 
t+1)(tt3)t-4)=0 
t=-1,-3,4 : 
Points are (at^, 2at) i.e. (1, —2), (9, —6), (16, 8) (D) x-2-0 
Centroid is po = (26 0) P -4 
3 3 3 ы 
Ans: d 
Exercise: 15 Aray of light travels along a line y = 4 and 
strikes the surface ofa curve y? =4(x+y) then equation CL2 (0,2) 
ofthe line along reflected ray travel 1s 
a. xtl=0 b у2=0 
c х=0 d. х2-0 | А 
Solution: y^—4y = 4х Е a 
(y-2y =4x+1) 
Focus (0,2) y 


Incident ray is parallel to axis of the parabola, so reflected ray passes through focus (0,2) 1.e. х= 0 


Exercise: 16 Let P be a point of the parabola у? = 3(2x—3) and M is the foot of perpendicular drawn from 
Pon the directrix of the parabola, then length of each side of an equilateral triangle SMP, where 5 is 
focus of the parabola 15 
a. 6 b. 8 с. 10 d. 11 
Solution: Equation of parabola 1$ 


"E 
2 


focus S(3,0) 
equation of directrix x = 0 


тэ. | 
—--—t' t 
pl; 2 


Coordinates ofM (0,3t) 


MS = 49 + 9t? 


3 3, 
MP = —+—t’, But MS = MP 





2 2 
9-92 „ыйы 
4 4 4 
E qe 
Length of side = 6 
Ans: а 


153 


UDAN 


A program to give wings to girl students 


Exercise 
The point (2a, a) lies inside the region bounded by the parabola x*=4y and its latus rectum. Then 
a | O«axl b. 0<а<1 с. 0<а<] d. а<1 
2. Two perpendicular tangents to y=4ax always intersect on the line 
a. xta=0 b.  x-a-0 c. xt2a=0 d. у+2а=0 


3. | C;:y-$8xand C,:x°+y*=2. Then 
a. С and C, have only two common tangents which are mutually perpendicular 
b.  C,andC,havetwo common tangents which are parallel to each other. 
c. does not have any common tangent. 
d. C andC, have four common tangents. 
4. Two common tangents to the circle x*+y*=2a’ and у’=8ах аге 


a. у=+(х+а) b. х=+(у+2а) C. у=-+(х+2а) d. x=+(yta) 
5. — The number of points with integral coordinates that lie in the interior of the circle x*+y"=16 and the 
parabola y^—4x are 
a. 6 b. 8 с. 10 d. 12 
6. The vertex ofthe parabola x^*y^—2xy 4x+4=0 is at 
] ] 1 1 
a. з b. (-1,-1) c. (1,1) d. c2 


7. The length ofthe latus rectum of the parabola 2 {(x—a)’ + (y-a) ] "(x ty)! is 


a. J|2a b. 2a c. 2,/2а d. 3,/2а 


8. The point on y^—4ax nearest to the focus is 
a 

a. (0,0) b.  (a,2a) c.  (a,-2a) d. vi , a) 

9. The angle between the tangents drawn from the origin to the parabola y^—4a(x-a) is 
1 

a. 45° b. 60? c. 90° d. tan” 5 
10. The circle x^-y^*2Ax-0, АЕК, touches the parabola y^-4x externally. Then 

a. Х>0 b. A«0 c. А>] d. none ofthese 

Answers 

b 2 a 3. a 4 C 

6 d 7 C 8. а 9 C 10. a 
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PARABOLA 
(Lecture-02) 


Equation of Normal 


Parabola Point form Pt.of contact Parametric form Point of contact slope Form Pt.of contact 
y =4ax уу = D (xx) (у) y--tx 2attat (at^2at) y-mx-2am-am' (ат-ат) 
y =—4ax у-у = = (хх) (ку) y--tx2atrat (-at^2at) y-mxi2amtam? — (-am’,2am) 
) X, 3 27 а _ 2а EL 
x =4ау а (у-у) (у) х= -{у+2а{+а[ (2atat^) y=mxt2at m п сс 
) X, 3 7 а 2а Е 1 
x = 4ау XT. (у-у) (х,у) x= (у+2аі+аї (2аќ,-аб) yymc- > mim 


Equation of normal to the parabola (y—k)*= 4(x—h) is 

y-k = m(x-h) -2am -am'. 
Properties of Normal 
1 If the normal at the point P (at,*, 2at,) meets the parabola at 

| 2 

О (at^, 2at,), then t, = —t, — t 
2 If the normal at the points (at,*, 2at,) and (at^, 2at,) meet on the parabola у? = 4ax, then t.t, —2. 
3 No normal other than axis passes through focus. 


Important Properties : 
Ы If the tangent and normal at any point ‘P’ of the parabola intersect the axis at T and М then ST 
= SN=SP where S in the focus. 





т The portion ofa tangent to a parabola cut off between the directrix & the curve subtends а right 


angle at the focus. 


Z PSQ = 90? 
Ы Any tangent to a parabola and ће perpendicular оп it from the focus meet on ће tangent at the 
vertex. 
Z PQS = 90° 
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Ifthe tangents at А and B meet in P then PA and PB subtends equal angles at the focus S. 
(SP)? = SAxSB 

А SAP~ ASPB 

ZPSA= Z PSB. 





The area of the triangle formed by three points on a parabola 1$ twice the area of the triangle formed 
by the tangents at these points. 


Conormal points: 


Let P (h,k) be a point and equation of parabola be y? = 4ax. 
Equation of normal is 
y-mx-2am-am? y 
If passes through (h,k) so 
К =mh -2am-am? 
am^-2am-mh-k = 0 
am^-m(2a-h) +k = 0 
Suppose m,, m,, m, are the roots of this equation 
m,+m,+m, = 0 


Р(һ, К) 


2a—h N 
a 





m тутп, *m,m, E 


k 
m,m,m,--- 
So maximum three normal say PM, PN, РО drawn through P. Points M, М, О are called co- 
normal points. 
The algebraic sum of ordinates of the conormal points is zero. 


Let the coordinates of conormal points be M(am ?,-2ат ), N(am,*,—2am,) and 
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О (am,’, -2am,). The ordinates of these points 
y, ty,*y, = — 2am, —2am, —2ат. 
= — 2a(m +m,+m,) 


= 0 
=> y ty,ty,-0 
- Centroid of the triangle formed by conormal points lies on the axis of parabola. 


Let coordinates of conormal points be M(x,,y,), М(х,у.) О(х у.) 


Х| t X5 t X4 У t У» t Уз X| t X5 t X4 
Then centroid 1s (utut nt ntn = Еш) 


Since sum of ordinates is zero. Therefore centroid lies оп the axis of parabola. 
Ы Normal drown from a point P(h,k) to the parabola are real and distinct if h>2a. 
Chord of Contact 

Let PA and PB be tangents drawn through the point P (h,k). 

Equation of tangent at A 1s 


yy, = 2а (x*x) 






X,y;) 


Equation of chord whose midpoint (x ,у ) is given : 
S = у: 4ax 
S = у Чах, 
Т = yy, -2а(х+х ) 
Equation of AB is Т= 5, 


(х„у.) 


Pl is incident ray then PS is reflected ray. So any ray incident 
parallel to axis of the parabola after reflection it passes 
through focus. 





Example: 17 If the chord of contact of tangent from a point P to the parabola y? — 4ax touches the 
parabola х? = 4by. The locus of P is 
a. Parabola b. . Hyperbola c. ellipse d. | Circle 


Solution: Let the point P be (h,k) then equation of chord of contact is ky = 2a(x--h) 
Now this chord is tangent of parabola x^— 4by 


2 
> xt - 4b. (x+h) 


ЕЕЕ 
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ab^ 32abh 
k k 


2ab 
— а 


64 0 








—  2ab--hk 
Locus o (h,k) is xy =—2b. ie. Hyperbola. 
Ans: b 


Example: 18 Let P and О be points (4, —4) and (9, 6) on the parabola у? = 4a(x—b). В is a point on the 


parabola so that area APRQ is maximum, then 


a ZPRQ=90" b.  thepointR is (4,4) 


1 
с.  thepointR is E D d. None ofthese 


Solution: (4—4) lies on y? = 4a(x—b) => 16=4a(4-b) 
(9,6) lies on y? = 4a(x—b) => 36=4a (9-b) 


9 9-b 


—=—— >b=0 

4 4-b 

а= 1 

So уі-4х 

Let R be (t^,2t) 
ae —4 1 
= 1 

area ЛРКО = 2 9 6 1 =5|46-2)+49-2)+181— 6c] 
t 2t ] 


-  la-ste36-4C +18. 602) (лое +10t + 60) 
2 2 


= 5(t2—t-6) = s (1-1) +3045 
ва EA E 4 


Area is maximum when t = 5 


1 
Coordinates of R Е 


Ans:c 
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Example: 19 Minimum area of circle which touches the parabola's y? = x*+1 and y? = х+1 15 


UN unit b To unit ОШУ unit d aR unit 
a. 32 q. 4 4. С. 32 q. 16 q. 


Solution: y = x^*1 and у? = x* 1 are symmetrical about y =x 
tangent at point. A and B are parallel to the line y ^ x 


у= х2+1 у= х+] 
ed NES 
dx 2 
1 5 
х=— х=— 
2 4 
2 
^74 





Area of circle = лг?= - 


Ans: а 


Example: 20 The equation of the common tangents to the parabola у = х? and y=—(x—2)’ 15 / аге 
a. y=4(x-l) b. у=0 с. у=-4(х—1) d. у--30х-50 


Solution: Let y= mx+c is tangent to y = x? 
mx+c = x? > x^—mx-c = 0 has equal roots 
m*+4c = 0 
2 
т. 
y-mx- ,-is tangent to y = (х2)? also 


m^ 
mx- —x^HIx-4 


2 
m 
x^t(m-4)x-4— = 0 has equal roots 


maal 4 - Ж. = 
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m’*+16—8m—16+m? = 0 

m’4m = 0 

m= 0, 4 


Equation of tangent are y = 0 апа y = 4х—4 


Ans: a,b 


Example 21. (3,0) is the point from which three normals are drawn to the parabola у? = 4x which meet the 


parabola in the points P, Q and R then 
ColumnI 


1. Area of APOR 


il. Radius of circum circle of APQR 


ш Centroid of APOR 


IV . Circum centre of APOR 


Solution: Equation of normal is y = mx-2m-nr 


It passes through (3,0), so 


Points are given by (m°, 2m) 
1.е. Р(0,0), Q(1,—2), R(1,2) 


0 0 1 


area of APQR => 1 -2 l|-2squnits 


1 2 1 


R= абс _ 4545.4 0 


AA 42 2 


2 
Centroid APQR = Е 0 


| 5 
Circum centre 5 ‚0 


Column II 
a. 2 
e 2 

| 2 


3m-2m-m? = 0 
m(1—m7’) = 0 
т-0,1,-1 


Comprehension based Questions (Exampels 6 to 8) 


Comprehension 1 


Consider the circle x*+y* = 9 and the parabola у? = 8x. They intersect at P and О in the first and the 
fourth quadrants, respectively. Tangents to the circle at P and Q intersect the x-axis at R and tangents 
to the parabola at P and Q intersect the x-axis at S. 


Example 22. The ratio ofthe area ofthe triangles РОЗ and РОК 1$ 
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a. 1:42 b. 1:2 с. 14 


Solution: Point of intersection of circle & parabola 
x^F8x-9 = 0 
(х+9) (x-1) =0 
X = 1,-9 (not possible) 
Y= £245 
P (22). Q (1-22) 
Tangent to the parabola at Pis 2,/2y =4(x+1) 
S(-1,0) 
TangenttothecircleatPis х42,/2у-9 
R(9,0) 
PQxST 
arAPQS 25951 бт 
агАРОК Хр QxRT T 


NR 
8 


> | -- 


Ans:c 


Example 23. The radius of the circum circle of the triangle PRS is 


a 5 b. 343 Če 425 


1 1 
Solution: area APRS = A = 5 XSRXPT - 5 х10х242 104/2 


R= абс _ 10.642.243 Е 3 3 


(4^ 4102 -— 
Ans: b 
Example 24. The radius ofthe in circle ofthe triangle РОК is 

4 b. 3 à 

a. À C. 3 
l РОХВТ L 442.8 
Ag 29454 __162_ 

Solution: г= $ РК+КО+ОР 642 + 64/2 + 4/2 8/2 








2 2 
Ans: d 
COMPREHENSION 2 (EXAMPLES 25 TO 27) 


If y=x is tangent to the parabola y = ax*+c 
25. Ifa=2, then the value ofc is 
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26 


27 


1 p = L x3 
a. 5 | 1 C. a | 
If (1,1) 1$ point of contact then ‘a’ is 
1 b : : d ы 
а. 5 С. 3 1 
Ifc = 2 then point of contact 15 
11 
а (4,4) b. (2,2) c. (8,8) а. 25 
Solution: у = ax^^c 
Bo | ы ысы ғ 
dx ax — Point of contact of the tangent 1s 22724 since it lies on y- x 
jac hus €= : fora=2 
4a thus Ө ога= 
Ans: с 
Е 1 
(1,1) 1$ poit of contact then а = 2 
Ans: b 
| | e 1. 2 
If c —2, then point of contact is 22724 
Since it lies on the line y=x, 
ES = ЕЗ +2 >а = : 
2a 4a 8 
point of contact 1s (4,4) 
Exercise 
The point P on the parabola y*=4ax for which | PR-PQ | is maximum, where К (—a, 0), О (0, a) 1s 
a. (4а, 4а) b. (4а,4а) c.  (a,2a) d. (а, –2а) 


The shortest distance between the parabola y^—4x and the circle x*+y*+6x—12y+20=0 is 


аа 4,2-5 b. 4,2-5 5 02299 d. 3,2-5 

If normals are drawn from a point p (h, К) to the parabola y*=4ax, then the sum of the intercepts 
which the normals act off from the axis of the parabola 1$ 

a. 4(Һ-0) b. 3(-с) c. 2(Һ-а) d. (bta) 

Ifa = 0 and the line 2px+3qy + 4r =0 passes through the points of intersection of the parabolas 
у’=4ах and x^-4ay, then 

a.  r^(3p*2qy-0 b.  r-e(Qp43q9y-0 с.  r-*(3p-2qy-0 d.  r-*(Q2p-29y-0 
The equation of the tangent at the vertex of the parabola x^*4x--2y-0 15 


а. x3 b. x=2 с. y—2 d. у-2 
The common tangent to the parabolas y^—4ax and х2=4ах and x*=32ay is 
a. х+2у-4а=0 b. х+2у+4а=0 c. х-2у+4а=0 d.  x-2y-4a-0 
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7. The shortest distnae between the parabolas y^—4x and y^—2x-—6 is 


a 1,5 b 2 с. 3 d. none ofthese 
8. The largest value ofa for which the circle х°+у°=а* falls totally in the interior ofthe parabola y^—4(x--4) 
is 


a 4 b. 4,3 б. oye d. 243 


Multiple choice questions with one or more than one correct answer. 
9. — LetP(x,, y,) and Q(x,, y,), y,<0, у, ‚0, be the end points ofthe latus rectum of the ellipse x^*4y-4. 
The equations of parabolas with latus rectum PQ are 


а о b. | x—-243y-3*43 


c. х2+2 4/3 y-3- 435 d. х-2,3у-3-,3 
10. The tangent PT and the normal PN to the parabola y^—4ax at a point P on it meet its axis at point T 
and М, respectively. The locus of the centroid of the triangle РТМ is a parabola whose 


2a 
a. vertex is Е D b. directrix is х=0 
2a 
c. latus rectum 1$ 4 d. focus is (a, 0) 
Match the following : 
11. Consider the parabola у?%-12х 
Column І Column II 
A Equation of tangent can be р. 2х+у-6=0 
B. Equation of normal сап be q. х-2у-12-0 
C. Equation of chord of contact w.r.t. any point on the directrix г 2x—y=36 
D. Equation of chord which subtends right angle at the vertex S 3x—y+1=0 


Assertion and Reasoning 


2 
X | "TM ; 
12. Statement 1 : The curve y— > +х+1 is symmetric with respect to the line x =1. 


Statement 2 : A parabola is symmetric about its axis. 

(A) Statement 1 1$ True, Statement 2 1s True; Statement 2 1s a correct explanations 
for statement 1. 

(B) Statement 1 1s True, statement 2 is true, statement 2 15 not a correct explanation 
for statement 1. 

(C) Statement 1 1s true, statement 2 1s false. 

(D) Statement 1 1s false, statement 2 1s true. 


Answer 
1. C 2; а 3 б 4. b 5 d 
6. b 7. а 8. d 9. b,c 10. аа 
ll. А->5 Вәт, Сэр, р 12. А 
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ELLIPSE 


1 Definition of an Ellipse 
An ellipse is the set ofall points in a plane, the 
sum of whose distances from two fixed points 
in the plane is a constant. Fixed points are 
called focus. 
PF +PF, = constant 


2 


вы" 
М 


+ 


Standard equation of an ellipse. 


P 
= =1 with a>b. 


b 


Where Б?=а?(1—е?) 


(1) 


(1) 
(ui) 
(iv) 


(v) 


(Vi) 
(vit) 


The line containing the two fixed points 
(foci) 1s called focal axis (majoraxis) and 
points of intersection of the 
curve with focal axis are called the 
vertices of the ellipse 1e. А(а,0) 

and A'(—a,0). 
The distance between F, and F, is called 
the focal length. F F, = 2ae. 
The distance between the vertices is А д’ 
= 2а is called major axis. 
The distance BB! = 2b is called minor 
axis 
Point of intersection of the major and minor axis is called the centre of the ellipse. Any 
chord of the ellipse passing through it gets bisected by it and 1s called diameter. 
Any chord through focus 15 called a focal chord and any chord perpendicular to the focal 
axis 1s called double ordinate DE. 
A particular double ordinate through focus and perpendicular to focal axis is called its 





b? 





latus rectum (L L’ ). Length of latus rectum = 
a 
ММ’ and NN’ are two directrices of the ellipse and their equations are x = n and 


a 
x-- 3 respectively 


A chord ofthe ellipse passing through its focus 15 called a focal chord. 

An ellipse 1$ the locus of point which moves in a plane such that the ratio of its distance 
from a fixed point (focus) to the fixed line (directrix). This ratio 1s called eccentricity 
and is denoted by e. For an ellipse е<1. 


(уш) The equation to the ellipse whose focus is (һ.К) and directrix 1s / x++my+n = 0 and whose 
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2 
cmt 


2 2 


centricity e«1, is (x—h)^*(y-k) = e? | 
+m 


(ix) Special form If the centre of the ellipse is at point (k,k) and the directions of the axis are 


2 2 
к-һ)? (y=k)? _ 


parallel to the co-ordinate axes, then its equation is 5 — p2 1 
а 
If we shift the origin at (Ъ,К) rotating totaling co-ordinate axes then equation of the ellipse 
X^ Y^ 
with respect to new origin becomes — + o 1 
а 
Auxiliary Circle 
The circle described on the major axis of an ellipse as diameter 15 called an auxiliary circle of 
the ellipse 
2 2 
[== w 1 is an ellipse then its auxiliary circle 15 x^*y^-a? 
a 
Eccentric angle of a point 
x^ 2 
Let P beany point on the ellipse — + pi = 
а 
1 


Draw PM perpendicular to major axis from P 
and produce MP to meet the auxiliary circle 


at Q. Join CQ. 
Z ОСА = 0 is called eccentric angle of point 
P 


Note that the angle АСР 1$ not eccentric angle. 
i.e. eccentric angle of P on an ellipse is the angle 
which the radius through the corresponding 
point on, the auxiliary circle makes with the 
major axis 


г. О (асоѕ Ө, asing) 
- X-coordinate of P is acos Ө 





2 2 
а“ cos’ Ө 
a'cosÜ | y 


vob 
2 
= = ]- cos? Ө 
y  -b'sin^g 
y —bsing 


г. Coordinate of P is (acos Ө, bsin Ө) 


1.е. x =acos Ө and y = bsin 0 is the parameter equations of the ellipse. 
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(acos Ө ,bsin Ө ) 1s also called the point ‘ 0’ 
Equation of the chord 


2 2 


Let P (acos Ө ,bsin Ө) and Q(acos $ ,bsin $ ) be any two points of the ellipse E га 2. = ] then the 


equation ofthe chord joining these two points is 
bsin $ — bsin Ө 
acoso —acosO 


simplifying the equation we get 


Eos 229 |+ [ 279 = COS ШІ 
а 2 b 2 2 


y— bsin 0 = (x—acos Ө) 





0 & ф are eccentric angle of points P and О of ellipse 
Position of a point (h,k) with respect to an ellipse 
x^ 2 
Let ellipse be — + = =1 
p а’ b? 


2 2 
Now P will lie outside, on or inside the ellipse — + а = | according as 
h^ k 
— + —-]»,2,«0 
a^ b 


Intersection of a line and an ellipse 


m 
Line y = mn4c (1) and ellipse z + У =] (2) 
Solving equations (1) & (2) we get 
(a’m’+b’)x? +2a’*|cmx+a’(c*—b’) = 0 
If D>0 then y = mx+c is a secant 
D = 0 then у = mx+c is a tangent 
D<0 y = mx-c does not meet ellipse 
Point form 


Equation of tangent to the ellipse at point (х,у) 


2 9 


X 
Let the equation of ellipse be —> + v =] 
a 


Then equation of tangent in point form 1 pol -+ Jo = | 
Parametric form 


|! , 2222 xcos0  ysinO 
Equation of tangent at point (acos 0 ,bsin Ө ) to the ellipse 15 3 qe 


b 
Slope form 
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х2 2 


| | y 
y = шх+ Ja?^m? +62 is a tangent to an ellipse —> + 12 = ] and point of contact 1$ 
a 


Е a^m = b? | 
PSS OS 
Ja^m^-b^ Уайт” «b? 
Number of tangents through a given point P (h,k) 
x? 


y-mx-t4/a4?m? p? isanytangentto the ellipse — + 
а? 


If it passes through P (h,k) then 

К = mh* Ja*m? +b? 

k-mh = Ja?m? +b? 

(k-mh) = a*m?*+b? 

m*(h^—-a?) — 2hkm+(k?—b’) = 0 

It is a quadratic in m and will give two values of m hence there are two tangents. 


Equations of Normals in different forms 
(1) Point form 


y 


p 


2 2 
Let equation of ellipse be — + р = ] 
а 


| сах b^y 
Equation of normal is ^ — ^ = аф? 
e У! 
(1) Parametric form 
2 2 


Let equation of ellipse be — + "S -] 
a 


Equation of normal is axsec ф — Бусоѕесф = a-b? 


(acos $ , bsin $ ) is parametric coordinates of P(x,,y,), Р(асоѕф , bsin ọ ) 
(ш) Slope form 


x2 


For an ellipse — + y 
a? 


E 
Equation of normal in terms of slope (m) is 


т(а? —b^) 
= MX + 
d ~ ya^ +6 т“ 


X 
Condition of normality when y = тх+с is the normal of — + = =lis 
a 


m? (a? -p2y 
a^ - b^m* 


167 


UDOON 


A program to give wings to girl students 


2 2 


| - | X ; 
The eccentric angles ofthe extremities of latus rectum to the ellipse — + p | are given by 
a 


Solution : 


b? 
Let L(acos Q, bsing) = = ac, t =| 


2 
acosQ = +ае bsing = + — 
a 


b 
tang = + — 
ае 


b 
— tan-l| — 
Ө = їап Е 


- correct option is C 
The foci of the ellipse 25(х+1)2+9(у+2)? = 225, are at 
(a (—1,2) & (-1,-6) (b  (—2,1) and (-2,6) 
(c) (—1,-2)&(2,-1) (c) (—1,—2) and (-1,-6) 
Solution : 
Here equation of ellipse is 
25(х+1)? + 9(y-2y = 225 
(x 4-1) А (у+ 2)? Е 
9 25 
Centre of the ellipse is (—1,—2) 
a=9 b* = 25 
a=3 b=5 








1 


е= + 4/5 
бе = + 4 
Foci 1$ (—1,—2 + 4) 
(-1,-6) & (—1,2) 
- correct option Is a. 


2 2 
ы cu = 
f(4a) (а? —5) l represents an ellipse with major axis as y — axis and f is a decreasing 





If 
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function then 
(a) ає (-о,1) (b) ae (5, œ) (с) ae (1,4) (d) ae (-1, 5) 
Solution: 


2 2 
X 


ы 
f(4a) ^ f(a? —5) 
Қа2—5) > 4а) | (^: major axis is y - axis ;. b>a) 
Since fis decreasing function 
a^—5«4a (f(x. )>f(x,) then x, «x, for decreasing function) 
a^—4a—-5«0 
a^—5ata-5«0 
(a—5) (a1) «0 
<. ae(-1,5) | option (d) 15 correct 
4 The point, at shortest distance from the line x+y=7 and lying on an ellipse x^*2y? = 6 has coordinates 





= | represents an ellipse 


а) (2,2) (0,43) © QU ux) 


Solution : 
The tangent at the point of shortest distance from the line x+y = 7 parallel to the given line 
ху), 


Any point P on the ellipse is (6 cos 0,4/3 sin ө) 
Equation of tangent at this point 1s 
хуб cos Ө " yv3 sin Ө Е 


6 3 
It is parallel to x+y = 7 


cos Ө 


J6 
cosð JsinO 
67.47 
1 
inp s 


Іі) 





(... slopes are equal) 











" 1/2 " 
о c an sinQ = 
3 


1 
V3 
v2 1 
г. Required coordinate on the ellipse is E i B’ v3 x B|- (2,1) 


option (с) 1s correct 
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— р? 
5 The length of ће common chord of the ellipse e + 
(x—1)? + (y-2» = 1 is 
(а) 0 (b) 1 (c) 3 


Solution : 
Centre ofellipse and circle 1s (1,2). 


Since the ellipse contains the circle and they do not 
intersect so there is no common chord 


г. length of common chord is zero 
Option ‘а’ 1s correct 
x^ 
6 If the normal at the end of laturrectum of the ellipse — + 
a 


е-е” (where e is eccentricity) equals 


15-4 


(а) 1 (b 2 (c) 


Solution: 


2 


2 
Equation of normal at the extremity of latus rectum in the first quadrant [= 5 15 





2 2 
ax Ву. 
ае b^/a 
ax — aey = a'e —b’e (1) 


ax — aey = g'e — е(а? — a'e?) 
ax — aey = ae -a?eta'e? 
x—ey-ae (2) 
(1) passes through (0,—b) then 
be = ae? 
b = ае? 
squaring 
a а2е4 
a^(1—e^) = a?e* 
l-e-e 
or е+е = 1 
г. correct option is (а) 


Is 
(a Constant and is equal to the product of the axes 
(b Cannot be constant 


(у-2) 


1 — ] and the circle 


(d) 8 


^ CN Ns 
s. у 


e — ] passes through (0,—b) then 


45 +1 


2 





(d) 


The area ofthe parallelogram formed by the tangents at the end of conjugate diameters of an ellipse 


(c) X Constant and is equal to the two lines of the product of the axes. 


(d) None of these 
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Solution: 
Two diameters are said to be conjucgate when each 
bisects all chords parallel to the other. 
Conjugate diameters are diameters passing through 








—b 
centre and product of their slopes 1s equal to 
Areaofparallelogram = 4 area of parallelogram 
QDCE 
= 4 (2 area of A CDE) 
0 0 1 
=% 1 [acosa bsina 1 
2 |.asina bcosa 1 
= 4 (abcos? a +абѕіп? a ) 
—4ab 
= Qa)x(2b) 
= Product ofthe axes of ellipse 
Option (a) 1s correct 
Practice Exercise 
X 
The eccentricity of the ellipse which meets the straight line 7 T = 1 on the axis of x and the 
| АХ . l . . 
straight line 375 1 on the axis of y and whose axes lie along the axes of coordinates, is 
3/2 24/3 3 
(а) = (b) x (c) A (d) None ofthese 
2 The parametric representation of point on the ellipse whose foci are (—1,0) and (7,0) and eccentricity 
15 PE 15 
(a (3-8сов0,4,/3 sing) (b) (8с030,4./3 sing) 
(c) (3+4./3 cos6, 8sing) (d) None ofthese 
x? у? 
The locus of midpoints of a focal chord of the ellipse — + o l is 
a 
E pipe a E EV += ath? (4) Noneofth 
№ e£ сны 0 м (d) None of these 
2 2 


4 The eccentricity of an ellipse — + Сх = | whose latus rectum is half of its minor axis is 
а 


171 


UDOON 


A program to give wings to girl students 


1 2 NE 





(a) Ja (b) 3 (c) ES (d) None ofthese 
n | oe а v. 
If P( 0) and О 5 +0 | are two points on the ellipse P" T p 1, locus of the mid point of PQ 
is 
x^ 2 | x^ у? x^ у? 
+= = = — ++ = — +> = 
(a) tuy 75 (b) ЫЙ ©: 4 (с) "EE 2 (а) Noneofthese 
x^ у? 
If a and В are eccentric angles of the ends of a focal chord of the ellipse — + p 1, then 
a 
t Е t | | It 
an-, tan’. is equal to 
1-е b e-l e+] 4 е—1 
(а) l+e (0) e+] (c) e-l Ф e+3 
The locus of extremities of the latus-rectum of the family of ellipse b*x*+y’ = a?b? is 
(a х-ау-а: (D  x-ay-b (c) x^ay-a (d x*tay=b’ 


The tangents from which of the following points to the ellipse 5x*+4y’ = 20 are perpendicular 


(а) (242) ) 21) © (2,5) ( (5,2) 


An ellipse passes through the point (4,—1) and its axes are along the axes of coordinate. If the line 
x*4y-10 = 01s a tangent to it then its equation is 


2 2 2 2 2 2 
(a) Е m Е -1 (b Е +7 =l © E j Е -1 (d) Noneofthese 
4 
Passage 


Consider the standard equation of an ellipse whose focus and corresponding foot of directrix are 


16 
J7 0] and | 7.0 | anda circle with equation х2+у? = г. If in the first quadrant, the common 
, JT 


tangent to a circle ofthis family and the above ellipse meets the coordinate axes at A and B. On the 
basis of above information, answer the following questions. 

(1) | The equation of the ellipse is 

(a 16x*+9y*=144 (b) 9х2+16у? = 144 (c) 16х+у’=144 (d) х?+9у: = 144 


(ii) | Let P bea variable point on the ellipse with foci at S and S’. If A be the area of triangle 


PSS’, then the maximum value of A is 


(a 47 зал. (b 247 sq.u (c) 347sq.u (d) 4./7 sq.u. 
(ш) — If mid-point of And B is (x ,y,) and slope of common tangent be m, then 
(a  2mx,ty,-0 (b)  2my,x,-0 (c) my,tx,=0 (d) mx,ty,=0 


(iv) The locus of midpoint of A and B is 
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(a) Е г —9 (b) Е 164r. (c) Е 16 тг? (d) Е 2-9 
Кб Ху ЯП YOAV 219 16 


(у) The domain of value ofr (r>0) for which the above question is true 1s 
(a те(1,2) (b ге(3,4) (c) те(4,5) (d) те(5.6) 
Assertion and Reason 
(А) BothAandR are individually true and R is the correct explanation of A 
(B) BothAandR are individually true and К is not the correct explanation of A 
(C) A istrue but R is false 
(D) Ais false but R is true 
(1) Assertion (A) 
Any chord if the ellipse x*+y*+xy = 1 through (0,0) is bisected at (0,0) 


Reason (R) 
The centre of an ellipse 15 a point through which every chord 1s bisected 
(a) A (b В (с) С (d) D 
(i) Assertion A 
x^ y 
From the point (л, ,3) tangents are drawn to r3 + 4 | and are perpendicular to each 
other then л, = + 2 
2 2 
Reason R The locus of point of intersection of perpendicular tangents to y + E = 115 
x°+3y = 13 
(а) А (b В (c) С (d D 


(ш) Assertion A The equation of the director cirlce to the ellipse 9х2+16у? = 144 is x*-+y?=25 
Reason В Director circle is the locus of point of intersection of perpendicular tangents to an 


ellipse 
(a) A (b В (с) С (d) D 
Integer Type 


If e be the eccentricity of the ellipse 4(x—2y+1)?+9(2x+y+2) = 25, then the value of 2187 e? must 
be 

If two concentric ellipse be such that the foci of one be on the other and 1f 3/5 and 4/5 be their 
eccentricities. If Ө be the angle between their axes, then the volue of 1+sin Ө +51п* Ө must be. 
Ifthe normal at the four points (х,у), (х.,у,), (х.›у.) and (x,,y,) on the ellipse 


|] | 


1 
=] are concurrent, then the value of (x +x,+x,+x,)| *. *. t | mustbe 
1 2 3 4 X, X, х, X, 


2 

= Ақ 
2 

а 


Y 
2 


e 


2 2 


Tangents are drawn to the ellipse r3 J T = | at ends of latusrectum. If the area of quadrilateral 


be 1 sq.u, then the value of à must be 
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Answers 
1.4 2а 3.а 4. с 5.а 6. b 
9. b,c 10 (1) b (i) c (a1) d (iv) a (v) b 11. (1) а(и) с (ш)а 


14. (0004) 15. (0027) 
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ELLIPSE 
(Lecture -02) 
The points, where the normal to the ellipse x*+3y’ = 37 be parallel to the line 6x—5y+7 = 0 is / 








are 
Solution : 
Let (x,,y,) be a point on ellipse then, x *+3y,* = 37 (1) 
| | a^x b^y 
Equation of normal at (x,,y,) is rs Pu = а? 
1 
2 2 
| X y 
I + =_= 
In ellipse 313 1 
3 
2-37, b° = 2E 
a —37, b= à 
7х y 0037 
хр ЗУ 0 а 
37x 37y 74 
— St = (2) 
х Зу 3 
37 
. AY ЗУ! 
Slope of normal 1$ 37 ^V 
2 1 
Зу; 
- itis parallel to 6x —Sy+7 = 0 
BL 
X] i 5 
2 
У - c 
put in (1) we get 
,,12 ,.. 
NE 55 ХІ = 37 
37x, 
SE en 
23 
15-20 
к=з 
y= £2 
S (5,2) & (—5,-2) 
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options (a) and (b) are correct 
2 If the tangent to the ellipse x^*4y^ = 16 at the point P ( 9) is a normal to the circle 
x^ty^—8x-4y = 0 then Ө equals 


ш Ь a 0 d -A 
(а) 5 © 2 (с) @ - 
Solution : 
Gi lli i x + Y =] 
iven ellipse is 16 4 


Equation of tangent at P (0) is P(acos Ө ,bsin Q ) 
1.е. P (4cos Ө, 25110 ) 1s 








4xcos0  2ysinO 
t =] 
16 4 
xcos Ө + 2узш0 =4 (1) 
(1) is a normal to the circle x*+y’—-8x—4y = 0 
г. The equation (1) passes through the centre (4,2) of the circle. 
7. 4cos 0 +4зш 0 =4 
cos 0 +510 09 = | 
squaring 
1+sin2 0 =1 
5102 0 =0 
20 =0огтл 
Hence, 0 =0 or : 
г. options are (a) & (c) are correct 
x 2 
The slope ofa common tangent to the ellipse —> + V = | anda concentric circle of radius г 1s 


a 
| pop 12 2 r^ —b2 22. opa 
(a) tan "ae (b) "a (c) P -— (d) 12 2 


Solution: 














Equation of any tangent to the given ellipse is y= mx + 4/g2m? 4 p? 


If it touches the circle х+у? = г? then 








a^m^ +b? 
r 
4124 m? 
Squaring 


176 


UDAON 
A program to give wings to girl students 
ат? +b? 
== 
1+ m 
3 2\ — 
r(1-m)- a^g? +b? 
т?(т?—а?) = 242 
b^ - r? 


I а 


р |2 y? 
m = — 
а. d esr 


correct option 1$ (b) 











2 2 
X 
6 Pisa variable point on the ellipse — + a =] withA A’ as ће major axis. Then the maximum 
a 


area of the triangle AP А” 1s 


(a) ab (2) 2ab (c)  ab/2 (d) None ofthese 
Solution: 


Maximum area corresponds to P when it is at either end of the minor axis and hence area for such a 


1 
position of P is 5 (2a).(b) = ab. 


correct option 1s (a) 
4 An ellipse is described by using an endless string which 1$ passed over two pins. If the axes are 6cm 
and 4cm, the necessary length of the string and the distance between the pins respectively in cms, are 


(а) 6245 (6) 6,./5 (с) 4,2./5 (d) Noneofthese 
Solution: 
Given 2а=6 2b=4 


p2 
Therefore e po 
a 
x Ж : 
9 


» 2a v | tA 


V5 
3 


Distance between foci = 2ae = 6 
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length of string = SP+S' P+S S’ 
= 2а+2ае 


= 6+2./5 


Correct option is ‘d’ 
5 If the chords of contact of tangents from two points (x,,y,) and (x,,y,) to the ellipse 











x^ y | Х1Х2 
2m + а | are at right angles then КН is equal to 
e 5 ы = о = e = 
a = C 

p? a^ b^ a^ 
Solution: 


2 


The equations of the chords of contact of tangents drawn from (x,,y,) and (x,,y,) to the ellipse 5 
a 








b? 
F p = 1 are 
XX yy XX yy 
uU PR =] _ (ава 2 - Y! =] (2) 


Itis given that (1) and (2) are at right angles 
г. product of their slopes is equal to —1. 








—b?x, -b^x, 
Lo Xa =] 
а yi а y» 
b^ хүхэ " 
a^ Yiyo 
X1X»5 г 
or =—7 
У1У2 b 


correct option 1s C 
7 On the ellipse 4х2+9у? = 1, the points at which the tangents are parallel to the line 8x—9y = 0 are 


2] —2 1 = =i 2 e 
(a) 2.2) (0) 21 (с) Em (d) E) 


Solution: 
We have equation of ellipse as 4x^*9y^ = 1 


| 


2 
X 2 
y 


4) ( 








Гү 1! 
9 
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а= 5 6= 5 


and tangent line is parallel to 8х-9у = 0 


- Slope of tangent m = 9 


a^m b? 
The required points are SS FF S 
a 





^m? +b? a m? +b? 
1 8 1 
479 9 21 
+ i гс 
ie.) [1 64 1775 -(%24) 
Rcg - 5 5 
4 81 9 9 


correct options are (b) & (d) 


PRACTICE EXERCISE 
SECTION -A 

x^ у? 
The equation ofthe circle drawn with the two foci of — + ra | asthe end points ofa 

a 
diameter 1$ 
(a) x*ty*=a*+b’ (b) x*t+y’=a’ (c)  x*ty’=2a’ (d) ху’ = a-b? 

2 2 
The radius of the circle passing through the foci ofthe ellips T F - = | and having its centre 
(0,3) is 
7 
(a 4 (b) 3 (б) -Л2 (@ 5 
x^ у? 

—— ——— + 5 = | will represents the ellipse, ifr lies in the interval 
r—-r-6ó г —6r+5 
(а) (-,2) (b) (3,00) (c) (5,00) (d) (1,0) 


The semi latus rectum of an ellipse 1s 

(a) The AM ofthe segments of its focal chord. 

(b The GM ofthe segments of its focal chord 

(c)  TheHM ofthe segments of its focal chord 

(d) None of these 

The following equation represents an ellipse 25(х2—6х+9) + 16y^— 400. How should the axes be 


2 2 


transformed so that the ellipse is represented by the equation — + = 1 


l6 25 ~~ 
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2 


2 
Let P be a variable point on the ellipse m + E = 1 with foci 5 and S,. КА be area of the 


triangle PS,S, then the maximum value of A is 
Inan ellipse, ifthe lines joining a focus to the extremities of the minor axis make an equilateral 
triangle with the minor axis, the eccentricity ofthe ellipse is 


(а) 3/4 (D 3/2 (c) 1/2 (d) 2/3 
Column Matching : 
| x^ у? 
For the ellipse 5 T 1 1 
ColumnI Column II 
1 х=0 а a directrix 
2 y-0 b a latus rectum 
3 x=] C minor axis 
4 x=5 d major axis 
The equation of the ellipse whose focus is (1—1), directrix x—y—3 = 0 and eccentricity 1/2 is 
(a 7х2+2ху+7у—10х+10у+7 =0 (b) 7х2+2ху+7у2+7 = 0 
(c) 7x*+2xy+7y’+10x—10y—7 = 0 (d) None ofthese 
The centre of the ellipse 14x^—Axy*11y^—44x—58y-71 = 0 is 
Answer 
d 2. a 3; 4. 5. 
7. 8. 9. a 10. 2,3 
PRACTICE EXERCISE 
SECTION - B 
The sum ofthe squares of the reciprocals of two perpendicular diameter of an ellipse is 
1/1 1 1(1 1 1 ] 
(a) 4 E E 3 (b) Р] Е + J (c) mo (d) None ofthese 


1 
Prove that any point on the ellipse whose foci are (—1,0) and (7,0) and eccentcicity 2 IS 


(3+8cos 0, 4 J3 sin Ө), Ө ER. 


2 2 


Let E be the ellipse Е ке = тапа C be the circle x*+y’ = 9. Let P апа О be the points (1,2) 


4 
and (2,1) respectively. Then 
(a Q lies inside C but outside E 
(b  Qliesoutside both C and E 
(c) Pliesinside both C and E 
(d) Plies inside C but outside E 
2 2 


X 
Pisa variable on the ellipse — + 5 = 1 with А A'as the major axis. Then the maximum area 
a 


ofthe triangle AP A’ is 


180 


ОО АА 
(а) аһ (b) 2ab (c)  ab/2 (d) None ofthese 
5 А man running round a race course notes that the sum of the distances of two flag-posts from him 
is always 10m and the distance between the flag-posts is 8m. The area of the path he encloses in 
square meters 1s 
(a 15л (b) 12m (c) 18m (4) 8л 
2 2 
6 Ifthe line #х+ту+п = Ocuts the ellipse 2 + E = | in points whose eccentric angles differ by 
a 


n a^^ bm? 

5 then = 

(а) 1 (b) 2 (c) 4 (4) 3/2 
7 If PSQ is a focal chord if the ellipse 16х2+25у? = 400 such that SP = 8, then SQ = 

(а) 1 (b 2 (с) 3 (d 4 


8 If equation of the ellipse is 2x°+3y’*—8x+6y+5 = 0 then which of the following are true? 
(a) equation of director circle is x*+y*—4x+2y = 10 

(b) director circle will pass through (4, —1) 

(c) equation of auxillary circle is x*+y*-4x+2y+2 =0 

(d) None of these 


2 2 
X 
9 The foci of ellipse (| t z) = 1 are S and S’. Pisa point on ellipse whose eccentric angle 


is 7/3. The incentre of triangle SPS’ is 





2 J3 
а) (2,43) (b) ЕЗ (с) EJ (à (/3.2) 
Answers 
(x-3 5 у 
1 + — =1 | 4. 
i 64 48 P i 
>: a 6. b T: b 8. C 9. b 
PRACTICE EXERCISE 
SECTION - C 

If P(x,y), Е (3,0), Е,(-3,0) and 16x^*25y* = 400, then PF,*PF, equals 
(a 8 (b 6 (c) 10 (d) 12 


2 The length of the major axis ofthe ellipse 
(3x -4y* 7), . 
~~ 18 

4 

20 20 

@ 10 O = () = (d 4 
3 Angle subtended by common tangents of two ellipses 4(x—4)*+25y’ = 100 and 4(x+1)*+y* =4 at 
origin 15 


(5x—10) + (5у+15) = 


181 


UDAN 


A program to give wings to girl students 


TT TU JU TU 
(a) 3 (b) 4 (c) 6 (d) 2 


2 2 
The distance of a point on the ellipse - En ЕЯ = 1 from the centre is 2. Then the eccentric angle 


ofthe point is 

x m 25 PE S 1 
@ 4 6) 5 © = @ = 

х2 y 
If the chord through the points whose eccentric angles аге Ө and $ on the ellipse 2 + T =1 
9-9. 

passes through а focus, then the value of tan 5 tan 2 15 

1 -1 
а) о (b — © > @ 9 
In an ellipse the distance between its foci 1s 6 and its minor axis 1s 8, the eccentricity of the ellipse 1s 

4 ы 3 EN » 2 
а) = O 5 © 75 @ 5 

x2 
The number of values of C such that the straight line y = 4х+с touches the curve 4 + у? = 1,15 
(а) 0 (b 2 (c) 1 (d) о 
х2 y? 

The line 3х+5у= 15 „/2 is a tangent to the ellipse p + 9 = 1, ata point whose eccentric angle 
is 

Т BR 2 І . 2. 
(а) = 6) 4 © 4 @ 5 


Tangents аге drawn to the ellipse 3x*+5y” = 32 and 25х2+9у: = 450 passing through the point (3,5). 
The number of such tangents are 
(а) 2 (b 3 (c) 4 (d) 0 

"E. y^ | 
Tangents are drawn to the ellipse D F E = | at ends of latus rectum. The area of quadrilateral so 


formed is 


27 21 21 
@ 27 O > © F (d= 


An ellipse passes through the point (4,—1) and its axes are along the axes of coordinates. Ifthe line 
x+4y—10 = 01s a tangent to it then its equation is 
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13 
14 


2 
X 


2 2 
y X 
+= (b = + 
ОТТЕ 0 = 


2 2 


кі xg Е У (d) Noneofth 
= C EUM = one o ese 
5/4 20 5 





16 . 
The tangent at the point 4 cos $, Vu Sın J to the ellipse 16x^-11y* = 256 is also a tangent to the 


circle x^-y? —2х = 15, find the value of ф. 

Find the equations of tangents to the ellipse 9х2+16у? = 144 which pass through the point (2,3). 

Linked Comprehension Type. 

For all real p, the line 2px*y 4/1 — p^ = 1 touches a fixed ellipse whose axes are coordinate axes. 

(i) The eccentricity of the ellipse is 
2 V3 


а) 5 ы T © 


2 © > 


s|- 


(и) — Thefociofellipse are 


(a) (0,43 ) (b) (0.4 А | (c) E уз o] (d) None ofthese 


(ш) The locus of point of intersection of perpendicular tangents 15 


(а) xy = 5/4 (D x+y = 3/2 (с) х-у“-2 (d) None ofthese 
2 2 
C, :x^ty'-r' and C, = E + = = ] intersect at four distinct points A, B, C and D, Their common 


tangents form a parallelogram A' p' C' D'. 
(i) IfFABCD isa square then r is equal to 


2.5 b = = d) Noneofth 
(a) 5 (b) 5 (с) 55 (d) one of these 
a) If A’ B'C’ p isasquare then r is equal to 
(a) 20 (D 2 (c 4/15 (d) Noneofthese 
(ш) If A’ B' C' D' isasquare, then the ratio of area of the circle C, to the area ofthe circumcircle 
of A A’ B' C' 18 
СА b 2 ы d М fth 
(a) 16 (b) 1 (c) 5 (d) one of these 


2 2 
The ellipse E zs е = | is such that it has the least area but contains the circle (x—1)*+y’ = 1 
a 


(i) The eccentricity ofthe ellipse is 


V2 | l 
(a) ES (b) JB (c) 5 (d) None ofthese 
(п) Equation of auxilliary circle of ellipse 15 
(а) х+у' = 6.5 (b) ху! = 5 (c) ху = 45 (d) None ofthese 
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(ш) Length oflatus rectum of the ellipse is 
(а) 2units (b)  lunit (c)  3units (d) 2.5 units 
2 2 
The equation ofthe straight lines joining the foci ofthe ellipse 55 i Е = | to the foci of the ellipse 


2 2 
2j =F т = | forms a parallelogram. Then the area of the figure formed by the foci of these two 
ellipse. 
(a) 15 (b 30 (c) 20 (d) 18 
ANSWERS 
l.c 2.b 3.b 4. a,b 5. c,d 6. b 7. b 8. b 
T 
9, b 10.a 11. b,c 12. + < 13. y 23, х+у = 5 
14.()а (ша (ш)а 15.(1)a (11) d (111) c 
16. (1) a (п) c (ii) b 17. b 
PRACTICE EXERCISE 
SECTION - D 


2 2 
X . - 
In the normal at the end of latus rectum of the ellipse — + = = ] with eccentricity e, passes 
a 


through one end of the minor axis, then : 
(а) е(1+е?) = 0 (b) е(1+е) = 1 (c) е(1+е) =-1 (4) elite’) = 2 


2 2 


If the normals to = + = = 1 atthe ends ofthe chords ¢,xtm,y=l апа /,x*m,y-1l are 


concurrent, then: 
(a a /,f,tb'mam,-1 (D ag /,+тт, = -l 
(c) ау, тт, = – 1 (d) None ofthese 


If the normal at an end of a latus rectum of an ellipse passes through one extremity of the minor axis, 
then the eccentricity of the ellipse is given by 


(а) е+е—1=0 (b) е+е—5=0 (c) е?=„/5 (d) None ofthese 


The number of normals that can be drown from a point to a given ellipse 1s 
(а) 2 (b 3 (co) 4 (d) 1 
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2 2 
X 
If the normal at any point P on the ellipse — + S = 1 meets the axes in С and g respectively, then 
a 


PG :Pg is equal to 


(a  a:b (D а: Ы (с) b^:a (d) b:a 
x? y? b? 
If normal to ellipse — + > l at | 4% a is passing through (0,—2b), then value of eccentricity 
a 
is 
(а) 2-І (b 2(/2-1) (c) 2,2-1 (d) None ofthese 
х^ у РМ 
If normal at any point P to the ellipse — + o 1 ,a>b meet the axes at M and N so that PN 
a 
2 "P 
73 then value of eccentricity e 15 
ES 2 ES 
(a) Ja (b) 3 (c) B (d) None ofthese 


If the tangent drown at point (t^,2t) on the parabola y? = 4x is same as the normal drawn at point 


(45 cos Ө, 251п Ө) on the ellipse 4х?+5у? = 20. Then the values of t and ө are 


-] -1 1 1 
sene | == = “== ee == _ — 
(a) Ө cos ЕЗ & 1 J5 (b) 0=соз е) а: J5 
| (= = 
(c) Ө =со$ J5 & t= J5 (4) None ofthese 
x^ у? 
The normals at four points on the ellipse — + л = ] meet in the point (h,k). Then the mean 
a 
position ofthe four points 1s 
a^h b^k ah b*k 
(à) (a+b) 2(a? 4 b?) (0)  2(a? cb?) 2(а2 +b?) 
ah bk a^h b^k 
© (а-ы 2(a? Ы) G) (а-ы) 2(a? Ы?) 


The equation of the normal at the point (2,3) on the ellipse 9x^-16y^ = 180 is 
(а)  3y-8x-10 (b Зу8х+7=0 (c) 8у+3х+7 = 0 (d 3х+2у+7 = 0 


2 2 
Number of distinct normal lines that сап be drawn to the ellipse E Еа ст = ] from the point P 
(0,6) is 
(a) опе (b two (c) three (d) four 
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12 


2 2 


Any ordinate MP ofthe ellipse 26 T r1 = | meets the auxiliary circle at О, then locus ofthe point 
of intersection of normals at P and О to the respective curve 1s 
(a) x*ty?=8 (b) x*t+y’=34 (c) ху’ = 64 (d) ху? = 15 


2 2 


T 
If the normals at P ( 9) and Q Е т J to the ellipse — + n = | meet the major axis at G and g 
a 


respectively, then PG*+Q¢’ = 
(а) b(-e)Q-e) (b) a(e-e^2) (с) Hee) (d) bete) 


Answers 
1. b 2 b 3. a 4. C 5. C 6. C 
C 8. a 9. d 10. b 11. C 12. C 
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Equation of Hyperbola (Lecture-01) 
Definition 1 : The locus ofa point in a plane, the difference of whose distance from two fixed points 
in the plane 1s constant. 


According to definition 
| DEDE | — constant 


Conjugate axis 





Transverse axis 


Two fixed points are known as Foci of the hyperbola. 

The mid point of the line segment joining the foci is called the centre. The line joining the vertices is 
known as transverse axis and the line through the centre and perpendicular to transverse axis 1s 
known as conjugate axis. The point at which the hyperbola intersect the transverse axis is known as 
vertices of the hyperbola. 

Definition 2 : The locus of a point which moves in a plane such that the ratio of its distance from a 
fixed point to its perpendicular distance from a fixed straight line (not passing through given fixed 
point) 1s always constant and greater than 1. 





PS 
PM Edd M —— т 
The equation of hyperbola whose focus 1$ the point (h, К) and : 
directrix is ax+by+c=0 and whose eccentricity is e, is алалы SHY) 
(ax + by +c) 
x—h 24 —k 2—e2 2————————— 
( ) (y ) 4? +b? 
Eccentricity : 
Distance between foci 26€ € 
Ep 75 75-2 2 
Distance between vertices 2а а 
А c a+b’ А b” 
e =. == — 
а” а? a^ 
a?e?—a?4b? 
ху, 
‘а’ a'(e-1) © 
Some terms related (о Hyperbola 
x^ 2 
Equation of hyperbola a Wy =] 
1. Centre: All chords passing through a point and bisected at that point is known as centre of 


hyperbola. C(0,0) 
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uu Distance between foci 
2. Eccentricity : е= 





Distance between vertices 


conjugate axis)” 
e= l Е (conjugate axis) 

transverse axis)” 
( ) 


S 
е= РМ? where S 1s focus, P is any point on the hyperbola, PM 15 distance from directrix. 


3. Foci: S and S' are foci whose coordinates are S(ae,0) апа S' (-ae, 0) 





! ! . . А а а 
4. Directrices : Z, Zz, and Z, Z, are the directries whose equation are х= — and x=—— 
e e 


5. _ Vertices: A and д” are the vertices of hyperbola . A(a,0) and A'(—a,0). 

6. Axes: Theline A A’ is called transverse axis and the line perpendicular to its through the centre 
of the hyperbola is called conjugate axis. Equations of transverse axis is y=0 and equation of 
conjugate axis 1s х=0. 

Length of transverse axis 72a 
Length of conjugate axis =2b 
7. | Double Ordinate : A chord of hyperbola which is perpendicular to transverse axis is known as 


double ordinate ОО”, O(h, k), О’ (h,-k). 


8. Latus rectum : The double ordinates passing through focus is known as latus rectum. 


b^ p b^ 
L (ae, —), | ae 
а а 


b^. or b 
_ae ——) L,| -ae-— 
L,(-ae, 2 ), | я 
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9. Focal chard : Achord passing through focus is known 
as focal chord. 
10. Focal Distance: 


a 
PS =ePM =e(x,— ) 


— ех а 


а 
== + — 
PS -e(x, : ) 


= ex та 
г. PS,-PS =2a 


Rectangular or Equilateral Hyperbola 
If a=b, then equation of hyperbola is 
x^—y/—a* known as rectangular or equilateral hyperbola. 
The eccentricity of rectangular hyperbola 15 


b? 
е=1+—>=1+1 
а 


= 2 


Equation of hyperbola if centre 1s (В, К) and axes are parallel to coordinate axes 1$ 


&-h? (ую _ 





а? b’ | 
x^ у? 
Position of a point : Let a point Р(х ,y,) and equations of hyperbola be — — е 
а 
x 2 y 2 Ү 
5,- == = re -] 







О(хьу,) 


If S, > 0, point is inside the hyperbola. 
2. 


If S, =0, point is оп (һе hyperbola. 
If S, « 0, point is outside the hyperbola. 


Y 
Conjugate Hyperbola : Corresponding to every hyperbola there exists a hyperbola such that the 
transverse axis and conjugate axis of one 1s equal to the conjugate axis and transverse axis of the 
other. Such hyperbolas are known as conjugate to each other. 


2 2 
Therefore for the hyperbola E Eo -] 
a 
x^ 2 
Conjugate hyperbola is — — pi =] 
a 
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Auxiliary circle and eccentric angle 
A circle drawn with centre O and transverse axis as diameter 
is known as auxiliary circle. Equation of auxiliary circle 15 
x^ty^-a* 
А is any point on the circle whose coordinates are (acos0, 
asinO), where Ө is known as eccentric angle. 











Hyperbola Conjugate Hyperbola 

| x^ у? x^ у? 
Equation uml "аты. 
Centre (0, 0) (0, 0) 
Vertice (a, 0) & (—a, 0) (0, b) & (0,—b) 
Foci (ae, 0) & (-ае, 0) (о, be) & (0, —be) 
Length of transverse axis 2a 2b 
Length of conjugate axis 2b 2a 

2b* 2а? 
Length oflatus rectum b 
a 

Equation of transverse axis y=0 x=0 
Equation of conjugate axis x=0 y=0 

| — a b 
Equation of directrices x=} n у= + e 


b” а” 
Eccentricity e=, 1 $ "E b/-a*(e^—1) е-, 1 i pP a?-b?(e?-1) 


Equation of a Hyperbola referred to two perpendicular lines 
Let equation of hyperbola be 
x Y 1 
a^ b’ 
From diagram PM=y and PN=x 
РМ РМ” 
а? b” 
ie. if perpendicular distance of a point P(x,y) from two mutually perpendicular lines say 1 =a х+ у+е =0 
and l =a,x+b,y+c,=0 then 














ax t b,y-c, a,x+b,y+c, 
a; +b; ja; +05 =] 
—— л с aS 
then the locus of point P denotes а hyperbola 


centre of the hyperbola , we get after solving  =0 and £,-0 
d Transverse axis : 6 =0 
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Conjugate axis : £,—0 








axtbyte, | 
Foci : The foci of the hyperbola 1s the point of intersection of the lines m 2 ыр? апа 
6-0 
axtby+tc, |а 
М |! += 
Directrix : n 2 Lp? e 
Length of transverse axis — 2a 
Length of conjugate axis = 2b 
2 
Ы Length of latus Rectum = 
Equation of tangent 
(1) Point Form T=0 
| | (x-h) (y-ky 
Equation of tangent at point P(x,,y,) to the hyperbola poU x ИН =1 is 
а 


(x - h)(x, - h) Е (y—k)(y, - K) = 
a^ b? 

(1) Parametric Form: 
Parametric equation of hyperbola is х=аѕесӨ, y-btanO 
Equation of tangent 1$ 


1 


X y 
— sec0- — tan0-1 
a b 


(ш Slope Form: 


y -mX - Ja^m^ — b? 


2 2 
X 
Hyperbola Е 712 - ) Point of contact. 
хх 
Point form : BS eed (х,у!) 
а b 
X y 
Parametric Form : " secO— b ќапӨ=1 (asecO,btanO) 


aim b! 
Slope form: y = mx + Ja?m? — p? E Jam? -b? + к= _ъ? | 


Equation of Pair of Tangents 


2 2 


X 
Let equation of hyperbola be — – _ =] and a point P(x,,y,) then the combined equation of 
a 


b 
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tangents PA and PB is SS, = Т? where 


xà 2 
S25. - 2.4 
а’ b 


2 2 
я У 
1 2 2 

а b 


са 
E = 
b у 
Equation of Normal to the Hyperbola : 
1. Point Form 


-1 





2 


ом 


= 


2 
^ b 


e 


b^x, 
Slope to tangent = + pos iy. 


е 2% 
ope to normal = — bx, 


Tangent 


2 
y 
Equation of normal у-у = — b I. (х-х.) 
1 
2 2 


ах Бу 


Xi yi 


ii ^ Paramatric Form Р(аѕесӨ, btan0) Y 





—a?4-b? 





ax by 





—a?--b? 





secO  tanO 
or ахсоѕ9+БусоїӨ = a? + b? 
i. Slope Form 
" т(а? +b’) 
= х = р 
м а? — mb? 
2 mb? | 


a 
Point of contanct is | Е, 
| уа? = т? үа? т^? 


Equation of Chord of Contact 
2 2 
| х Уу 
Let equation of hyperbola be ——— pi =], 
a 
Equation of Chord of contact is 


BAL. УУ 


220773 —1=0 
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Or T=0 


хх, уу, 
here T= —5-- —--1 
where 22 р? 
Equation of the chord of the hyperbola whose mid point is given : 
A 15 the mid point of PQ, then equation of chord 1s 


хх уу) X 


FECE ES 
іе. T=S, where 


XX, YY, 





a 
1 д2 b 


Asymptotes of Hyperbola 
An asymptotes of any hyperbola is a straight line which touches in it two points at infinity. 
OR 
Ifthe length of the perpendicular let fall from a point on a hyperbola 
to a straight line tends to zero as the point on the hyperbola moves 
to infinity along the hyperbola, then the straight line 1s called 
asymptote of the hyperbola. 


2 2 


X 
The equation of two anymptotes of the hyparbola — — LAM 


2 2 
a b 


b X 
are pus Or = 


N 


у? 
b? 


Pair of asymptotoes : ecc 


5s > 





2 2 
1. Ifb=a, then --- pi =] reduces to х2-у?-а”, The asymptotes of rectangular hyperbola 
a 


х2-у“-а? are y= = x which are at right angles. 
2. A hyperbola and its conjugate hyperbola have the same asyptotes. 


< 2 b 
3. The angle between the asymptotes of — — Er -]is2tan'| g 
a 
4. The asymptotes pass through the centre of the pyperbola. 
5. Тһе bisectors of the angle between the asymptotes are the coordinate axes. 
6. LeH- у 1-0 
еН = —7——-1- 
а? b’ 
x^ у? 
А = 7-7 =0 
а’ b’ 
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2 2 
X 
and C= ae = 0 
be the equation of the hyperbola, asymptotes and the conjugate hyperbola respectively, then 
clearly 
C+H=2A 
Rectangular Hyperbola: 


М m 


OND tn A Q 


A hyperbola whose asymptotes include a right angle is said to be rectangular hyperbola. 

OR 

Ifthe lengths of transverse and conjugate axes of any hyperbola be equal it 1s called rectangular 
or equilateral hyperbola. 

Then asymptotes of x^—y* = а? are x+y = 0 and x-y = 0 . Each of these two asymptotes is 
inclined at an angle of 45? with the transverse axis. So, if we rotate the coordinate axes through 


TU 


1 keeping the origin fixed, then the axes coincide with the asymptotes of the 


an angle of 


hyperbola. 
Now equation of asymptotes of new hyperbola is x y = 0 
Then equation of hyperbola is ху = К (constant) 


a а 
The hyperbola passes through the point E , +. | 


2 2 
a a 
Then equation of hyperbola is xy = > огху= с? where с? = E 


If the asymptotes of a rectangular hyperbola are x = а, y = b, then its equation is (x—a)(y—b) = с^ 
ху = с? 

Asymptotes:x = 0, y=0 

Transverse axis: y =x 

Conjugate axis : y =— X 

Vertices A(c,c), A'(—c,-c) 


Foci: S (cV2,cV2), 5 (- oV2,-cV2 
Length of transverse axis =A A'— 9,/2¢ 
Equation of auxiliary circle x*+y’ = 2c? 
Equation of director circle x^*y^ = 0 

x^—y* = а? and xy = c? intersect at right angles 


Properties of Rectangular Hyperbola 


1 


2 


Eccentricity of rectangular hyperbola is ,/2. 


с 
біпсех-сі,у- 4 satisfies xy ^ c^ 
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C C 
„. (х,у) = СЭ (tz 0) is called a ‘t’ point on the rectangular hyperbola. The x = ct, у = 7 
represents its parametric equation with parameter ‘t’ 
C C 
3 Equation of chord joining P | €t: t and О | Ct2, Ж. 15 
1 2 
x+y t t, c(t, н) = 0 
Slope of chord = — PTT 
172 
4 Equation of tangent at (x,,y,) is Xy, *yx, = 2c 
X 
5 Equation of tangent at t 1s P tyt- 2c 
1 
Slope of tangent = — " 
6 Equation of normal at (x,,y,) is xx,-yy, =х у; 
Equation of normal at t is xt’—yt-ct*+c = 0 
Slope of normal =t? 
7 Point of intersection of tangents at t, and t, is 
2ct,t, 2с 
+, t,+t, 
8 Point of intersection of normal at t, and t, is 
ctt» i T tit» T 6,2) — С cti ta? F c(t," TF tit» E (27) 
fe (Et) tot) 
Practice Problems 
1 Equation of conjugate axis of hyperbola xy—3y—4x+7 = 0 is 
(a) х+у=7 (b xty=3 (c) x-y=7 (d) None of these 
Solution: 
xy—3y—4x+7 = 0 
xy—3y—4x+12 = 5 
(х3) (y-4) = 5 


Equation of asymptotes аге х-3 = 0 and y-4 = 0 
Since the hyperbola is rectangular hyperbola, axes 
are bisectors of asymptotes 
Hence their slaps are + 1 
г. Equation of conjugate axis is 

y-4 — — 1(x-3) 

х+у=7 
Ans (А) 
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If S, and S, are the foci of the hyperbola whose transverse axis length is 4 and conjugate axis length 
is 6, S, and S, are the foci of the conjugate hyperbola, then the area of the quadrilateral S,S,5,5, is 
(а) 156 (b) 36 (c) 26 (d) None ofthese 
Solution : 


5,5,5,5, forms a square. 
So required area = 4хагеа of д S, О5,- 45 ае х Бе, 


- 2 abee, =2.2.3.е e, 
= 12ee, 


9 13 9 13 
Now e= ,/l+— = — &е = +9 =B 
д 2 Sa үл 2 


JS ais 


Hence area = 12x ES X 3 — 26 sq.units 


Ans (c) 
The ellipse 4x^*9y? = 36 and the hyperbola a?x^—y" = 4 intersect at right angles then the equation of 
the circle through the points of intersection of two conic 1s 


(а) x*t+y*=25 (b 5(х2+у? )+3х+4у = 0 
(с) 5(х%у?)-3х-4у= 0 (d) (х%+у?)=5 
Solution: 


Since ellipse and hyperbola intersect orthogonally, they are confocal. 


14-5 
е = —— = __ 


9 3 


foci of ellipse (+ /5, 0) 
(ae)? = а 


4 
5— 2 +4 a=2 
a 


Let point of intersection in the first quadrant be Р(х, y. ). 
P lies on both the curves. 
4x ^+9у^=36 апа4х -у/-4 
Adding these two, ме дейі. 8x ^t8y,^ = 40 
Nye 
Equation of circle is x+y = 5 





2 2 
If eis the eccentricity of the hyperbola 75 — р = | and 2 0 is angle between the asymptotes then 
a 


cos = 

1 1-е 1-е 
(а) " (b) m (c) De (d) None ofthese 
Solution: 
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| b? 

= „|1+— 
e 

a^ 


b b 
we know 29 = ап! B — ап 0 = Е 


1 
e= 4414 tano? = $ес0 => cos 9 = "E 
Ans (a) 
5 From a point p (1,2) pair of tangents are drawn to a hyperbola in which one tangent to each arm of 
hyperbola. Equation of asymptotes of hyperbola are ./3 x-y45 = 0 and 4/3 x*y-1 = 0 then 
eccentricity of hyperbola is 


2 
(а) 43 (b) J8 (c) 2 (d) None ofthese 
Solution: 
Equation ofasymptotes are 
J3 х-у+5 = 0 
– /3 x-y+1=0 


„. a a+b b, = —3+1<0 
г. origin lies in acute angle and P(1,2) lies in obtuse angle. 
..е =зес Ө where 2 0 is the angle between asymptotes. 





"TE 
0 37 0 6 
ал 2 
е=зес = J3 
Ans b 
e e 
6 Ifa variable line has its intercepts on the coordinate axes e, e' where 5.5 are the eccentricities 
of a hyperbola and its conjugate hyperbola, then the line always touches the circle x^"y^ = г’, where 
Т === 
(а) 4 (b 3 
(c) 2 (d) Cannot be decided 
Solution 
4 4 i А e? (e)? 
— 4 г =, 
NOW е2 (e)? —> e? (е”)2 


Line passing through the points (e,0) and (0, е’) is е х+еу= ее’ 
It is a tangent to the circle x*+y* = г 
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Ans (c) 
х2 y* 
If angle between asymptotes of hyperbola 22 — Eo = 115 120? and product of perpendiculars 


drown from foci upon its any tangent is 9, then locus of point of intersection of perpendicular tangents 
ofthe hyperbola can be 


(a) ху’ = 18 (b) х-у"-6 (c) x+y =9 (d) ху? = 3 
Solution 
el = 60° = = = = 
а а 3 
= 9 2 а4-27 
Required locus is directorcirclei.e. = x*+y? = 27 – 9 
x’+y = 18 


b 
If — = tan 60? = /3 


а? = 3 
Then equation of director circle is Х+у? = 3 - 9 =— 6 which is not possible. 
Ans (a) 
The equation of the transverse axis of the hyperbola 
(x3) (yl) = (4х+3у) is 
(а) 3х-4у-0 (b) 4x+3y=0 (с) 3х 4у=13 (d 4х+3у=9 
Solution 
(x3) (yl) = (4х+3у) 


2 
4x + З 
(x3) y Hy 25 |237) 
PS = 5 РМ 
Directrix is 4x+3y = 0 and focus is (3—1) 


3 
Equation of transverse axisis ytl = 4 (x3) 


3x4y = 13. 
Ans (c). 
Exercise 
The equation of common tangents to the parabola у? = 8x and hyperbola 3x^—y^ = 3 15 
(a) х-2у-і-0 (D х+2у+1=0 (с) 2x+y+l=0 (d) 2х+у-1=0 
+9 


X 
A tangent to the hyperbola y = x45 passing through the origin is 
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(а) х-2у-0 (b) 5x-y=0 (c) 5х+у=0 (d х+225у=0 
3 The equation ofthe common tangent to the curves у? = 8x and xy =— 1 is 

(a) y=xt2 (b) у=2х+1 (c) 2у=х+8 (d) 3y=9x+2 

2 2 
4 Let PQ be a double ordinate of the hyperbola — — — = 1. НО be the centre of the hyperbola 
a 
and OPQ is an equilateral triangle, then eccentricity e 1s 
2 

(a >, (D 22 (c) > В (d) Noneofthese 
5 The difference between the length 2a of the transverse axis of a hyperbola of eccentricity e and 

the length of its latus rectum is 

(a a(2e*-1) (b 2a(e*—1) (c)  2a|3-e?| (d) 2а2-е 

x^ 2 у? x^ 

6 The slopes of common tangents to the hyperbolas oe We | and om | are 

(a) 42 (b +42 (c) +1 (d) None ofthese 

ох b 
7 The two conics BP um І and y* -— 2 intersect 1ff 
1 1 
(a O<b< 5 (6) 0<а< 5 (o) b'«a (d b^-a 
х2 у? 

8 The point on the hyperbola Ta | which is nearest to the line 3x+2y+1 = 0 is 

(a) (—6,3 ) (б) (3 ,-6) (с) (-6 mo? ) (d) (6,3 ) 
9 If (asec 0, btan Ө) and (азесф , btan $ ) be the coordinates of the ends of a focal chord of the 

x^ у? Ө ф 
hyperbola a а ш 1, then tan 5 tan > = 
I+e b 1-е e-l] dv UN fih 

(a) те (b) Te (c) "m (d) one of these 
10 Ifthe latus rectum of a hyperbola through one focus subtends 60° angle at the other focus, then its 

eccentricity e 1s 

(а) 42 (0) „з (с) 5 (d) 6 

Answers 
TEE. 2. b 3. a 4. C 5. d 

6. c 7; а 8. d 9. b 10. b 
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HYPERBOLA 
(Lecture-02) 


Practice Problems 


1 


Let C bea curve which is locus of the point of the intersection of lines x=2+m and my = 4—m. 
A circle (x—2)*+(y+1)* = 25 intersects the curve C at four points P, О, R and S. If O is the 
centre of curve ‘C’ than OP?+OQ’+OR?+OS?7 is 


(a) 25 (b) 50 (с) = (d) 100 
Solution 
х2 =m 
4 
у+1 = m 
. (к-2(у+1) - 4 
ХУ = 4, where X = x—2 and Y = у+1 
and (x-2)^(y*1) = 25 
X7+Y* = 25 
Curve C and circle both are concentric. 
г. ОР+ОО*+ОК*+О$° = 4r? 
=4 (25) 
= 100 
Ans (d) 
If (5,12) and (24,7) are the foci of a hyperbola passing through the origin, then 
4386 4386 121 121 
(a) e m (b e 36 (c) LR 6 (d) LR 9 
Solution 


IPS-S|-2a P(0,0) 


(24-0)? +(7-0)? - 4(5-0)* + (12-0)? = 2а 


25 — 13 = 2а 
а= 6 
2ае = J(24—5)? +(7-12)? = 4386 
. 4386 
12 
2b^ 2a*(e* – 1) 386 121 
сы NU c E cd | ies 
Hs 2X6 144 6 
Ans (a,c) 


If the circle x*+y* = а? intersects the hyperbola xy = с? in four points Р(х ,у,), Q(x,,y,), В(х.›у.), 
S(x,,y,) then 
(a) X,+x,tx,tx,=0 (b y,ty,ty,ty,=0 (с) x xXx x-c (d у,у,у,у,-< 


1 2 3 4 
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Solution 

solving xy = с? and x*+y’ = a’, we get 

с 
T "E —a 


2 2 


X 
x^ — a’x*+c* = 0 
X TX, *X tX, , 0 
X.X,.X,.X,—C 
. . А 
similarly 5 +y = а? 
у 


y^—a?^y^tc* =0 
УУ о 
У,-У,-У,-У, = € 
Ans а, b, с, d 
Linked comprehension Type (For problem 4—6) 
The vertices of A ABC lie on a rectangular hyperbola such that the orthocenter of the triangle 
is (3,2) and the asymptotes ofthe rectangular hyperbola are parallel to the wordinate axes. The 
two perpendicular tangents of the hyperbola intersect at the point (1,1). 
4 The equation of rectangular hyperbola 15 
(а) xy-xty-l (b) ху-хғу"1 (c) 2xy-xty (4) xy-xty 
The equation of asymptotes 1s 
(a) (х-1) (у+) =0 (b (х+1)(у—1)=0 (с) (Q(-D(y-D-0 (а) (х+1)(у+1)=0 
6 Number of real tangents that can be drawn from the point (1,1) to the rectangular hyperbola is 
(a) 4 (b) 1! (c) 0 (d) 2 
Solution 
Perpendicular tangents intersect at the centre of rectangular hyperbola. 
Hence centre 1s (1,1) 
Equation of asymptotes are (x—1) (y-1) = 0 
Equation of hyperbola is ху-х-у+1-+), = 0 
If panes through (3,1), hence 4, = 2 
Equation of hyperbola is xy—x—y—1 = 0 
4. Ans b 
5. Ans с 
6. From centre of hyperbola we can drow two real tangents. 
Ans (d) 
7 True/ False 
51: Number of points from where perpendicular tangents can be drown to the hyperbola 
16х2—9у? = 144 is infinite. 
2 2 


52: Ifdistance between two parallel tangents drawn to the hyperbola n B 


—— = | is 2 then 
49 
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к2| ол 


their slopes 1s equal to + 


2 2 
53: lfthrough the point (5,0) chords are drawn to the hyperbola P - A = 1. Then locus of 
their middle points is also a hyperbola whose length of latus rectum is same as given hyperbola 
0x^-25y? = 225. 
xe y? 
54: If the line = mx+4/ą4?m? — p? touches the hyperbola —> — "o = | at the point 
a 


b 
(asec Ө, btang) then Ө = sin" (= | . 


am 
(a) TTFF (b) ЕТТЕ (с) ЕТЕТ (d) TFTF 
Solution 
61: Ifb^- 2, the radius of director circle is imaginary. Hence there is по pair of tangents at 
right angle can be drawn to the curve. 


S2: y=mx+ 9m? —49 


2/97 — 49 
Now 5 =? = 9m-49= 14+m’ 
l+m 








— 8m^-50 


> m=+ 


к2| л 


53: Let mid point be (h,k) 
Equation of chord whose mid point 1$ given is 


T5 
xh y | wo қ 
25 9 ^ 25 9 
Thi th h (5,0) 22 0 В к. 1 
IS passes rough (5,0) >; — — Tia uiam 


45h = 92—25 
Locus of (h,k) is 9x^-45x-25y^ = 0 


0 


(x? 5x45 2) 2 
9 A 4 — 25у 


225 
9 (х—5/2)*- 25 у? = 74. 


202 


UDOON 


A program to give wings to girl students 


(х-5/2)? у’ 


a Q 


Length of latus rectum in not same. 
S4: Since (asec Ө, btang ) lies on y = mx+4/g2m? — b2 
7. btang =amsec 0 +1422 — b2 
(btan Ө -amsec Ө )* = ат? 
a^m'/sin? Ө —eabmsin Ө +b” = 0 (... cos #0) 
(am sing — b) = 0 


7.510 = pn 
b 
Hence Ө = sin”! ЕЗ 
ат 
Ans (с) 
8 Match the column 
Column I 


(a) Тһе area of the triangle that a tangent at a point of the 


2 2 


X 
hyperbola — — = = | makes with its asymptotes 15 


16 

(b) Ifthe line y = 3x-* 4, touches the curve 9x^—5y* = 45, 
then |2 | 1$ 

(c) Ifthe chord xcos a Рузш a = p of the hyperbola 
x^ y 
16 18 = | subtends a right angle at the centre, 
then the diameter of the circle, concentric with the 
hyperbola, to which the given chord is a tangent is 

(d) If à be the length of the latus rectum of the hyperbola 
16x^-9y^*-32x436y-164 = 0, then 3 л, is equal to 

Solution 

(a) Equation of tangent at (а,0) isx =a 


b b 
asymptotes y = "a & у= – 2 


1 
Агеа = 2х 2 хахЬ = 4x3 = 12 


(b у-3х4) touches the curve 9x^—5y* = 45 
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Column 
(р) 12 

(д) 6 

(r) 24 

(s) 32 

(a) (р) 


UDÂÖN 
then 9x^—5(3x- ), Y = 45 
36х?+30 2, х+5 4,745 = 0 has equal roots 
г. 9004,7-4x36(5 ),^+45) = 0 
42-36 247246 
Hence |). | = 6 (b | —(q) 
(c) The combined equation OA and ОВ we get when 


we make a homogeneous equation with the help of line 
and hyperbola 


(sess уния 
1.е.18х2—16у2—288 EIOS - 
Op^x^—9p^y^—-144(x?cos? a +y’sin’ о, +2xysin a cos а ) = 0 
(9p^-144cos? a )x^-288sin a cos а .ху+(—14451п? а —8p*)y” = 0 
Lines are perpendicular > 9p^-144cos^ а —8p*—144sin’ а = 0 
p? = 144 
р = +12 
Radius of circle = 12 
-. Diameter of circle = 24 (c) (tr) 
(d) 16x?-32x-9y^-36y = 164 
16(х+1)^-9(у—2)? = 144 


x4D' y- | 


eyes] 
9 16 
16 32 
length of latus rectum = 2х a = 
„ЗА = 32 (d (s 
Exercis - 9 


X X 
For a given non zero value of m each of the lines m Е = m апа 2 Ей : — m meets the 


2 2 
hyperbola -> — v = | ata point. Sum of the ordinates of these points, 1s 
a 


a(14- m?) a+b b(I— m?) 

(а) --- (0) == (© --- (d) 0 
m m m 
For which of the hyperbola, we can have more than one pair of perpendicular tangents? 
2 2 2 7 

X y X у 

—--—--— =-1 b) ------і1 2 у2-9 а = 9 
@ Seal Шу rp d) xy (4) ху 


2 2 
From point (2,2) tangents are drawn to the hyperbola 42 — r1 = | then point of contact lie in 


(a) I&IV quadrants (b) II & III quadrants 
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(c) Ш& IV quadrants (d) П& Ш quadrants 
4 If (5,12) and (24,7) are the foci of a conic passing through the origin then the eccentricity of 

conic is 

(а) 4 386 (b) 386 (c) 386 (d) 386 

13 12 38 25 
5 For the hyperbola 9x^-16y^—18x*32y-151 = 0 
| E 21 9 
(a) directrix is x = 5 (b) latus rectum = 5 
TM | 
(c)  eccentricity 1$ " (d) foci аге (6,1) and (-4,1) 


6 Assertion / Reasoning 
Statement - 1 Ifa circle S = 0 intersects a hyperbola xy = 4 at four points. Three of then are 


2 | 
(2,2), (4,1) апа 6 3 then coordinates of the fourth point are | 146) 


Statement - 2 If a circle $ = 0 intersects a hyperbola ху = c^ at t,, t,, t, t, then t,.t.t.t—1 
(a) Statement - ] 1s True, Statement - 2 1s True, Statement - 2 1s a correct explanation for 
Statement -1 
(b) Statement -1 is True, Statement - 2 is True, Statement -2 is NOT a correct explanation 
for Statement - | 
(c) Statement - 1 1s True, Statement - 2 1s False. 
(d) Statement - 1 is False, statement 2 is True. 
True/ false 
7 61: Centre of the hyperbola x^—4y^—4x4 8y-4 = 0 is (2,1) 
S2: Ifeccentricity of hyperbola x(y-1) =2 is ,/2 then eccentricity of its conjugate hyperbola 
is 2. 
; x? у^ ; 
53: From point (2,2) tangents are drawn to the hyperbola 16749 = 1, then point of 
contact lie ш I & IV quadrants. 
S4: Product of the length of perpendiculars drawn from any foci of the hyperbola x^—4y— 
4х+8у+4 = 0 to its asymptotes 15 4. 
(а) ТЕТТ (b  TFFT (c) TTFT (d  TTTT 
Comprehension 
2 2 
For the hyperbola p — v = 1 the normal at P meets the transverse axis A A’ in D and the 


conjugate axis B B' in E and CF be perpendicular to the normal from the centre. 
8 PFxPD = k(CB)’, then К = 
1 


(а) 5 (0) 1 (c) 2 (d) 3 


9 РЕХРЕ equal to 
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(a) САХСВ (b) (СВ) (c) (СА) 
10 Locus of middle point of D and E is a hyperbola of eccentricity 
1 





(а) e^ —1 (b) е2-1 (©) еүе^—1 


Answers 
3.c 4. с 5.d 
10.4 


СО mL 
c а. 
pe r9 
о D 
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PERMUTATIONS & COMBINATIONS 
Fundamental Principle of Counting (Lecture-01) 


Fundamental principle of counting 

(1) | Addition principle : If an operation can be performed in ‘m’ different ways and another operation 
which is independent of the first operation, can be performed in ‘п’ different ways then either of 
then can be performed in (m+n) ways. 

(1) Multiplication Principle. If an operation can be performed is ‘m’ different ways; following 
which a second operation can be performed ш ‘п’ different ways, then the two operations 
in succession can be performed ш ‘mn’ ways. 

Permutation 
Number of permutations of n distinct things taking r(1 <r<n) at a time is denoted by "P . 


n! 
'  (n-r)! 
e | Number of ways of filling г places using n things if repetition is allowed = п" 


Circular Permutation 
Number of circular permutations of n things = (n—1)! 


n 





n 





Number of circular permutations of n different things taken r at a time — 


Number of circular permutations ofn different things when clockwise and anticlockwise circular 
(n — 1)! 

2 
Note : When position are marked, circular arrangement is assumed to be linear. 


Combination 
Number of combinations of n distinct things taking r at a time is denoted by °С. 





permutations are considered as same 1s 


n! 
еп (n — r)! 
Note: "P. =r! CC) 
Note the following facts 
0 "C =C =] 
(п) С=С (O<r<n) 
(ш) "C +С -"'C (1<г<п) 


X 


ГЕ 


(v) "C =" = | 


orr+s=n 


"C, if nis even 
2 
(v) Greatest value of"C = |с "С if nis odd 


п-1 n+ 


Important Results 
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Total number of selections of one or more objects from n different objects 
SG uix e 
Total number of selections of any number of things from n identical things 
(n +1); when selection of zero things 15 allowed 
п ; when at least one thing 15 to be selected. 


Total number of selections from p like things, q like things of another type and r distinct things 


(p+1)(q +1) 2  —1 f at least one thing to be selected) 
" (p + D(q +1) 2° —2 ( none or all cannot be selected) 


Total number of selections ofr things from n different things when each thing can be repeated unlimited 
number of times =™='C_ 

Total number of ways to divide n identical things among г persons = "C. , 

Results on distribution 


Distribution ofn things to r boxes 


n distinct things Empty boxes are allowed 
г distinct boxes Empty boxes are not allowed coefficient of x" in п!(е-1 y 


n identical things Empty boxes are allowed 
г distinct boxes Empty boxes are not allowed 


Division of items into groups 
(i) _ Groups of unequal size. 
e Number of ways іп which (m+n+p) items can be divided into unequal groups containing 





. . (m+n+p)! 
m, n, р 1tems 15 Ou 
m!n!p! 


e Number of ways to distribute (m+n+p) items among 3 persons in the group containing 


m,n & p items is Un * n ғр)! 31 
m!n!p! 
(п) | Groups of equal size 
e Number of ways in which (mn) different items can be divided equally into m groups 
each containing n objects 


(mn)! 


(n!)" m! 


! 
ony, if order of groups is impor tan t 


(n)" - 





; if order of gorups is not impor tant 





Note 

(i)  Ifthere are m items of one kind, n items of another kind, then the number of ways of 
choosing г items out of these = coefficient of x" in (19x x^^........... СЕТКЕ) 

(п)  Ifthere are т items of one kind n items of another kind, then the number of ways of choosing 
г items such that at least one item of each kind is included 
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= coefficient of x" in (х+х2+ ......+х") (х+х2+....+х") 
8 Results related with points, Lines, Rectangle, Polygon, Circle, etc. 
(i) If these are n points in the plane, number of line segments "C, 
(п) Number of points n, then the number of triangles "С, 
(uj) Number of diagonals in a regular polygon having n sides = "C —п 
(iv) Number of parallelograms when a parallelogram is cut by two sets of m lines parallel to 
its sides = "^C, "7C, 


Number of rectangles = > r^ 
(v) Е n 


n 
2 
Number of squares = Ут 
r=1 


Number of rectangles =" C,""'C, = Б (m+1)(n+1) 


о Number of squares = У (m -r-« 1) n-r-1) 
т=1 
m 


(vii) Maximum number of parts in which a plane can be divided by n straight lines = 1+ 2. r 


г=] 
(viii) Maximum number of points of intersection of n straight Lines = 1х"С, 
(ix) Maximum number of points of intersection of n circles = 2x"C, 
(x) Maximum number of points of intersection of n parabolas = 4x"C, 
De-arrangement 
Number of arrangement of m things in a row so that none of them occupies its original place 1$ 


m! а — «coL 


Exponent of prime p in n! 


n n n n 
E (n!) = H 3l: | 72 | T | 7% | а js | pe | where К 1$ the largest positive integer such that 


p p p 
p'«n«p*"! 
Solved Examples 
1 The number of zeroes at the end of 100! 1s 
(a) 23 (b) 24 (c) 25 (d) None of these 


Solution : 


м) (ші pel, 


= 20+4+0 
- 24 
Ans (b) 
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2 The total number of integral solutions ofthe triplet (x,y,z) for the equation ху7=24 15 
(а) 30 (b) 60 (c) 120 (d) None ofthese 
Solution : 


3! 
24.1.1 ә 21 = 3 
1221 — 3! = 6 
6.4.1 > 3l = 6 
8.3.1 > 3l = 6 
3! 
6.2.2 > 3» = 3 
4.3.2 > 3| = 6 
Total — 30 


30 positive integral solutions 
Total number of integral solutions with negative integers included is 30x4 = 120 





Ans (c) 
3 The total number of squares in a chess board 15 
(a) 64 (b) 65 (c) 204 (d) None of these 
Solution : 
8(8 - (16 4-1) 
а +8? = ---6 = 204 
Ans (c) 
4 20 lines pass through a given plane. The maximum number of parts in which the plane can be 
divided is 
(a) 210 (b) 211 (c) 212 (d) None of these 
Solution : 
Use 1+ Уп 
20.21 
—-]-5 20 = 1+ = 
1+ 2,20 = 1+—5— =211 
Ans (b) 
5 The number of quadrilaterals that can be formed using 10 points in a plane out of which 4 are 
collinear 1s 
(a) 210 (b) 209 (c) 185 (d) None of these 
Solution: 
ue eL секо 
Ans (c) 
- | р 
6 The total number of distinct rational numbers x such that 0<х<1 and x = а where 
p.qe {1,2,3,4,5,6} 15 
(a) 15 (b) 13 (c) 11 (d) None ofthese 
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Solution : 








Values ofp Possible rational numbers 
1 1 1 1 1 
| 273747576 
2 2 2 2 
2 == , = | = , = 
3° 4° 5° 6 
3 3 3 
2 4° 5’ 6 
4 4 
i 576 
5 
2 6 
Out of 15 possible rational numbers, only 11 are distinct. 
Ans (c) 
7 The sum of 5 digit number in which only odd digits occur without repetition 15 
(a) 277775 (b) 555550 (c) 1111100 (d) None of these 
Solution : 
Sum of n digit numbers 
= (Sum of digits) Саз, (n-1)! 
10-1 
5 
= (1+3+5+7+9) и (5-1)! 
10-1 
—25x 11111 x 24 
— 6666600 
Ans (d) 
Exercise 
1 Ann digit number is a positive number with exactly п digits. Nine hundred distinct n-digit numbers 
are to be formed using only the three digits 2, 5 and 7. The smallest value of n for which this 15 
possible is 
(a 6 (b 7 (c) 8 (d) 9 
2 Match the following : 
Consider all possible permutations of the letters of the word ENDEANOEL 
Column I Column II 
(a The number of permutations containing the word ENDEA is (р) 5! 
(b) The number of permutations in which the letter E occurs in 
the first and last position 1s (а) 2х5! 
(c) The number of permutations in which none of the letters 
D, L, N occurs in the last five positions 1$ (r) 7х5! 
(d)  Thenumberofpermutations in which the letters A, E, О 
occur only in odd positions 1s (S) 21x5! 
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Five balls of different colors are to be placed in 3 boxes of different sizes. Each box can hold all 5 
balls. The number of ways we can place the balls so that no box is empty, is 

(а) 116 (6) 126 (c) 144 (4) 150 

A student is allowed to select atmost n books from a collection of (2n+1) books. If number of 
ways in which he can select atleast one book 1s 63, then n = 

(а) 3 (b 4 (c) 6 (d) $5 

A rectangle with sides 2m—1, 2n-1 is divided into squares of unit length by drawing lines parallel to 
sides of arectangle. The number of rectangles with odd side length is 

(a (mtn+l) (b)  mn(m-*1)n-1) (c) mr (d) 4" 

Out of 5 apples, 10 mangoes and 15 oranges, the number of ways of distributing 15 fruits each to 
two persons, 1s 


(a) 56 (b) 64 (c) 66 (d) 72 
Match the following 
Column I column II 
(a) Тһе number of positive integral solutions of the 
equation x,x,x,x,x,= 1050 is д, then л, is divisible by (p) 3 
(b) Let y be the element of the set A= {1,2,3,5,6,10,15,30} (q) 
and x, X,, x, be integers such that x,x,x, = y.If А, be (r) 5 
the number of integral solutions of x,x,x, = y, then ), 
is divisible by (s) 8 
(c) Leta bea factor of 120. If à be the number of positive 
integral solutions of x,x,x,=a, then л, is divisible by (t) 16 
The maximum number of points into which 4 circles & 4 straight lines intersect 1s 
(a) 26 (b) 50 (c) 56 (d) 72 
A is a set containing n elements. A subset P, is chosen and А is reconstructed by replacing the 
elements of P,. The same process is repeated for subsets P., ....... Р with m>1. The number of ways 
of choosing P ,, P.,, ....... P so that P (Р, ...... ӘР —Ais 
(a) (2™-])™ (b (2—1) (c) ""C (d) None of these 


Number of points having position vector ai + bj +ск where a,b, се £1,2,3,4,5,! such that 
2?+3°+5° is divisible by 4 is 

(a) 70 (b) 140 (c) 210 (d) 280 

Read the passage and answer the following questions. 

A 1s a set containing n elements. A subset P of A 1s chosen and the set A is reconstructed by 
replacing the elements of P. A subset О of A is chosen again. Find the number of ways of 


choosing P & Q when 

(1) Q is subset of P is 

(а) 3" (b 2^ (c) n3"! (d) None of these 
(1) P &Q contain just one element is 

(a) 2^ (b 3" (c) n3"! (d) None of these 
(ш) P=Qis 

(a 2" (b 3 (c) 10.3"! (d) None ofthese 


Note:* Questions with more than one option is correct. 
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Answers 
l. b 2: aoOp;bos;coq;doq 3. 
C T: а—>р.г; В->0,5,6 c —q,s,r,t 8. 


— OQ 
© e 
c 

— 


1 @ a GD) c (iii) 
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PERMUTATIONS AND COMBINATIONS 
simple Applications on "Р and "C (Lecture-02) 


Important Results 

l. Sum of digits in the unit place of all numbers formed by a,, a.......... а taken all at a time is given by 
(n-1)! (a,+a,+......a_) if repetition of digits is not allowed. 

2. | Sumofallthe numbers which can be formed using the digits a,, a.......... a. (repetition not allowed) 


(n-1)! (a + а„+........ ta) qo" -1) 
9 


(n—1)! (sum of digits) | l....... l | 


n times 


Number of whole number solutions (x, > ovi) (non-negative) ofx +x,+.....x = nis С, 


Number of solutions of a+2B+3y +....+q9 =n 1 


кш of x" in (1-х) ' И х? B í -x! iF — í —x4 p if zero is included 


coefficient of х" in x ?*-*(I- x)" í -x' | в í —x4 | if zero is not included 


Number and sum of divisors 


Let М = a bac" where a, b, care primes &p,q,reZ'. 
1. Number of divisors of N = (р+1) (9+1) (r+1) 
Sum of divisors of N = (1+а+а?+....а?) (1+6+62+....6%) (1+с+е2+....с") 
i; | Number of ways in which М can be resolved as a product of two factors is 


E а+ 16+ Цс-+ ПИ N is not perfect square 

2 

= а+146+14с+1)+1 if N is a perfect square 
|@+ъ+е+ + 


Number of ways in which a composite number М can be resolved into two factors which аге 
relatively prime (or co prime) to each other is 2"! where n is the number of different prime 
factors 1$ М. 

Multinomial Theorem: 

Coefficient of x" is (1-x)? = "*"C . Number of ways of making a selection from т+п+р = М 
things where p are alike of one kind, m alike of second kind and n alike of third kind taken r at 
atime 1$ given by coefficient of x' is expansion of 

Ie s eer ХМ >. Go. eese: О. xP) 


Example: Number of selection of 4 letter words from the letters for the ward PROPROTION 
Is 

IPP, RR, OOO, T,L, Nj 

Coefficient of x^ is (1+x+x’) (1+x+x’) (1+x+x?+ x?) (19x) (19x) (14x) 

Condition for divisibility of a number 
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A number abcde will be divisible 

by 4 if 2d+e is divisible by 4 

by 8 if 4c+2d+e is divisible by 8 
by 3 if a+b+c+d+e is divisible by 3 
by 9 if a+b+c+d+e is divisible by 9 
by 5ife=Oor5 


а i 


‚„а+с+е—- b+d i: a... 
byllif ———— = isdivisibleby 11 
Sum of digits sum of digit 
at odd places at even places 


7. by 6ife=even and atb+c+d+e is divisible by 3 
8. by 18ife=evenand a+b+c+d+e is divisible by 9 


d 


Solved examples 


1. 


The number of divisors of (6!)*' 15 


a. 364 b. 9100 C. 2275 d. 75 
Solution: (6!)?' = (2.32.5!) 

— 224 312 46 

= 25х13х7 = 2275 

Ans:c 


The number of ways in which three district number in AP can be selected from 
],2,3-------- ,24 15 
a. 132 b. 572 c. 264 d. 150 


12.11 
Ans: ?C,+?C, = ETE = 132 (First and last number should either be both even or both odd 


and the middle number is average of the two) 

If x,y,z are integers and x 20, y 21, z 2 2 and х+у+7 = 15, then the number of ordered 
triplets (x,y,z) 1s 

a. 91 b. 455 с. ME d. none ofthese 


2 
Solution: x »0, y 21, х 2 2andx+y+z =15 we can say 12 objects (alike) are to be distrib- 
uted among 3 persons. (distribution of alike objects) 
Apply "™'C_, when n = I2, r-3 


1243-100 = MC _ 14х15 _ 9] 
3-1 2 2 
Ans: а 
a,b,c,d are odd natural numbers such that a+b+c+d = 20, then number of quadrapulets (a,b,c,d) 
1S 
а. 165 b. 455 C. 310 d. 255 
Solution: Let a = 2р+1, b = 24+1, с = 2г+1, а = 25+1 
=> ptqtrts=8 
BTC, = ИС, = 165 (distribution of alike objects) 
Ans: а 
The number of positive integral solutions of x+y+z < 10 15 
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Solution: Let x+y+z+a = 10 (where x2ly2lLlZ2laez&a20) 
Required number = "*!C , 
= ncm — T 
_ 10.9.8 _120 
1.2.3 
Exercise: 
1. | Number of divisors of the form (41-2); (n > 0) of the integer 240 is 
a. 4 b. 8 © 10 d. 13 
2. Ifr,s,t are prime numbers and p,q are the positive integers such that LCM of p,q is r?s^t^, then 
the number of ordered pairs (p,q) 1$ 
a 252 b. 254 c. 225 d. 224 
3. The number of seven digit integers, with sum of the digits equal to 10 and formed by using the 
digits 1,2 and 3 only, 1s 
a. 55 b. 66 (% 77 d. 88 
4.  Letnandk be positive integers such that n >! C, . The number of solutions (х,х.,....х.); 
x, 2] 2x, 22,.....x, > Ка] integers satisfying x, x, t......-x, = п 18 
n—— в "E we 
d. 2 С. b. 2 C. C. 2 С а. 2 С 
5. The number of divisors of the form 4п+1, n > 0 of the number 1001111138315 
a. 750 b. 840 c. 924 d. 1024 
e o . . . X X . 
6.  Thenumber of positive integer solution ofthe equation 99 = 101 |15 
a. 2500 b. 2499 с. 1729 d. 1440 
ру | | ГУ 
7. | Let М be natural number. If its first digit (form the left) is deleted , it gets reduced to 37 The 
sum of all the digits of М is 
a. 15 b. 18 c. 24 d. 30 
T ] ] 1 
8.  Thenumber of positive integral pairs (x,y) such that —+—=——,‚х < y is 
x y 2007 
a. 5 b. 6 % 4 d. 8 
9. The number of ordered triplets of positive integers which satisfy the inequality 15 € x + y +z < 45 
Is 
аа — 9C-"C, все б 70-0 d. none of these 
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10.* Match the following: 


11. 


ColumnI Column II 
Total number of functions f{1,2,3,4,5} p.  divisibleby 11 
—› {1,2,3,4,5} that are into and 1) = 11s q.  divisibleby7 
If x, X, X, = 2.5.7? then the number of Г. 

solution sets for (x,, X, x.) where 

х, E N,x, > lis s. divisible by 4 


Number of factors of 3780 are divisible 
by either 3 or 2 or both 1s 
Total number of divisors of n = 23.34.510 


that are of the form 41.4 2,’ > 11s 


Read the passage and answer the following questions 
Five balls are to be placed in 3 boxes. Each can hold all the five balls. In how many ways can 
we place the balls so that no box remains empty, when 


1. 


Balls and boxes are all different 


a. 150 b. 6 C. 50 
balls are identical but boxes are different 

a. 150 b. 6 C. 50 
balls are different but boxes are identical 

a. 150 b. 6 C. 50 
balls as well as boxes are identical. 

a. 150 b. 6 C. 50 


Note: * Questions with more than one option is correct 


l.a 


9. b 


ANSWERS 


2.6 3. с 4. с 5. © 6. b 


10.a4—p,s;bqr;c—ps;dor 11. (1) а(п) 6 (i) c(iv)d 
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BINOMIAL THEOREM 


Principle and simple applications(Lecture-01) 
1. Binomial Theorem for positive integral index. 
If xx, y zERandngN 


(x ty) = 3С xP x" yd C x" ey tee TuS +C у», "C х" ту: 
т=0 


Ргорегйе$ 

e Number of terms of the above expansion is (n+1) 

. The binomial coefficients equidistant from the beginning and the end in a binomial expansion 

are equal. 
* General term = T , =C x^*y 
a th 
nis even : only one middle term E + ] term. 

Middleterm — 


n+1 Е п +3 Б 
nis odd : Two middle terms e and (=) term . 
nis even i Ca 


Greatest coefficient — 

nis odd Cu and Сы , 
Greatest Term 
To find numerically greatest term in the expansion of (1+x)" 
х (п + 1) 
1. Calculate m = x 2d 


i. Ifm isan integer, then T, апат are equal and both are greatest term. 


m.  Ifmisnotan integer then T „y 18 the greatest term. 


Note : To find the greatest term in the expansion of (х+у)", find the greatest term in 1 + у and 


then multiply by x" (since (xty)"-x^ 1 + у 
2. | Multinomial Theorem (for a positive integral index) 
n! 
(X X PX и X. X. ux t 
к Угут Е п i 


where п= (0, 1, 2,....n}, n,*n,*.....*n,-n 
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n! 
° The greatest coefficient in this expansion 15 туз. т Where q is the quotient and 
E P (q* "(9 +1)!) е 


ris the remainder when n 15 divided Бу К. 
Eg. Find the greatest coefficient in (x+y+z+w)'? 


15! 

n-15, К-4 we һауе 15=4х3+3 1.е. q=3, r=3 greatest coefficient = (31) (41): 
e Number of distinct terms in the expansion is "C, , (Total number of terms). 
e Number of positive integer solutions of x +x,+....+x =n 18 С 1. 
e Number of non negative integer solutions of x +x,+....+x -nis "С. 
e Sum of all the coefficients is obtained by setting x ,=x,=....x,=1. 
3. Binomial Theorem for Negative or Fractional Indices 
If n£Q, then 
(1+x)"=1+nx+ a“ x^ мн X^t..... oo provided |х| < 1. 
e For any index n, the general term in the expansion of 

Н (1+x)"is T, = n(n - 1)......... (п-і-І) x! 

r! 


i,  (14x)*isT, = (-1) n(n 4 1)......... (n4r-1) xt 


r! 
ii, (1-хуізТ.- E іні (n—r+l1) " 
r! 
iv. (1-x)*isT, = n(n + 1)......... (п +г-1) xt 
r! 

° The following expansions should be remembered (for | X | <1). 

1. (19x) '2»1—xtx^—3- ........ оо 

ii (1-х) =1+х+х?+х° + ........ оо 

ii (1*x)^—-1-2x43x^-4x^- ........ со 

у. (1-х) 2=1+2х+3х2+4х°+ ........ оо 
e Note : The expansion in ascending powers of x is valid if x is small. If x 1s large (1.е. Ix]» 1), 


1 
then we may find it convenient to expand in powers of x which then will be small. 


4. Exponential series 


2 3 


X X X 
° ех = ]+—+—+—4.....0 
пол 3 
темы со 2.72 
(8E T2 3 7 е 


e IURE — J 
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dahl ae В œ 
"06-2 3 547 7 


5. Logarithmic series 
Еот —1<х< | 


2 3 4 





log (1-+x)=x-—— + ————......00 
OB, X ^X 2 3 4 „эз 
х^ x? x^ 
е О eee 
og ( х)=—х 2 3 4 А X 
1+х хх 
! „у x+—+—+4.....00] _ 
"5 | à 5 | 1<х<1 


1 1 1 
е еі НЕ тін eS OO RI 
log, 2-1 2:3 4 0.693 


Solved Examples 


1. Let(1+x} = 2,a,X', 
r=0 


a a a а, |. 
then | + а + s + 3 leuis | + 2 is equal to 
a o а, а, a a-i 





+1)" +1) n) 
(nri b. in 1f C. | ) d. Noneof these 
n! n! (n—1)! 
Solution : 
(lox) SOC oC О. Си 
= ауға РИНЕ +a x" (given) 
Comparing a,="C,, a,7"C , a,-"C, ,.......... and so on. 














RE: ET 1+ ET 1+ C 1+ C. 
"Ve "СД CO [ 











|. ]«n 1+0 1+0 1+0 (0+1) 
а = P2 к 
Ans. b 


n 


1 Г 
2. Ша- > aC > then >, С. equals 
r г=0 r 


r-0 


a.  (n-lja, b. na, C. > па, d. None ofthese 
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Solution : 


n 


Let S = Ха 


r-0 T 





n 1-1 n-2 n-3 0 
occ Tt = uec em po s Lu ....(2) 
Ci C, C C, C 
Adding (1) and 2 
n n n n 


t t t 
2%! ge TES i © 


2S=n + | + ! НЫ ағыны + | 
xt “С, “Os "С 


1 
—25-na. —5= 5 na. 














Also, 5- 


25- 


























Ans. с 
10-- 2 3 10 2 2-3 
3.  If(I*x) —-a,ta,xta,x ta,x"t....... +a X^, then (а -а,+а,-а,+а,-а,,) + (а,-а,+а,-а,+а,)? 1s 
equal to 
de -. D 2 % 7 d. none ofthese 
Solution : 


Put х= and x =—i 

=> (1+1)'°%= (a,-a,ta,-a,ta,—a,,) + қа -а,+а,та,-а,+а,) ....(1) 
Also, (1-1) "— (a.—a,ta,-a.*a,-a,,) — а, -а,+а,-а,+а,) ....(2) 
Multiply (1) and (2) 

((1-1)(11) (а -а,+а,-а,та,-а,,)? + (a,—a,ta—a_ta,) 
2"—(а,-а,та,-а+а,-а,)' т (a,-a,*a,-a, ta, 


Ans. b 
4.  If(I*x*2x^)'-a ta xta, x’ ta X? t....... +а„х*°, then а +а„+а +........ +a., Is equal to 
а. —2"2—LD b. 2°%(27°—1) с. 290241) d. none ofthese 


Solution : 
Put x-1 and x = -1 and adding we get 4^*2^—2(a ta,ta,t....ta,,+a,)) 


аа ^g c 02 ше” 
= 2(27°+1-2) 


= 219(220_1) 
Ans. а 
5. The coefficient of x" in the expansion of (1—x)° (1+x+x’+x?)* is 
а. 4 b. -4 с. 0 d. none ofthese 


Solution : 
Coefficient of x P in = (1-х)? (1+х+х2+х?) = (1-х)? ((1+х)(1+х^))* 
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(1-х) ((10—X)(1-x)(14x?))* 

(1-х) 4(1—х*)* 

= . (I-x)(1-4x**6x'-Ax "-x!^) 
coefficient of xP is —1 x 4=4 





Ans.a 
6 со. +C „15 equal to 
20! 1 20! 20! 
а. 229 (100? b. = 5 (105? C. 2 (100? d. none of these 


Solution : 
In the expansion of (1+x)’°, put x=1 


= TE cr e eT "m F 97 F "C. ee om 

сея СИТ PAC: D MC. n <=) 
ос. 
—3 nut a em. она F С А 
19 20! 20 20 

= 2 оао ^ И C + лын + or 

Ans. d 

Exercise 


10 
х 3 
1. The coefficient of x^ in Е = =| 15 


28 "EE: uc СУЛ 
а. 256 ; 759 С. 263 ; One O ese 


2. Let T, denotes the number of triangles which can be formed using the vertices of a regular 


polygon ofn sides. If T... —T Pd then n equals 
de 5 b. с. 6 d. 4 


3. The sum ae Мын ч) where k | =0 if p>q, is maximum when m 15 


a. 5 e 15 d. 20 
4. Coefficient oft” in "^ "um (1+t**) is 

de 7243 b. "Cou 06, “С. d. "C42 
5.  If*""C-(k—3yC, ,, then К belongs to 

a — (-ю,2) b. рә) с. [43,43] 4. (3.2) 
6. _ Ш(1+ах)"=1+8х+24х?+....... ‚ Фепа= апап- 

1 20 
7. | Thegreatest term in the expansion of V3 | T =) 18 
2011 20) 1 1 ( 20 
a. 7123 b. 6 |81 с. 919 d. none ofthese 
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8. Ifx= (/2 + |] ‚ then the integral part of [x] 1s 








a. 98 b. 197 C. 196 d. 198 
9. The greatest integer m such that 5" divides 7°°+2°"°.3"" for пЕМ is 
a. 0 b. 1 e 2 d. 3 
1 
10. If (ах) bx) =а а, ta,x’....., then a = 
а рт " Б _ ат" b? —g" р а" =f" 
Шш b-a | b-a е: b-a | b-a 
11. Read the passage and answer the following questions. 
Ifn is a positive integer and a, a,, a, .....a. € C, then 
n! np, nj, n n 
(а +а„+а„+.....+а )"= inpar 285 сау... am where n,,n,, n,....n. are all 
non-negative integers subject to the condition n *n,*n,*....*n =n. 
1. The number of distinct terms in the expansion of (x ,+x,tx,t.....+x_)* is 
а. wa 27 b. ia OF C. uer d. 5/7 
i. The coefficient of x*y‘z in the expansion of (1+x—y+z)’* 
a. 2320 b. 2420 c. 2520 d. 2620 
ii, The coefficient of a?b^c? in the expansion of (bc+catab)° is 
a. 40 b. 60 c. $0 d. 100 
iv. The coefficient of x in the expansion of (14x *2x?)"?1s 
а 22 D 22 о 22 4. 52% 
v The coefficient of x? in (1-х-+х^) and in (1+x—x’)*’ are respectively a and b, then 
a.  a-b b. а c.  a«b d. atb=0 
12*. Match the following : 
ColumnI Column II 
a.  Ifnbethe degree ofthe polynomial (p 2 
\/(3х? +1) (k +4/ (3x7 + D) — х — (3х? + D) ) ‚ 
then n 15 divisible by (а) 4 
b.  Intheexpression of (x+a)" there is only one middle term (г) 8 
for x=3, a=2 and seventh term 15 numerically (sS) 16 
greatest term, then n is divisible Бу (t 32 
c. The sum ofthe binomial coefficients in the expansion of 
(x ^"^-Enx?^)", where m is positive integer lies between 
200 and 400 and the term independent of x 1s equals 448. 
Then п> is divisible by 
Note: * Questions with more than one option is correct. 
ANSWERS 
l.a 2.b 3.6 4. d 5.d 6. a=2, n=4 7. а 
8. b 9. с 10.6 11. (1) с, (п) c (ii) b (iv) с (У) Б 
12. a> p, а, г; Бр, а, т, $; ср, q, г, $, t 
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BINOMIAL THEOREM 
For Positive Integral Index(Lecture-02) 


Summation of Series (involving binomial coefficients) 


1 


Bino-geometric series 


"C, H Cx 4" С,х?............ +" Cx =(1+х)" 
Bino-arithmetic series 
a C, - (a- d) C, + (a- 2d) С» +................. t (a + nd) C, 


This series 15 the sum of the products of corresponding terms of 


"Cs Ci Cz "C, (binomial coefficients) and а, аға, а+24, ............ ‚а+па 


(arithmetic progression) 
Such series can be solved either by 
(i) eliminating гіп the multiplier of binomial coefficient from the (r+1)" terms of the 


series (i.e. using г (C, 2pm С |) 
Or 
(i) Differentiating the expansion оЁх*(1+х“)" or (If product of two or more numericals occur, 


then differentiate again and again till we get the desired result) 
Bino-harmonic series 


n n n n 
C C C C 
LO Тл Oe ----- 
а аға а-2а a 4 nd 
This series 1s the sum of the products of corresponding terms of 


"Cag Сы Cos "C. (binomial coefficients) and 


1 1 1 


т и" cus [s ———Á—— M 
Such seris can be solved either by 
(i) eliminating гіп the multiplier of binomial coefficient from the (r+1)" term of the 
series 





(harmonic progression) 


E "C — l n+] 
(ie using we (= Е С) or 
(ni) integrating suitable expansion 
Note 
(i) If the sum contains С, С, C,............ C. are all positive signs, integrate between 
limits О to 1 
(1) Ifthe sum contains alternate signs (1.е.+ & —) then integrate between limits —1 to 0 


(iii) Ifthe sum contains odd coefficients (i.e. С, C,, C ,,....... ) then integrate between —1 
to +1. 
(iv) Ifthe sum contains even coefficient (i.e. С, C,, C.,........ ) then find the difference between 


(1) & (111) and then divide by 2 
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(v) Ifin denominator of binomial coefficient is product of two numericals then integrate two 
times first time take limits between 0 to x and second time take suitable limits 

Bino-binomial series. 

н Cy C, qe СС 


"C OT 


n n n 
P E E unn deepest + C " 


r+] 
"Og Cet Cy; Cant С Со. +" C, CQ 


Such series can be solved by multiplying two expansions, one involving the first factors as 
coefficient and the other involving the second factors as coefficients and finally equating 
coefficients of a suitable power of x on both sides. 


Divisibility Problems 


To show that an expression is divisible by an integer 

e write a" = а" at =(аР)” а’ if a, р, п, re N 

e to show the expression is divisible Бу К, express 
а? = 1+(аР—1); if some power of (a?—1) has К as a factor 
а? = 2+(aP—2); if some power of (a?—2) has К as a factor 


а? = qt (aP-q)if some power of (a?—q) has К as a factor 


Binomial coefficients 


л B WD NO = 


10 


11 
12 


CAC HC С... 2" 
СС Сыны - 
eere OK p TC(-l1y— *'C(-Iy;r«n 
СС НСС... =" 
CAC ACC ees -2m 
nu 
Gr er PE Ur NE = (V2 | cos 


C-C;H C05... [2 sin 


1 п-іІ [A П 
CC Eo Ur РРР -2 2 F 2 COS =| 
1 п-іІ [п . ПД 
C TC CC + ......:. - 2 2 T 2 Sin =| 


Фи eee = У 1C, — n2" 
БЕ нь = У CD" rC, =0 
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13 
14 
15 


16 


LC DES bises =п(0+1)22" 
Io ее. = 0 
С ыо е Т” таш 2% 
О1Ё nis odd 
сс 676 ТНК — e [e dads Sven 


2: C. = 22n-l __ 2n-1C 
j n 


0<1< ј<п С, 


2, (C-C? = (n-1) "C, 2 


O<i<j<n 
Note : Consider the equation x ,Tx,t........... +x —n, пєМ. 
Number of positive integral solutions ="'C_, 
Number of non negative integral solutions = "С, 
Solved Examples 


The value of У, "Cr 1S 


r=l 








(а) n2"! (b 2?! (c) 271 (d) None of these 
Solution: 
D. 2n 
2. r 2n-1C 
r1 f d 
= 2n ` un C. 
г=1 
Е dues 6 a 
221-1 
= 2n. ағы ЕСС шыл Өл NC C TC ese] 
Ans (a) 
The coefficient of x? in the expansion of (12x)? -(14x)-......... +(1+x)? is 
(а) "С.С, (b CIC, (co) "С.С, (d) None of these 
Solution: 
Co-efficient of x? in (1x)? (19x) 4............ HIF)” 
| | (ex)? a ex)? —1| 
= Co-efficient of x? in 
(14 x)-1 
— coefficient of x^ in (1x)! — (19x)?! is "С, "С, 
Ans (b) 
The number of distinct terms in the expansion of (x+y—z)'® is 
(a) 136 (b) 153 (c) 16 (d) 17 


Solution : 
Apply "*'C_, to get number of terms 6С. = "С, = 153 
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Ans (b) 
4 If lis the integral part of (2+ 4/3 )" and fis the fractional part. Then (I+f) (1—f) is equal to 
(a) 0 (b) 1 (c) n (d) None of these 
Solution : 
LEOS = H assets: (1) (0<f<1) 
and (2-4/3 P = Е............................. (2) (0<Е<1) 
(1) + (2) gives (adding 0 <f+F<2) 


ыы eie ) = Е 

— I+f+F 1$ an even integer 

— Е is an integer 

Е = 1 С. 0 <f+F<2) 

F-1-f 

n HFNI- = (2+3 Q- 37 4-3» - 1 

Ans (b) 

5 If the middle term of (1+x)*" (пе М) is the greatest term of the expansion, then the interval in 
which x lies 15 


n+l 0+2 п-1 n+l n n+l 
(a) 221.042 (b) alan (c) E (d) None of these 


Solution : 








d — а. & Es 2 E 

— A xml < сос & TE E > aG ae 
2п C, 1 А 2n С. 
=> 2n C, <Х 2п Cod >X. 
n А п +1 
^? ап +1 * S 2n-n 
n n+l 
ee n+l n 
Ans (c) 
6 ПСС Ore re C. are the binomial coefficients in expansion of (1+x)", n being even, then 

СКО COIRO ВО, С T дын HC +C -......+С |) is equal to 
(a 1.2" (b) n.2™! (c) n.2 (d) 1.2% 
Solution 


„СНС, +С )+......... (астен е СС С) 
= (C )+(С +C t. HC EC +... tC, JHC AC +...) 


n 
OS 5 times (Adding the terms equidistant from the begining and the end) 


е2 


2 
T 
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Ans (b) 


100 
; | 3 
7 The number of terms in the expansion of E t— t ] 15 
X 


(a 201 (b) 200 (c) 300 (d) 100С. 
Solution 
100 2 100 

;, 1 AN i 3 1 

E eu -cyo [> - А i) Те „|х +) 
| 1 
gives terms of x°, x9, .............. x E x6 —3z0) апа a constant term 
-. 201 terms 
Ans (a) 
Exercise 


If C. stands for "C , then the sum of the series 


BB, 
242 | 2 (C cO TOC usen +(-1)"(n+1)C ^) when nis an even positive integer, is equal 
n! 


to 
(a (—1)"? (n*2) (b  (-1)' (n*1) (c) СІ)” (п+1) (d) None of these 


с (95-8) Jen 


(a) uc (b) Ке? (с) “С (d) "C. 


3 Пт-0,1,2,........ 10, let A , В and С denote, respectively, the coefficent of x" in the expansions 


10 r 


10 
of (1+x)!°, (1+x)? and (1+x)”. Then 2, ^. (В, B. — C,,A.) is equal to 
rl 


(a) В, m Ci (b) А) (Bio СА) 
(c) 0 (d СВ, 
п) (п njín-l nj|ín-2 njín-k 
(ovs Міне л. 
n n-1 
(a) М (b) В Е | (с) 1 (d) None of these 











= ] 3" T 15: 
=D a с HE + T up to m tems) |= 
5 2 ) С. E р" 23" ун р ) 


| эт n 
(a) 2m (28 _]) (b) 





(c) ] (d) None of these 
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2n 2n 
If 2. а, (x-2y = У, b, (x—3)' and а = 1 forall k 7 n, then = 

ice r=0 
(a) "C (b “С. (c) “С (d) None of these 
О Е ССС Tele +C х", then the sum of the products of the C's taken two at a 


time represented by У, У, С.С; (0 <1<) «n)is equal to 





НЕ ADU ni 
(a) 2% (b 2- 2m)? (C) gers 2(т!)? (d) None of these 
2 n 
4-1 4+1 4-1 
Given s, = ЕЕ Ре ға" апа 5 = Но. + e РЕ Е e ,qzl then 
абы Еа ас Ж (55 us Кы 
Sn 
(a 25 (D 5 (c) jn (d) None of these 
іш 5|] —— 
n 00 "rJ (r-3)n* 
(a) e (b) el (c) etl (4) e2 
2 4 x? x? 

The coefficient of x? is the expansion of | 1+ ЕЛ Ж а D A + er is 

L ы Ё. d a 
а) 315 0) 315 ©) 15 © зо 
Match the following : 

Column I Column II 
(а) The sum of binomial coefficients of terms containing 

power of x more than x” in (1+x)* is divisibile by (p 2? 
(b) The sum of binomial coefficients of rational terms in 

the expansion of (1+ ./7 )? is divisible by (д) 2% 

| 21 

(с) Ш Ё + - +х? + =] x eas, Meas: CU та х, (г) 2^" 


then а +а,+.....Ға,, is divisible by 
(d) The sum of binomial coefficients of positive real terms 


in the expansion of (1+1x)* (x>0) is divisible by (s) 25 
Read the passage and answer the questions that follow: 
An equation a,ta,xta,x*t....... ta X” tx = 0 has roots °С, "C. ,”C.,,........ Кете 


(1) The value of a,, is 
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(a 2" (6) 2” (с) -2” (d) 


None of these 
(п) Thevalue of a,, is 
2198 198 c. 2198 198 c 
(а) — (b) Em RS G 27-72, (d) None of these 
(iii) The value of (°С HOC )t............ TC, is 
(a) 2a —ад (b) аа (с) або 207 (d) Мопе of these 
Answers 


1. а 2. C 3. d 4. a 5. а б. Ь 
О. d 10. a 11. 


a a—p,bor c>r, d>q 
12. (1) C (11) a (ili) с 
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Complex Numbers 
nth Roots of Unity(Lecture-01) 

1 Letx,yeR&i= ./_] , thenz=xtyis called a complex number 

Re(z) =x, Im(z) ^ y 

Ех = 0, zis purely imaginary 

If y = 0, zis purely real 
2 For two complex numbers 2 = x Ну, z, = zy, 

() д =z, апа ошу if x, = x, and y =у, 

Note that no order relation 1s possible among the set of complex numbers. 1.е. it is wrong to 

say 1+1<4+31. But |l 4| < |4731 

Ш 2,%2,-(х ху, ry) 

(Ш zz =X X;-y y) (xy; xy) 

l Zi (хх, + yjy5) + (X;y, — Xiy5) 

(Iv) 2, = х " y? 7, 0 
3 Conjugate of z 

Conjugate of z = x+y is defined as 7 = xy (1.e. replace 1 by —1) 

Properties 

() (z)=z 

(1) 7-? e»zispuraly real 

(Ш 7--? <> 71$ purely imaginary 

(iv) 2+7 -2Re(z)-2Re(z) 

(V) zz =2ilm(z) 


(VI) 4 и. 


(мі) 2,2, =z 2, (also (z^) = (2)") 


(viii) В = 


4 Geometric representation 





e [Is] 


Coordinate Complex number Vector 
representation representation representation 
Point P :P(x,y) Point P : z= (x+y) Point P : Position vector 


ofP OP =xi ty; 
5 Modulus and amplitude 
21| =г= Jx* + у^ , the modulus of z (distance of z from the origin) 


Ө = ап! в = arg z, the inclination of OP with positive direction of x—axis where P is (х,у). 


Here — л<агой < л 
2= хну; х,ує R (algebraic form) 
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= r(cos Ө Hsing ) orrcis Ө (polar/trigonometric form) 
=r e? (Eulers form) 
Properties of modulus 
(О  -z x Re(z),Im(z) < |z 
G) zz HHz z | 
(Ш 27-0 
Qv) [2,25 |2. 
Also |z"|=|z|" 











(м) | Ea 
iv = 
2; |Z, | 
(v1) | 71 |- |2, | <|Z,+Z,| < 2112, (Triangle inequality) 
1.e.|Z,|+|z,] is the maximum and | Zz |- |2. | is the minimum value of |z, + 7. 
Iz |? +|z, P +2Re(z,z2) 
(i) |7,-2,2- |2, P+ | 7; Г =2| Z || Z, |cos(0, +9, ) where 


0, =arg(z,) & 0, = arg zZ, 


(viii) |z *z,|-lz,-z,F-2([z. *-[z, ^) (parallelogram law) 
Also [az —bz.|-|bz,-raz,—-(a^*b^)(|z | [z ^); a,b e К 








1 +уа? +4 
Note : If шн = а, the greatest and least value of [2| are respectively — and 
-а+уа? +4 
EE 7 


Properties of argument 
(i) ^ arg(z,z,)-arg(z,)*arg(z,)*2k x, where k- —1 or 0 or 1 
Also arg(Z") = narg(z)+2k т 


7 
(1) m ] = arg Z,-arg 7, + 2k п, where К =—1 or 0 or | 


7; 


7 
(ш) аго В = 2arg(z)+2k л, where К 2 -1 or 0 or 1 


(iv) argument of zero 15 not defined 
arg(z) = 0 <> zis real and positive 
arg(z) ^x <> Zis real and negative 


T 
arg(z) -2 > 2 is purely imaginary, Imz>0 
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—T 
arg(z) = ez is purely imaginary, Imz«0 
(У) 1+2=2 + lz 
21 
argz, —argz, = 0, — »0 
5 1 5 2 2 2, 
0, z ‚ z, are collinear and z,, z, Пе on the same side of 0. 
(vi) (7-2, - УЖ T |7.) 
2 


oe 
argz —argz, = m, 2, <0 


0, Z,, z, are collinear and 0 lies between z, & 7.. 
(vii) |2-2,|- |22, 


Nia 


argz,-argz, = + 


Z 
са — 
2, апа ғ, 7, are purely imaginary. 


6 De Moivres theorem 
(1) For any rational number n, then 
(cos Ө +sin 0 )" = cosn Ө +sinn Ө 


1.е. : (ее y = ein? 





(п) (cosQ +1510.) (cosQ ;* 1 51п @.).................. (соѕ9 +1510 ) 
= с08(0 4+0 ,+......+0.)—160(0 + Ө,+............... +0.) 
(ш Ifz=r(cosQ@t+ising)andneZ’, then 
2тт+Ө\ . . ( 2rm+0 
z!” = ү!" | COS a +1sin n where г = 0, 1, 2, ........... (n-1) 


(п? roots of z) 
I The п" roots of unity 


z= af] = 1 gitm p 0,1,2, s (а-1) 


Let z= a‘ where a = e?7/" 


| 2T T 
The n? roots of unity are (о °=) 1, а, a ?,......... a”! where a =e? T^ = cos — +isin— 
n n 
Properties 
(i) n? roots of unity are solutions of the equation z = 1!" 
Le, 22 = 


z'—] = (z-1)Y(z-a) (z- a.?).......... (z- a." 1) 
n roots of—1 are the solutions of z^--1 = 0 


(i) n” roots of unity lie ona unit circle |х| = 1 and divide the circumference into n equal parts and 


аге the vertices of a regular polygon ofn sides inscribed in the circle [z| = 1 
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(И) Product ofn" roots ofunity = (21) 
(ш) Sum ofn” roots of unity is always zero. 


(У) nroots of unity form a GP with common ratio ei2*/" 
(vi) Sum ofp" power of n" roots of unity 


0;1Ё pis not a multiple of n 
= 2 3 n-l\p — 
I+aPt+(a PH a pc ооооооооооооо о (+ о, y n ;if pis a multiple of n 


8 Cube roots of unity 


Art | , Arm 
1. = созу +isin 2 ;г=0, 1,2 


-1«iJ3 -1-iv3 
2. 5 2 
If one of the non real complex roots be c, then the other non real complex root will be 097. 


= 1, 


-1--14/3 —1- 1X3 

1.е. 1f о = 1453 ‚ then o? = -1-іу3 
2 2 

г. the 3 cube roots of unity are 1, о & о. 

Properties 


() 27-І-(2-1)(2-ш)(2-о? 

(1) о & @’are roots of z7+z+1 = 0 i.e., z°+z+1 = (z-@) (2- о?) 

(Ш) argo =27/3 &argo? = 47/3 

(iv) cube roots of unity lie on the unit circle |z| = 1 and divide its circumference into three equal 


parts 
(у) IfA(1), Bw) & С(о?), then AABC is an equilateral triangle. 
(vi) о = 1 ; l+@+@’=0; ву = | g = 0; = o? 
„о — l — 1 
(vii) = 830 = 50 


(УШ) e Х+у? = (ХНУ) (х-іу) 

e х°+у' = (x+y) (xt oy) (xt y) 

e ху =(x-y) (- ey) (x- oy) 

e X^xyty' -(x- oy) (хоу) 

e X -xyty = (xr wy) (xt oy) 

ө X^ y tZ —Xy-y Z-zx = (x+y о +7 o?) (x+y ozo) 

e X *-y *z xy z = (xtytz) (х+у @+z о?) (x*y 42 о) 
Note .. e Ifatbtc =0=a*tb*t+c’, thena: b:c=1:@: o? 


real part 
e Any complex number for which 








inim Dan =1: J3 or J3 : 1, can be expressed 


in terms of o, o? &i 
9 Square root of a complex number 
Let z=atib 
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Ja +ib - i ОЕ) 
і.е. Ja +ib = + Ша над (Va? t а) 


To find the square root of a—ib, replace 1 by —1 in the above result. 
10 Logarithm of a complex number 


Let z=atib=r е? 


Я =т= Ja? +b? 
log z = log |z| + 1arg z 
11 Expansions 
(i) cosng@="C, cos"9—"C,cos"’ 0 sin? 0 "C cos" * 0 sint @ +............ 


(ii) sinng = "C,cos"' Qsin @—"C,cos" зїп? Ө "C.cos"^sin? Q ........ (using De-Moivres theo- 
rem) 
1 
(Ш) сов"0 = PIE {°С cosn Ө +C cos(n-2) Ө C, cos(n-4) +.................... } 
__ 11/2 
(v) sing- ETE (совп Ө С cos(n-2) Ө PC, cos(n-4) Q +........... } 


L 





51" 0 = С Н {sinn Ө "C sin(n-2) Ө PC, sin(n-4) 0 +........... } 
27 


Solved Examples 


а + bo + co? a+bot+co’ 


1 If о is acomplex cube root of unity, then the value of > 1$ equal to 


-ao-bo^ Б+со+ао 
(a -іІ (b 2 (c) 20 (d) None ofthese 
Solution : 


1 (а+ Бо? +c?) И кз (ac^ + bo? + со“) 
©  ao-ao^-cc о? b + co + ao^ 
1 1 
= + 2 —oto--1 
© о 
Ans (a) 
2 2 2 
1 21 7. ! |! 
2 Ifx*+x+] = 0, then the value of | X+— | +|Х + | +.............. TX o t— | Is 
X X X 
(a 27 (b 72 (c) 54 (d) None ofthese 
Solution: 
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Roots оЁх2+х+1 = 0 are mand о? 


Put x= œ 
=>) 4 
-|@+—| + 
u 5 


@ +— 


=) +( 





Зо 


(d) 


(d) None of these 


(d) 


= (1Y + -1y + (2)? + ................. +(2)? 
= 18х1 + 9x4 = 54 
Ans (с) 
If a, В, are roots of x°—3x*+3x+7 = 0 and о isa complex cube roots of unity, then 
a-i В -1 ‘i | 
--- 8-1 Е 
B-1 y-1 a] 1s equal to 
(а) о (b 20 (с) 2o 
Solution: 
(х1) = -8 
x-l=F 
Хх-і--2,-2о,-2 0? 
х= — 1,120,120’ 
Let а =-1 В = 1-2, Y -1-2o* 
>а-1=-2; В-1=-2®, y -1=-20° 
a-l pb. yel -2 -20 -2ш2 
uoa We. Heer es 2 
e o xe a-l -20 -2@° -2 
1 1 
= — + — + (9? - 3 (92 
0 о 
Ans (d) 
If (x-1)* 16 = 0, then the sum of non real complex roots of the equation is 
(a) 2 (b 0 (c) 4 
Solution: 
(х—1)* = 16 
2 
х—1 = (16)4 
x-l= +2, + 21 
х=1+2,1+ 21 
Sum of non-real roots is (17—21) + (1—21) = 2 
Ans (а) 
Ifz is a non-real root of 2/_ 1, then 2% +71 7+ 72% is equal to 
(а) 0 (b -l (c) 3 
Solution : 


я = y=] => 7 =| 
; 786 + 7175 + 7289 — (27) 72 + СА УЛЫ 
-72-1-22--1 
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-72-1-22--1 


Ans (b) 
Exercise 
дк. 2nk 
The value of > о E is 
(a) —1 (b 0 (c) A (d) 1 


2 For positive integers п, n, the value of expression 


1? П, 
(1+1)" + (1+1) (0 P)" +(1+17) is areal number if and only if 


(а)  n,-n,*l (D n,-n-l (c) n,-n, (d) п>0,п,>0 





























The minimum value of |a+b c *c оѓ where a, b & c are all not equal integers and œ (+ 1) is a cube 
root of unity, 15 
1 
(а) 3 (b 5 (c) 1 (d) о 
4 If 1$ a complex root of the equation 
] хх П-х 1 1 
хх 1 1 1-х 1 = 0, then x 2005 + 1 is 
x x 1 1 1 1-х к 
(а) 1 (b -l (с) 1 (d) о 
If z = i log, (2— 4/3 ), then cosz = 
(a) 0 (b) 1 (c) 2 (d) None of these 
1 1 1 
6 If о 1s a complex cube roots of unity and a, b, c are such that t d = 2 (07 
ато b+@ с-о 
de—— F : =2@, th | —— $ — 
md aco! bto? ceo) ^4" FT +1 с+1 o 
(а) 1 (b -l (c) 2 (d -2 
7 If о (+ 1) beacuberoot of unity and (1+ 02)" = (1+ о)", then the least positive integral value of 
mis 
(а) 2 (b 5 (c) 1 (d 3 
X +1у 
8 cot - ile. || 
X —1y 
(a) ЕТТЕ (b 22. у2 (© 2, y? (d) ШЕШ 
sin tsin tsin- = 
7 -1 1 
(а) E (b) 3 (c) 8 (d) None ofthese 
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n-1 
1 














ІІ: ШО Оет а, be then, n^ roots of the unity then the value of ма-ау is equal 
1=0 Wi 
to 
3 b n-1 п--1 4 n+2 
к жа № a в x 5 x 
Answers 
1 .d 2: d 3. C 4. a 5. C 


6. C T. d 8. а 9. а 10. а 
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COMPLEX NUMBERS 


Rotation Theorem (Lecture — 02) 
GEOMETRY OF COMPLEX NUMBERS 


1. Distance between two complex numbers z, & z, is z, —Z j| 

2. | Section formula 
Two points P & Q have affixes z, & z, respectively in the argand plane, then the affix of a point 
В dividing РО 15 the ratio m:n 


| . . mz,+nz 

1. internally is ———— —- 
m+n 

. . mz,-nz, 

п. externally is — — — 


ш.  IfRisthe mid point PQ, then affix of R is US 


3. Special — of a i a 


Perpendicular Circumcentre 2-2 52А +z, sin2B+z, sin2C 
° —— sim A-simDB^sin2C 


bisectors (Equidistant from Y zz, - zi) 


» zz, 22: 


vertices) 
Angle 


| 22. az, + bz, + cz, 
bisectors Incentre (equidistant ZEEMEG TH 
a+b+c 


from the sides) to the sides) a= 2, —Z;|, b= z, – Z}, 
= = 
Medians Centroid ( distance 


from vertex to G 1$ 


2 
3 of total median) 


Z (tanA) +Z (tanB) +7, (tanC) 


Altitudes Orthocentre (can be Z4 = ACIES 


inside, outside or on 


the right angle) 5 2/7, ~z,\z, +Z -z 


» zz, -z) 
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4. 


l 
Area of the triangle with vertices z,, Z, & z, is 4 Iz, (7, — 23 ) 


Equilateral triangle 
In equilateral AABC , where the vertices are given by z,, z,, z, and the circumcentre is z,, 


1. Zi +72 +Z; = 37) 

= 2 2 2 

ii. Z uu dez 42. 4.2.7.2 
1 1 1 

ii cured mia 


2172) 22723 Z4—4 
If z,,Z,,Z,,Z, are vertices of a parallelogram if and only if z +z, = z,*z ,. 
If Z,,Z,,Z,,Z, are vertices of a square in the same order, then 


1. Z,1Z,=Z,1 Z, 
. 7, -2; . . . 
№ Jo 3 is purely imaginary 


Equation ofthe straight line joining z, & z, is 


: 7-7 , 7-7 . 7—7 7—7 

1. агр E = дог 0 i.e. E must be real i.e. ———— = ———- or 
zZz Z | 
7 7  1}=0(non-parametric form) 
Z, 7, 1 


Іі  Z— AZ *(1-A)z,(parametric form) 


ii, X General equation ofa line is az + az + b = 0 where b є В. 


2. | 7,-7. 
Note: Condition for 3 points z_,z,,z, to be collinear is that arg 3 l -Oorr 
£4 — 45 


Two points z, & z, lie on the same side or opposite side ofthe line az +az +b = 0 according as 


az, +az,+b and az, +а2, +b have same sign or opposite sign. 


Slope of the line segment joining z, & Z, is 21-2: Two lines with slopes o, & о, are 
21—22 
a. perpendicular if о, + о,=0 


b. parallelif в, = о, 
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10. 


11. 


12. 


13. 


14. 


Length of the perpendicular from z, to az+az +b = 0is ES 
a 
Equation of the perpendicular bisector of the line segment joining z, & z, is 


нь, а) 


Equation ofa circle 

1. 2 = 20 =гог77— 7,7—7,7 + 7,7 — r" = О where z, the centre & ris the radius 

.. 2 2 2 . . А е о» А 

П. | Z= 2 + | T= 2, = | Z — 2, (circle described оп the line joining z, & z, as diameter) 


ii. General equation ofa circle is zz + az + az + b = 0 where b ЕК. Centre is —a and radius 


is Маа 
(z, - zz, -24) 


ж Four points Z,,Z,,Z,,Z, are concyclic if and only if (z, —z,\z, —z,) is purely real. 
1 4 2 3 
Loci in complex plane 
1. 2—7|= г 
circle with centre z, & radius г. 


e 2 — Zol <r: interior of this circle 
e 2 — Zol > г: exterior of this circle 


„ |212, 
perpendicular bisector of the segment joining z, & 2, 
is an ellipse if К > 7, - 2, 


йі. |2-2|%р-24- 
is a straight line if k = |z, —z,, 


| isa hyperbola if k < РА -2, 
IV. Iz—z,|—|z-z,|=k | 
is а straight line if k = z, — 2, 





2 TP 
V. umen | =a,afixed angle is a circle. 


2—7. 
Complex number as а rotation arrow in the argand plane. 

Let z ^ re" 

=> OP-r&ZXOP-0 

ze"is a complex number whose modulus is r and 


argument ZXOP = Ө + о. To obtain ze" , rotate OP through an 
angle ain anticlockwise direction. 
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Note: Let z, & z, be two complex represented by P & Q such 


that ZPOQ=a.ze"is a vector of magnitude 


OP = [z, [along OQ . ^. e'* is a unit vector along ОО. 


2, 


А vector of magnitude Iz. | = OQunits is given by | 2, | " ei 
£i 





ie 427 Zi 


Note: general formula for rotation 
If AB is rotated to AC but AB z AC, then 





2-4 7-4 


= е? 
Г, Г, 
1 Multiplication ofz with 1 rotates the vector 7 through a right angle in anticlockwise direction 
еі =1е"”2) 5 
1 Multiplication ofz by — 1 rotates the vector z through Q(z, 


an angle of 180° in anticlockwise direction. 
1 Let AB & CD intersect at z,. Let P(z,) & О (z,) be 
two points on AB & CD. Then the angle 01$ given by 





A Zo P(z,) B 


Z,—Z 
Ө = аге Е = arg (Z,- Z,) — arg (7—7) / 
Zi 20 
Solved Examples 
1.  Ifz,z,z,arethe vertices of an equilateral triangle having its circumcentre at the origin such that 
z = l+, find z, and z.. 





B(z,) C(z;) 
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Solution: Clearly, OB and OC are obtained by rotating QA through 27/3 and 4z / 3 respectively. 
ОВ = ОА e"? and, OC = OA е"? 


127/3 147/3 


= 6 and, z, =z, 6 
=> 2,=(1+1) (cos 27/3 +іѕіп 21/3) and, 7, = (1+1)(соз 4л /3+15їп 42/3) 


= 2, = (VH) (-1/2+1\/3 /2)andz, = (rei 1/2-i/3/2] 


> z= (SH аш and ас d 


} 








2 2 2 


Example: 2 Let z, and z, are roots of the equation z*+pztq = 0, where the coefficients p and q may 
be complex numbers. Let A and B represent z, and z, in the complex plane. If ZAOB = a + 0 and 
OA = OB, where О is origin, prove that p? = 4qcos’a/0. 
Solution: Since z! and z% are roots ofthe equation z*+pz+q = 0 
z tz = -р and 77, =4 


Since ОА = OB. So, OB is obtained by rotating OA in 





anticlockwise sense through angle a. 
OB- OA е! 
> 26 


7, . 
= — = cosa + Sin Q 
Z 
1 


27» 52. 
=~ —~_4+1l=1+4+cosa+isina 
Z 
1 
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Z, +Z OL Q0 .. а @ чыз 
= £21. — 1cos | соз isin t] = coste" 
z, 2t a 2 2 
7. +7 @ мә 
+ 0——— -2cos-e" 
7, 2 


2 
2,--2 о. 
ES NS f = 4 cos? — e" 
Ži 2 


2 
Е Zi 2XZ 


=> (2,+2) = 47,7,с05? > 
> (-р) = 4qcos?7 


> p= Aqcos*— 


Example: 3 If the points A,B,C represent the complex numbers 2,2,2, respectively and the angles 
Tl — O | о 
ofthe AABC at В and C are both 75). Prove that (z, – 2)? = A(z,-z, (Z,—z.)sin* 5) 
Solution: We have, 


Раа аиа 











МЕ А 
2 2 


Since АС is obtained by rotating AB through angle a. 


A(z,) 





B (22) C(z 4) 
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АС=АВ е" 
= 10. 
=» (4-4 = 
Z, — Z] e е 
> ——=cosatisina 
25794 
Z,—Z қ 
— 0——— -1= 1+ соѕо +іѕіп а 
2) — 21 
Z, —Z оа nmo. A а 
-ә l — + 2isin—cos— 
7 =. 2 2 2 





Z4 — Z, b . О, о Е . Q 
= = 2isin—| cos— + 1sin— 
2 2 2 


Z,—Z, 

7 | 4/2 
+ ——  -2ijsin-.e" 

Z,— 21 








2 
Zo . 2 0| Z,—-Z 
3 А -sin Sf 3 - 
V А CAU 


— (z, - 2,) = A(z, ~2,\z, -z;Jsin*7 


Example: 4 Show that the area of the triangle on the Argand plane formed by the complex 


1,2 
numbers z, 17 and z + iz 1s 5 2 


Solution: We have, iz = ze" 


This implies that iz 1s the vector obtained by rotating vector 
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/ 


z in anticlockwise direction through 90°. Therefore, OA L AB. So, 


Area of ЛОАВ = SOA x OB 


ш 
2 
Example: 5 Let z,,z,,z, be the affixes of the vertices A,B and C respectively of a ДАВС . Prove 


- =. 


that the triangle is equilateral if z? + 25 +7; =z,Z, +Z,Z,+2Z,Z,. 
Solution: First, let z,,z,,z, be the affixes of the vertices A,B,C of an equilateral triangle ABC. 
Then, we have to prove that z; + 25 +25 =Z,Z, + 2,2, + 2421. 


Since AABC is an equilateral triangle. 
Therefore, 


AB = BC- AC and ZA = /В= ZC= 7/3. 


Clearly, AC can be obtained by rotating AB in anticlockwise sense through 60°. 


Жы Nee! < en (1) 
E = Ж 
Also BC can be obtained by rotating BA by; anticlockwise 


Жалы лл as (2) 
From (1) and (2) 


E 2) 4% ж 
2) — 21 Z,— 23 


і 2 2 2 
Solving we get z; + 75 +Z% -7,2, + 7,7, +2321. 
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EXERCISE 
. . . . 2 n 51 . 
1.  Thecomplex number z = x+ ty which satisfy the equation 745) =1 lie on 
a. the x-axis b. the straight line y=5 
c.  acircle passing through the origin d. none ofthese 


2. Let z & w be two complex numbers such that |z| < 1, 





w| < Тапа [2+ iw| = lz-iw|-2thenz = 
a. lori b. ior- С 1 or-1 d. 10г-] 

3. Letz, & z, бе the nth roots of unity which subtend a right angle at the origin, then п must be of 
the form (wherek ez ) 





a. 4К+1 b.  4k42 c. 4k+3 d. 4k 
4. Тһе complex number z,,z, & z, satisfying EE = E are the vertices of a triangle 
25 — 23 
which 15 
a. оғҒагеа zero b.  rightangled isosceles 
c. equilateral d. — obtuse-angled isosceles 


5. For all complex numbers z ,z, satisfying z = 12 and z, —3- 41 =5, the minimum value of 








z, — z, lis 
a. 0 b. 2 с. 7 d. 17 
6. Тһе shaded region where P = (-1,0), О-(-1- J2 , ND, ), В = (-1--./2 E ), S = (1,0) 1$ 
represented by 
Y 
о, Р 
«ili 2 | 
ШЕ 
(PQ=PS=PR) 
а. 2+1 PA arg(z +1) е b. 2+1 < 2: arg(z +1) <= 
с. 2+1 > 2, arg(z +1) > d. 2—1 < 2, arg(z +1) re 








7. Aman walks a distance of 3 units from the origin towards the North-East (N45? E) direction. 
Form there, he walks a distance of 4 units towards the North-West (N45? W) direction to 
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9 


10. 


11. 


12.* 


13. 


reach a point P. Then the position of P 1s the Argand plane is 


a. Зет 4 4i b.  (3-4ije"^ с. (4«3ije"" d.  (344ije"^ 
A particle P starts from the point z,— 14-21. It moves first horizontally away from origin by 5 
units and then vertically away from origin by 3 units to reach a point z,. Form z, the particle 


^ ^ » T . 
moves ,/2 units in the direction of the vector; + jand then it moves through an angle jin 


anticlockwise direction on a circle with centre at origin to reach a point z,. The point z, is given 
by 


a. бт b. -7-бі c. 7+6 d. -6+71 
Match the following 
ColumnI Column II 
a.  Theset of points z satisfying p. — апеШрзе with eccentricity 4/5 
2 E ilz = 2 + 12] is contained in 
or equal to а.  thesetofpointsz satisfying Im(z) = 0 
b.  Thesetofpoints z satisfying г the set of points z satisfying [Im(z) <1 
% + 4 + z — 4| = 01$ contained in 
or equal to 
c. If |w] = 2, then the set of points s. the set of points satisfying Re(z) < 2 
1. — | ӨР 
7 = уу — — 1$ contained in or equal to {. the set of points 7 satisfying 2 <3 
W 


d.  If|w|- 1, then the set of points 


l. T 
z = W + — 1$ contained in or equal to 
W 


If a,b,c and u,v,w are complex numbers representing the vertices of two triangles such that 
c-(l-r)a-*rb, w-(1-r)u-rv, where r is a complex number, then the two triangles 

a. have the same area b.  aresimilar 

c. are congruent d. none ofthese 


The locus of the centre of a circle which touches the circles |z — z,|= a and |z—z,|=b externally 
Is 

a.  anellipse b.  ahyperbola c. circle d. none ofthese 
Ifone ofthe vertices of the square circumscribing the circle | Z— 1 = 4121524 14/3 , then which of 


the following can be a vertex of it? 
аа  1—43i Б. -4. с. 143i d. none ofthese 


Read the passage and answer the following questions: 


A(z, ), B(z,), C(z,) are the vertices a triangle inscribed in the circle 2 - 2. Internal angle bisector 


of the angle A meets the circum circle again at D(z,). 
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1. Complex number representing point D 1$ 
2122 2223 2122 
Z, = Z, = Fp к= 
a. 4 7, b. 4 Z, с. 4 7, d. none ofthese 
п. argument (z,/ (7—7.) 1s 
ш =" п, EE 
a. 1 3 с. 5 3 
ш. For fixed positions of B(z,) and C(z,) all the bisectors(internal) of ZA will pass through a 
fixed point which is 
a. Н.М. ofz, and z, b. A.M. ofz, and z, 
c. GM. ofz, and z, d. none ofthese 


Note:* Questions with more than one option is correct. 


ANSWERS 
l.a 2:36 3. d 4. c 5.6 б.а 7.d 
9а 9. а> q,r; b>p; c > p,s,t; d q,s,r,t 10. b 11. b 


12. a,b,c 13. (i) d (ii) c (iii) c 
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THREE DIMENSIONAL GEOMETRY 


Position Vector 
The position vector of the point P(x, y, z) from O(0,0,0) is written as r — xi +у J+z k and 
OP = |r| = |х? +у? +2? 

Direction cosine and direction ratios of a line 
Direction cosine of a line has same meaning as d. с s of a vector. If /, m, паге the d.C’ s 
of ralong OX, OY & OZ then x = үг, у= тгапіх = nr and ?*n?4m-1 


Any three numbers a, b, c proportional to d. с' s are direction ratios 


l m n 1 
1.е. a Ыы с^ ЕТЕНЕ ‚ same sign (either +ve ог-хе) should be taken throughout. 


Direction ratios of a line joining (x,,y,,Z,) & (X,,y,,Z,) are proportional to x.-x „у,-у,,2,-2,. If 
a ,b,,c, & a,, b,, c, be the d. c's of two lines, then the acute angle Ө between them is given 
| аа, +b,b, “сс, | 


by cosQ = 2 2 2 2 2 2 
17559 a, +b, +c, Ja, +b, +c, 


Straight line т space 
Equation of straight line is space is given by 


Vector Equation Cartesian equation 
Point on the line a 


1.е. (Xpy 2) & 


| vector b i.e.d. r' s of 


|" line a,b,c 


Two points & & b 


1.е.(х у, 2) & 
(х, Y» 2.) 
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PLANE 
Equation of plane is given by 


Vector equation Cartesian equation 


Point on the plane à | a(x—x,)+b(y—y,)+c(z-z,) = 0 
1.е. (XY Z) 
Normal ñ =aitbj+ck 
d, L r distance from (0,0,0) /( xmytnz = d 
A= it+mj+nk 
unit normal to the plane 


Three points 4, b, 6 


(Xy 52) (XYZ) & 
(х.,у,,2.) 


(parametric form) 
).. и are scalars 


(non parametric farm) 





Equation of the plane passing through the line of intersection of a x+b у+с 2+4, = 0 and 
a, X b,ytc,ztd, = 01s (a x+b утс z+d,)+ à (a,x*b,yte,ztd,) = 0 
Plane parallel to ax+by+cz+d = 0 is ax+by+cz+⁄ = 0 
Angle of intersection 
Angle between 





| | І 
(1) two lines " = b, = & = b; = 18 


aja, t bib» + се; 


iven by cos Ө = 
5 y Ө Jay ba^ po Naa sby Cs 


(п) two planes a x+b y+c 2+4, = 0 & a,xtb,ytc,ztd, = 0 


aja, t bib» +с1с> 


iven by cos Ө = 
5 y Ө Jay t bi? T das Е. t c5* 


1 1 
(ш) line = = & plane a,xtb,ytc,ztd, = 0 is 
1 
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aja, t bib» +с1с> 


iven by sin Ө = 
5 BHO Jaq +6. ^ ro а> +b" o 


Distance of a point (x,, y,, Z,) from 


ах | + by, + CZ] +d 
ax+by+cz+d = 0 is 











a^ + «c? 
X—X — 2-7 
Distance of a point P(x,,y,,z,) from шаса L is given b 
2 У, 2 а b C 5 y 
[PA xb | № 
= EC where A is (X,,y,,Z,) & b —ai +6 ] ск 
e Distance between parallel planes 
| dj - d» | 
axtbyteztd, = 0 & axtbytcztd, = 0 is given by I ne ae? 


e Shortest distance between two skew lines T= 4%) bj, T = 854p b», is given by 
(а, HN a, ).b, А b, 


S.D = г 
|b, xb, | 








e Distance between two parallel lines г = 814) b&r-85- " b is given by 








ВЕКИ 
|b| 
Х-ХІ у-у 277. . 
e Image (a, D, Y) of (x,, y,, Z,) in a straight line олу т Is given 


by, 
а, = 2(aA tx) —х„ В =2(bA ty )-y, ; Y =2 (сл *z.) —2, where 
_ A(X - xi) t b(y5 – yi) + (2) – 21) 
a^ 4 b^ +c? 
e Image of (x. y,z,) in the plane axt+bytcztd = 0 is (x,y,z) where 
келі у-у Z-Z% _ – Дах, + by, + cz, +4 
a bc. a^ +b +c? 
Bisecting planes 


Equation of the planes bisecting the angle between the planes а, x+b утс ztd, = 0 and 


ах + у-с17 + d, a,x+b,y+c,z+d5 


a xtb,y+c\z+d, = 01s = + 
2195704 0) ау +6. ^ rej? - d^ +b" Lies 
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Bisector of acute and obtuse angles between two planes 


Let the planes be a xb, y+c z+d, = 0 & a,xtb,ytc,zt+d, = 0 where d,,d,>0. 
o 


аа +b b,+c c,>0 
Origin lies in the obtuse angle 
Equation of bisector of acute angle is 


ajx +b;y+cız+d; a x+b,y+cz+d, 


Г 2 2 222 | 
а] +b, + Cy йз 3b to 


(i.e. LHS =-ВН$) 


Line of Greatest slope 


a a, tb b,tc,c,«0 
Origin lies in the acute angle 


Equation of bisector of acute angle 15 


aix + у-+с17 + d, арх t 6,у+с52 +4, 


ИЕ = == ——Є—Є——ЄЄ———Є—__ 
маг tbr te Vds" +67 bg 


(i.e. LHS =+RHS) 


Plane л, 


AB 1s the line of intersection of plane п, & п, Line of greatest 
slope on a given plane, drawn through P and perpendicular to the 
line of intersection of the given plane with any horizontal plane. 


System of planes (Relationship between planes) 
In 3D, 3planes are given by 
п, =a,xtb y+c ztd, = 0 
п, =a,xtb,ytc,ztd, = 0 


п, =a,xtb,ytc,ztd, = 0 


А. 
(ov 


B 


Letr & s betherank of coefficient matrix and augmented matrix 


Case I 


























Planes intersect at a point ifr = 3 & s = 3 
Case II 





Each plane cut the other two in a line ifr = 2 
& s = 3. Planes form a prismatic surface 
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2 parallel planes and the other cuts each 
ina line. 

Two rows of the coefficient matrix 

are proportional 
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Case Ш 
\/ 
3planes interesting in a line ifr=2 & s=2 2coincident planes & the other 
intersecting them ina line ifr=2 &s=2 
2 rows of the augmented matrix are 
| а b c d 
proportional аж - b* = c = q* 
Case IV 
Three parallel planes ifr = 1 s = 2 Two coincident planes & the other 
parallel ifr = 1, s = 2 Two rows of 
the argument matrix are proportional 
a b c d 
a* b* c* аж 
Case V 














3 coincident planesr=1&s=1 


SOLVED EXAMPLES 
1 Find the image of (1,3,4) in the plane x+2y—z+3 = 0 1s 
(a) (1,1,-6) (b) (-1,-1,6) (c) (—1,1-6) (d) None of these 


Solution 
Image of (x,,y,,Z,) in ax+by+cz+d = 0 is given by 


х-х у-ур 2-2) -2|ах «Бу, +c, +) 
аа ec a^ +b +c? 
хә Ус). 2-4 209 
Г 2 о 1+4+1 
ее 
г pg ee уте де 
. image is (—1,—1,6) 
Ans (b) 


2 Thedistance of P(0,2,3) to the line F=(3 3+ J-1£)* (21+) 42K) 
A(3,1,-1), P(0,2,3) 
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b=) a 525 
PAxb=|> -l -4 0: 141456 
2 1 2 


|IPAxb| 444196425 15 


= = = = — = Ĵ unit 
М /ÁJA«144 03 755 
Ans (а) 
ABCD 1s a square of unit side. It is folded along the diagonal AC so that the plane ABC 1s per- 
pendicular to the plane ACD. The shortest distance between the lines AB & CD is 


3 3 2 2 
(а) 4 (b) 5 () 3 (4) үз 
Solution 
Let A(1,0,0) B(1,1,0), C(0,1,0), D(0,0,0) 


Equation of CD 1s 


11 1] 
New position of B 1$ 55-55) 


Equation of AB 15 


ЕЕ ie. ie. Е 
r=itp Ew ME ao -4 =i 





(ay — 22). X b; 


S.D. blw AB & CD is = > 
| |b; xb; | 
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For what value of л, do the planes x—-y+z+1 =0, 4, х+3у+27-—3 = 0, 3x+ à у+7—2 = 0 form a 
triangular prism ? 


16 
(а) 4 (b) -3 (c) 2 (d) 4 
Solution 
12-11 ізін 
і 3 2 1 3 2 23 
A] = = (41-4) 443) [АВ=|^ ? ^ 7? foc. (1) 
3 X 1 A 1-2 
-] 1 +l 
2 
А = (5 A s (2) 
A 1 - 
тп 
о 
A = = 34-16. es (3) 
8 i= 
12-1 od 
2 — 
a.= | 3 = (443) (3-2) (4) 
3 1 -2 


Given planes form a prism ifr=2 &s=3 

i.e. |А| = 0 & none of A , A,, A, is zero. 

From (1), (2), (3) & (4) we find if à = 4, [A] = 0 & none of A , A,, A, zero. 

г. For à = the given planes form a triangular prism. 

Ans (a) 

The plane / x+my = 0 is rotated about its line of intersection with the XOY plane through 
an angle о, then the equation of the plane is ¢x+my-+nz = 0 where n is 


(a)  £4(? +m’) cosa (b + /(¢? -m?) sina 
(c) + (£5 + m?) tana (d) -* (£^ m^?) seca 


Solution 
Given planes are / x--my = Q ......... (1) & >= 0............ (2) 
г. Equation of the plane passing through the line of intersection of planes (1) & (2) is 
элн а 0) (3) 


D.r's of normal to (3) аге /, m, ), 


D.r's of normal to (1) are /, m, 0 
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t4+mm-+ 0 


l +m?’ 


E М + т? +2/@ 4m = (2 4m? +R 


, Ctm X | 22 
ӘСЕ” 5 = СІР 5 
(^ +m? (74m? 
2 


ато = = + JU? +m?) tana 


п=),= + Jie +m?) tana 


Ans (c) 


State the relationship between the planes 


а 
1 


| = 2x-3yt4z—1 = 0 
п, = Х-у—7+1 = 0 
п, = —Х+2у—>+2 = 0 


Solution 
Given planes are 2x—3y+4z = 1 
х-у-2--і1 
—xt2y-z --2 
Coefficient matrix 
2 -3 4 2 
des ] -1 —1 TE 1 
-] 2 —1 -1 
2 
Augmented matrix [A : В| = l 
-1 
-3 4 1 
Неге А = -l -l c + 0 
2 -] -2 
2 -3 1 
А = 1—1 —1 „0 
-] 2 -2 


PE > 
г. planes intersect at a paint 


-3 4 

od + 0. r=3 
=| 

—3 4 1 

>] =] =] 

2 =| =2 
2 4 1 

«ч 
=] 1 —2 
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6* 


Exercise 
If z-axis be vertical, then the equation of the line of greatest slope through the point (2,—1,0) 
on the plane 2x+3y—4z = 1 1s 











х-2 ytl 2 b х-2 ytl z 
(а) су - 4-09 (0) —73 - 4 7% 
72-6 у-1 7 x-2 у+1 7 
с 76 4 1p а) в 1 713 


Through a point P(f, ©, В) a plane is drawn at right angles to OP, to meet the axes in A, B,C. 
If O 1s (0,0,0) the centroid of ^ ABC is 


Е g 3 гг 
(а) Зг 3r 3r (b) af? 3g? "эз? 

P rr ros E 
(c) 3f 3g 3h © 3r? 3г2 3г2 


x—7 
If a line with d.r's 2:2: 1 intersects the line = —— = —— and 








2+1 
74 atA&B, then AB = 


(a) 2 (b 2 (c) үз (d) 3 
A mirror and a source of light are situated at the origin and a point on OX respectively. A 


ray of light from the source strikes the mirror and is reflected. If the d. r' s of the normal to 
the plane of mirror are 1,—1,1 then the dc's for the reflectd гау are 


Е E Ес а бео ТОЕ mA d 
а) 3533 „А кє O 735353 O 537553 
Let A (à) and B(b) be points on two skew lines T = а+),Р and f= H+ НЯ and the 


shortest distance between the skew lines is 1, whereP and d are unit vectors forming 


1 
adjacent sides of a parallelogram enclosing an area of 5 sq.units. If an angle between AB 


and the line of shortest distance 1s 60°, then AB = 

(a) 1/2 (b 2 (c) 1 (d) None of these 
A(—1,2,—3), В(5,0,-6) and c(0,4,—1) are the vertices of the A ABC then 

(a) Тһеа.г ѕ of the internal bisector of BAC are (25,8,5) 

(b) The d.r’s of the internal bisector of / ABC are 6 4/66 —35, —2 4/66 +28, 35-3 ./66 
(c) Thed.r's of the internal bisector of / BCA аге 4/66 —15, 2 4/66 +12, 24/66 +15 


(d) Thed.r’s ofthe internal bisector of BCA are 24, 6, 3 
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7* 


10 


Consider the line x = y =z and the line 2x+y+z —1 = 0 = Зх+у+27—2 then 


(a) 


(b) 
(с) 


(d) 


1 


The shortest distance between the two lines 1s /2 


The shortest distance between the two lines 15 42 
plane containing 2" line parallel to 1% line is y-z*1 = 0 


‚ NÀ 
The shortest between the two lines is —— 


Read the passage and answer the questions that follow. 
Given that à =6i+7J+7k, b = 31+2 ]-7К. P(1,2,3) 


(1) 

(a) 
(it) 
(a) 
(Ш) 


(а) 


The position vector of L, the foot of the Lr from P on the line r ^a +), b is 

ЕТУ (Ы) 3i2j2É (с 3is5j49k — (d) 91+9)+5Ё 
The image ofthe point P in the line г=а +), b is 
(11, 12, 11) (b  (5,2,-7) (c) (5,8,15) (d) (17,16,16,7) 
IfA is the point with position vector à then area ofthe triangle A PLA in sq.units is equal to 


1 7 
6 "от à 7 


The position vector ofthe point on the line r — i*A (i +] +К ) whose distance from т -( 1+] ). 


^55 5 d 2. 
(i-J-k)-lis jy umitsis 


@ -i-j-2k (b j (© 21+)+Ё (d 3is2j-42K 
Match the following 
ColumnI Column II 
(a Тһе distance between the line T -(21-2 j +3k) 
E "EM 25 
t1(-]- г =(it5jJ+k)= === 
%(1=Ј+4к)апарІіапет =(і +5] +к) = 5 (р) 3-14 
(b) Distance between parallel planes f .(2 i — ] +3 k) =4 
— 13 
and r.(6i1—-3J+9k)+13 =0 is () = 
(c) The distance ofa point (2,5,—3) from the plane 
АО A 10 
NET i 
r.(6i1—3J+2k)=4 is (r) 3,3 
(d) The distance of the point (1,0,—3) form the plane х-у-2-9- 0 
| x- у+2 7-6. 
measured parallel to the line у Лу 7765 ($) 7 


Note :* Questions with more than one option is correct 


о Q 


Answers 


2С 3.4 4. 4 5.b 6.a,b,c 7.ac 8. (1) с(п)е(ш)Ы 
10.4r;bp;cq;dos 
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VECTORS 
Vector Triple Product(Lecture-01) 


Vector Triple Product 


Let а, b, € be any three vectors, then the expression à x(bx€) is a vector and is called a 
vector triple product. 


Geometrically : à x( bx C) is a vector that lies in the plane of p and с and perpendicular to 


а. 
e | üx(bxé)-(à.C)b —(4.b) 
e | (üxb)xé = (à.C)b —(Ъ.5) 


ө It is clear that а x(b x¢) „(ахь)хб 


| 
| 
Ci 


oi > 
сі 
Сә 


e (üxb)xé = áx(bxC)ifandonly if bx(¢xa)= 0 
А (ахЬ)ха = dx(bxà) — ахЬха 
o іхіхііхіхініхіхі)-0 


ө 1х(ах!)+]х(ах])+кх(ахк)=2а where а is any vector. 
Scalar Product of four vectors 


Ci 


Ou BI 
Ci 
Oc" £l 


(axb).(€xd)= 


Cu бы 








Vector product of four Vectors 
|. . .  l&bdf-[àabeld 
C Е 


© [axb bxé éxá]-[áb6] 


Сс! 


о ©! 
er 


ч = 


С 
e | (üxb)x(éxd)- 0 if à, b, €, d are coplanar. 
Reciprocal system of Vectors 


= 


Oi 

o 
| 
Ql 
Ql 


Ifa, b, € and а’, b', € are two sets of non coplanar vectors such that а. а’ = 
= 1, then the two systems are called reciprocal system of vectors. 











Note : 
зі bxc _, сха >- axb 
а ———,b-2———,c--——— 
[a b c] [a b c] [abc] 
Properties 
| = EE. E b E. - à xb’ 
а = қ = L!-n 5 с = атг dm 


. . > L! I — ame => 
1.е. reciprocal vectors of à , b ‚ С area, b,c 
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= 


G) [à b c][4 b ©']=1 
(iii) ны а.с =b.a = 6,6 = са = с.р =0 
(iv) аха +ъхБ'+схс' = 0 


(v) Orthonormal Vectors i, j, k are self reciprocal vectors. 
Solved Examples 


The value of à x(bx€)+bx(€xa)+€ x(a xb) is 


(а) a+b+é (b 3(b.c)à 
(c) 0 (d) 2 64 b C+ 
Solution 


— 
— — 


„оа C)b— (a.b)c 
bx(éxà)-(b.à)c-(b.c)à 
сх(ахЬ) = (с. b)a— (C.a)b 
Adding all three equations, we get 
a x(bxC)+bx(Cxa)Cx(axb)= 0 
Ans (c) 


| 


| 


i x(A x] +] х(ах])+Кх(ахК) is equal to 
(a) 3a (b 2а (c) 0 (d) 
Solution 
ix(axi)=(i.1)4-(i.4)i 
јх(ахј)=(].3)9-().4)) 
кх(ахк) = (к.к)а-(к.а)к 
On Adding, we get 


ix(áxiy-]x(áx])-kx(áxk)738 — (1.4)1 4().4)J-(K. dk] 


-3а-а 
=24 
Ans (b) 
[axb bxé ¢xa]= 
(a) 3Га b č] (b 2[à b č] (c) [a b 6] (d) 
Solution 
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-[á b ép 
Ans (d) 
4 If a=3i-j+k, b- 1-3]-K and 6 = 1+) +3 К then which of the following in true. 
(а) (&xb).6 =30 (b) (&.b)x«é = i-j-3É 
(с) &x(bxé)-2i22]-4f (d (bxé)x«à =—2]-2)+4Ё 
Solution 
ij k 
ах = -1 1 =-21+4]+10Ё 
13 -1 


(ахЬ).6 = 244430 = 36 
(а) 15 wrong. 
(b) is meaningless. 


со 
x 
E 
x 
x 
O} 
— 
| 
= 
Ф | 
О | 
— 
x 
2 
Ф | 
x! 
— 
O} 


--2i-2j«4k 

(c) 15 wrong 
(Бхбуха--(ах(Бхб)) 

--(-8-6)-5-6--21-21-4і 


Ans (d) 
a > z м o > > l- 
5 If a, b, с be three non parallel unit vectors such that a x(b xc) = 21 b, then angle 
between à and C is 
ы: b) 0 = d 4 
а) 5 (b) © = @ 5 
Solution 
2—2 > му ургу l> 
ax(bxc)-(a.c)b-(a.b)c = 2 0-06 
L l NE 
— а.с = > and a.b =0 
ШЕ. 
| |8 cose => 
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(where 0 is the angle between а and С) 


cos Ө 75 


NS 
E 
Ans (d) 
а x(a x(& x b)) is equal to 


(а) (8.3)(bxà) (b) (а.6) (Бха) (c) (b.b)(bxà) (а) None of these 
Solution 


Ans (a) 


Let 42=2i+j—2k and b = î +J. If € isa vector such that а.с = lc 





‚|с-а|=2./2 and the 
angle between а x b and € is 30° the |(a x b)x ¢| = 
2 3 


(а) 5 (0) 5 (с) 2 (d) 3 


Solution 
|а |= 242 
Squaring both side 
|cp-ap-2c.a-8 
|cp-9- 2|с| = 8 
пер-2|с|-1-0 
(1<|- 1? - 0 
|[e[- 1 
ij k 
axb=|2 1 -2 =21+2)+ 
1 0 


| 


(à xb)x6|- |ахЬ| | | sin 30° 
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4* 


м | Ge 


Ans (b) 
Exercise 


If u. V, W are three non coplanar unit vectors and а, В, y are the angles between Ч and У; 


and Vand W; W and U respectively and X, у, 2 are unit vectors along the bisectors of the 


a 
angles a, В, y respectively. ІЕ|Хху ух2 zxx]-k[u V WP sec? 5 sec? £ sec? ; then 
к = 
1 
(а) 2 (b) 16 (с) 16 (d) None of these 


A mirror and a source of light are situated at the origin O and a point on OX respectively. A ray 
of light from the source strikes the mirror and is reflected. If d. r' s ofthe normal to the plane of 
mirror are 1, —1, 1, then the а.с s of the reflected ray are 

1 1-2 -2 -] -2 -2 -] -2 2 
e 3 eU qao. 55559 9 Xx 


? 


чә | N 
чә | N 


Let à, b, с be the position vectors of the points A, B, C respectively. Let a, В and y the 


inclinations between b, €; à, b and а, €. Then the volume V of the tetrahedron OABC is 
given by 





1 cosp cosy 1 совВ cosy 
(а) У:- a^b^c^ cosp 1 COS 0 (b V= a^b^c^ cosp 1 COS a 
36 cosy cosa 1 6 cosy cosa 1 
О сов cosy |  smp siny 
(с) \= a^b^e^ cosp 0 cosa (d V= a^b^c^ snp 1 sma 
36 cosy cosa 0 36 siny sina 1 


à and b aretwo given vectors. On these vectors as adjacent sides a parallelogram 15 constructed. 


The vector which is the altitude of the parallelogram and which is perpendicular to à is 


(b) _ _ 1 








(|8Pb-(8.b)a) 





a 1-2 a-b (b = 
(àb) _ 
(c) 5? a— b (d) None of these 
Let à and b be two non-collinear unit vectors. If i = 4—(4.b) and V = ä xb, then |У | is 
(а) |1 (b jJujjü.d| (е) МН (@ jJüprü.(a-b) 
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6  Letä=2î+j+k, b=i+2j+k and 6=21-3]+4К. Ауесіог T satisfying T x b = 6x b and 
г.а =015 
i 


je2k (0 -2i+j343K © БЕ @& і-віззі 


^ 


(a) —21 
7 Let à = 1+] + капа let T be a variable vector such that T.i, T.j and Г.К are positive 


integers. If r.a «12, then the total number of such vectors is 
(a)  "C-l (b “С, (c) "С, (d) None of these 


8 If & and b are unit vectors, then the greatest value of |à +6 |+ |á —b | is 
(a) 2 (b) 4 (c) 242 (d 2 
9*  [fthe magnitude of the moment about the point j +kofa force ita j —k acting through the 


point î +J is J8 , then the value of о. is 

(a) 1 (b 2 (c) 3 (d -2 
10 — Read the paragraph and answer the following questions. 

Let à -2143]-6k, 8,-21-3]46k and а, =-21+3j+6k. 

Let à, be the projection of а and b the projection of à, on €, then 


(1) а) is equal to 


943 . ^4 , 943 ,. ^. , 
(a) ag (21-3 7-6) (b) 492 Qi 31-6k) 
943 . ^4 . ИСИ S 
(с) 79 (721132 ТОК) (d) 492 (2i 3] 6k) 


(ii)  à,.b is equal to 


(a) —41 (b) = (c) 41 (d) 287 
(ш) Which of the following 15 true? 

(а) a & а) are collinear (b) а, and © are collinear 

(c) а, ау, b are coplanar (d) а, а, а, are coplanar 


11 Match the following. 


— > > — 


Let à, b, с, 4 unit vectors such that à.b— Б.С = С.а =соз0, d.à = d.b =4.6 = сова. 
Then 
Column I (0) Column П (о) 
= В 
(а) 5 (р) 4 
n ad. 
(b) 3 (а) cos 3 
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ш 4/2 
(с) 3 (r) cos 3 
ду 22525 T 
(d) cos 1 (s) 5 
= ғы — е 5 = 2” = 1 Pro 1 
12 Га, b, с and d are Фе unit vectors such that (ахь). (сха) = 1and a.c = 3 then 
(a а, Б, © are non coplanar (b) Я, b, d are non coplanar 
(c) b | d are non parallel (d) а, d are parallel and b , Care parallel 
Note: *Questions with more than one option is correct. 
Answers 
l.c 2.d 3.a 4. a,b 5.c 6. d 7. b 8.C 


9. b,d l0.()b(ia(i)c ^ 1l.a3q;bor;cs;dop 12.c 
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VECTORS 
Dot and Cross product(Lecture-02) 


A vector has magnitude and direction and it 1s represented by a directed line segment. Its 


— 


a 
magnitude is denoted by а . Unit vector along я is а = Е 


Note : Zero vector has no definite direction 
Addition of Vectors (Parallelogram Law) 


If à & b are two adjacent sides of a parallelogram, then their sum а +b represents the 
diagonal of the parallelogram through the common points 
Note: Vector addition 1s commutative & associative 
ie. а+Ь = а+Ь and (а+6)+с = 4+(b+C) 
Angular bisectors 


— 


2 а b 
The internal bisector of angle between а & b is along E i P 








Hence the internal bisector is given by 2, (а + b) and the external 


> 


| | а b | | 
bisector ofthe angle is along а] — — Hence external bisector is 
a 








given by А (à — b) . These bisectors are perpendicular to each other. 





Orthonormal Vectors 
Orthonormal Vectors are unit vectors along positive X, Y & Z axes. 
Note : 


Let à = OA & b = OB. & OC =ра-аь then 

(1) C lies inside A OAB if p,q>0 & p*q«l 

(1) C lies outside A OAB but inside / АОВ if p,q>0 & ptq>1 

(ш) С lies outside A ОАВ but inside /ОАВ if p«0, q>0 and р+а<1 

(iv) С lies outside A ОАВ but inside / OBA if p>0, 4<0 and р+а<1 

Note : Let P be the point (x,,y,,z,). If the coordinate system is rotated about 
(1) x axis through an angle Ө, then new coordinates of P are 


(x,y, cos Ө +z sin Ө ,-y,sin 0 +7 соз Ө) 


В 
(1)  y-axis through an angle 0, then new coordinates of О аге 
(=z sin Ө *x,cos Ө ,y,.Z,cosQ +x sing) b 
(ui) z axis through an angle Ө, then the new coordinates of P are 
(x,cos Ө +y sin 0 ,-x,sin Ө ty,cos 0,2.) : \ 
Scalar (dot) Product d 
For two non zero vectors а & b, dot product à .b = ab cos Ө where a= а : b= b : Ө is the 
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angle between а & b . 
Note : 


Ө is acute & à. b»0 


Ө is obtuse <> à. b«0 








Properties 
O аз-Ш 
(И ї7=]).у=р.у=1 
БЫТЕ 
(iv) a.p =a,b,+a,b,t+a,b, where а =a, 1 а ј+а, К and p =b,it+b,J+b,k 


£l 
PN í 
ci 
l+ 

©} = 


(v) ) 
(vi) a.p =Oifand onlyif à | b 


Ab a.b 


(vii) Length of projection of a on b = L| and orthogonal projection of а on b- zin 


b 














a,b, - a,b, +a,b, 


үш) cosQ = = =т= БББ 

) a, +a’ ғаз Jb, +b t b^ 

(ix) (a,b, +a,b,+a,b,)° < " +a, ta, 4b, +b, +b, 
а; 


1289. 


Here equality holds if E T b, = T b, 
1 


о | 51 
sje 


(ied. b)«la| 6) 
(х) т=(т.ї)ї+җ(т.)))+(ТЁ)Ё. 
Note 
e Angle between any two diagonals of a cube is cos (1/3) 


2 
e Angle between diagonal of a cube and a diagonal of a face of the cube is cos“! (2 


Vector (cross) Product 
à xb =absin 9 n where fi isaunit normal vector to the plane determined by a & b such that 


à ,b,fi form а right handed system. 


Properties 
i) axb=—bxa 
@ аха =0 
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(ii) axb=¢ ifand only if à || b 
(№) іхі = јхј= кх = 0 
1х] = К, ]хк=1; хі) 


(v) üxb-[! “2 "sif =a і +а,ј+а, К апа b =b 1+5, ј +, К 


(i) ахь + с) = ахь +ахс 





(vii) (4.5) + (xb) = af 


(уш) Geometrical significance: 











E x b 
e Area of parallelogram = 2.2. 2 
| 14, = ОС & d, = ВА are diagonals 
1 = 
e Area of AOAB = 5 axb 
t (xb) 
(ix) Unit vector perpendicular to а & p is ӯ = ax 
(x) ІҒа,р,с are the position vectors of vertices A, B, C of A АВС. Then 
ахЬ + Бхс + сха 
= 2 (vector area of AABC) 


=() => à, b, are collinear 
is a vector perpendicular to the plane ABC 


(кі) (Axi P+ (4х) + (àx&y -2g[ 
Scalar Triple (Dot, Mixed) Product 
Let the angle between а & b beg; © & ахЬ be p, then 


— 
— 


xb.c-[abel- а Ы С ѕіп Ө соѕф 


£l 


Properties 
© ЈК 
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а а, а, 


b, b, Ы. 5. s S x 5 ^ ^ z 5 Е : 
1 2 3) if gq =a,1a,Jta,k, b =b,itb,jJt+b,k, C =c i+c,J+c,k 
wp c3 55 


(у) [abecl- 


(vi) [abc] ^O if any of two vectors are parallel or equal. 
(ii) (лаһсі- Ala bc] 

(уш) [а+аьс] = [аъ 6] + [465] 

(ix) Geometrical meaning: 


Volume of tetrahedron 


e with 2,р,с as coterminous edges is 6 [abel 


| (Re 
e With A, B, C, D as vertices = 6 [AB AC AD| 


e Centroid of tetrahedron divides the line joining any vertex to the centroid of its opposite 
face in the ratio 3: 1. 


ап ау аҹ 
a., bū bv bw 

x) [labelluvwlno^ | ^ 7 
сал C.V C.W 


(xi) [a+b 6+6 с+а]=2 [855] 

(хі) (а-ы 6-6 6-а1-0 

(хш) If 3, ъ and с are three coterminous edges of a parallelepiped, triangular prism and 
tetrahedron , У, V, & У, be their volumes respectively, then 


М 1 - 
V,-[abcel: V;7 5 [аъ] and У, = g [ä b c] 
] 1 
У: VV = В: =6:3:1 
Solved Examples 


^ 
. 


Let a = i+j+k, b =î-—jJ+k and © = i—J—k be three vectors. A vector v 1s the plane of 


2.2 1 
а & b whose projection on С is JB is given by 
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(a) i-3J43f (b) -31-3j-k © 3i-J+3k (d ізз1-з% 
Solution: 
Let у= ä +A b 


= (1+1 (1-3) 3 (192) K 


1 

projection of y on с = B 
vE 1 
^ |é| УЗ 


= 14+),-14+)-1-,=1 >}, = 2 
e 3 =31-J+3k 
Ans (с) 
2 Values of à such that (x, у, z) = (0,0,0) and 
(1+) аз) xt G1 3] 0 y*CA145J) z=} (x i tyitzk) 
(a) 0 (b) -I (c) 0 (d) None of these 
Solution : 


Comparing coefficents of 1,j & | 


Xt2y-4Az = AX i.e. (1-4) x*3y-Az = 0........................... (1) 
х-3у+52 = Ay LO XOTA) дылы! О нын» (2) 
3х+у= AZ 1.е. Зх+у– AZ = 0..................................... (3) 
1—5, 3 —4 
О оне © еро 4% 
3 1 — 5, 
Expanding, we get ).?+2 +), = 0 
> AAT) = 0 
Rn А, = 0—1 


Ans : (а), (b) 
3 Ifaandb are vectors such that |4--Б|- ,/20 and à х(21 +3 1+4k)=(2143j+4k)xb, then 


possible values of (à +b) . (71 42j43 k)is 
(а) 0 (b) 3 (с) 4 (d) 8 
Solution : 


Let 6 = 21+3 )+4 
Then ах = €xb S (4+6)хс = 0 
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„ а+6 = ле 
= |@+Ь|= [Al [5 
=> 4/29 = |А 429 =) =+1 
a+b = +(21+3]+4К) 
Now (4+b). (7142 ]+3 к) + (-14+6+12) = + 4 
Ans : (c) 


4  Infigue, AB =31-), AC =2i+3j and DE =4i-2) then the area of the shaded region in 
square units 1s 

(a) 15 (b) 6 (с) 7 
Solution: 


We have BC = BA + AC 
= (31+) + (21+3))= —1+4] 


Va, ee. Пе к> 
Vector Area of shaded region = 5 ED * EB "5 EC x ED 





ED x(EB—EC) 


---- 


x CB 


5] 
> 


^ 


= ; (16к-2к) = 7k 


г. Area = 7sq.units 
Ans (c) 


5 If ‘a’ is a real constant and A, B and C are variable angles and ,/g? _ д їапА+а tanB+ 


Ja? +4 tanC = ба, then the least value of tan^A--tan^B--tan?C is 


(a) 6 (b) 10 (c) 12 (d) 3 
Solution : 
The given relation can be written as 


Va? -4i+aj+ya? +4 k) (tanA î +tanB j Мапс ү.) = ба 
=> qla? —4+a? +a? +4 (tan?Attan’B+tan’C) сов Ө = ба 
— X3 a4 tan? А + tan? В+ п’ C = 6asing 


— tan"A-tan?B-tan?C > 125ес? Q > 12 
Ans: с 
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The vertex A of triangle ABC is on the line f = i +) +À К and ће vertices B & С have respective 


3x33 


position vectors i and j . Let A be the area of the triangle and A є E 





, then the range of 
values of à corresponding to А 1s 
(a) [-8, 4] U [4,3] (b) [74.4 | (c) Е (d) |-4,-2| 4 [2.4 | 
Solution: 
] a "T n | . 4. ^ 1 
A = 5 O*Xk)X(i*Xk))7 5 -k*X1*XAJ = 5 422 +1 
LN 2 cl — 4<27<16 
419404 7Ds 4. 54<^ < 
2«|AX|«4 
Ans: (d) 
If à, b and С are unit vectors satisfying |à -b |b- 6p + |C-a P — 9, then |24+5b+5¢|is 
(a 4/54 (b) 3 (c) 12 (d) None of these 
Solution: 


a (24+5b+5¢) = 2а-5а | = за |= 3 
Ans : 3 
Exercise 


Two adjacent sides of a parallelogram ABCD are given by AB =2i +10] +ИК & AD =- 


i42 j +2 К .The side AD is rotated by an acute angle a in the plane of the parallelogram so that 
AD becomes AD'. If AD! makes a right angle with the side AB, then the cosine ofthe angle a 
is given by 

8 47 | 44/5 
(а) 5 9) == (с) 5 (0 -5- 
Let two non collinear unit vectors 4 and f form an acute angle. A point P moves so that at any 
time t the position vector Ор is given by 4 cost+ p sint. When P is farthest from origin О, let M be 


the length of Op and à be unit vector along Op. Then 
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9» 


+ A 
= and М = (1+4 . b)? 


e» 





(a) 


=> 
| 
e» 
+ 
С> 


o> 


= and M = (1а. Б)" 


e» 





(b) 


=> 
| 
o> 


e» 


o> 


F А 
-% гапа М = (1424.6) 


e» 





(c) 


=> 
| 
co» 
o> 


> 


e» 





and M = (1+2 â . b )'? 


(d) 


=> 
o» 


|à-b| 


3 The values of x for which the angle between the vectors 2х?1 +4х] +К апа 71 D) +xk are 


^ n ^ TU 
obtuse and the angle between the z—axis and 7 i —2 J +x k is acute and less then 6 is given by 


1 1 
(а) 0<х<- (b х>-огх<0 
2 2 
1 | 
(с) 2 <х<15 (d) There is no such value for x. 
4 A unit tangent vector at t= 2 on the serves x = +2, у= 4t 5, 2 = 2t—6t is 
1 ^ б: ^ 1 ^ > ^ 1 ^ > ^ 
—=(1+] + — (21-2 ] + = (21+] + 
(а) BC J*k) (b) 3 (21 2jJ+k) (с) Je ©! J*k) (d) None of these 
5 When a right handed rectangular Cartesian system OX YZ is rotated about the z-axis through 


Л 
an angle — in the counter clockwise direction it 1s found that a vector а has the components 


4 
242 . 34/2, and 4. The components of а in the OXYZ coordinate system аге 
(a 5,-1,4 (b) 5,-1,4,2 (c) -1,-5, 442 (d) None of these 


6 Let У be the volume of the parallelopiped formed by the vectors à = a,j +a, j +a. к, 


b =), i +b, J +b, k and с = с, i +с,] +c, k If a, b, c, where r= 1,2,3, are non negative real 


3 
numbers and ? (a, +b, +с,) «3L, then V 


г=] 
(а) <D (b >L (с) «xL (d 2L 
7 Incident тау is along the unit vector y and the reflected ray is along the unit vector «y. The 


normal is along unit vector à outwards Then у —2(а.у)а = 


(a) uù (b) w (c) (d) None ofthese 


ко | => 
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a b с 
If vector а. p, с are coplanar, then n s ie = 
ba bb b.c 

(а) 0 (b 0 (c) а-ь-с (d) None of these 
DN A eee A. are the vertices of a regular plane polygon with n sides and O is its centre, 

п=1. ___, г 
then > (ОА: xOAin) = 

i=l 
(а) (п-1) (ОА, xOAi) (b (l-n) (OA: xOA:) 
(с) (n-D(OA; xOA:) (d) (l-n) (ОА, хОА:) 


O 1s a point inside a tetrahedron ABCD. If AO, BO, CO, DO are produced to cut the opposite 


OP 
faces P, Q, R, S respectively, then Az = 


(а) 4 (b) 3 (c) 2 (d) 1 
Read the paragraph and answer the following question 
A tetrahedron 1$ a triangular pyramid. If position vector of all the vertices of tetrahedron are 


If AB А АС, AD аге adjacent 


жою - = » SQ. a+b+c+4+d 
а, b. с and д, then position vector of centroid is A 


г үз RN 
sides of tetrahedron, then its volume is 6 [AB, AC, ADI 


(1) Ina regular tetrahedron if the distance between centroid and mid-point of any edge of 
tetrahedron 1s equal to 


(a) = (edge of tetrahedron) (b) 5 (edge of tetrahedron) 
1 1 
(с) 248 (edge of tetrahedron) (d) 3,2 (edge of tetrahedron) 
(п) In regular tetrahedron angle between two opposite edges 15 
T T 2T T 
(а) 5 (0) с () = (d 5 


(iii) Ifvectors а, p, с, d are four vectors whose magnitudes are equal to area of the faces 


of a tetrahedron and directions perpendicular and outward directions to the faces 
respectively then the volume o of tetrahedron 1s 


1 1 1 1 
© gg" © зе © ій” © gm 
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12 à & b formthe consecutive sides ofa regular hexagon ABCDEF 


Column I Column II 
(а) If Cp =ха+уб, then (p х--2 
(b) ШсЕ-ха-уБ, then (9) х--2 
(c) ЕАС =xa-+yb, then () y=l 
(d) If ap =ха then (s) y=2 
Answers 
1. b 2.a 3. d 4. b 5.d 6.a 7. b 8. b 
9.bc  10.d 11. (i) b (ii) d (iii) a 12.a—>p,r,8; b—q,sr; сэр; dors 
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VECTORS 


Collinear and Coplanar Vectors(Lecture-03) 


Linear Combination of vectors 


A vector т is said to be a linear combination of vectors à , 5, c ......... etc. If there exist scalars x, 


y, Z etc. such that Т =ха+уБ+>76+............. 
Collinearity and Coplanarity 


(1) 


(11) 


(iii) 


(iv) 


(v) 


Two vectors а & p are collinear if and only if 3 ^ à p where } is a scalar 

i.e.if g=a,jta,j+a,k and p- b,i +b, j+b, К and 5 & b are collinear if 
а 

b b, b: 

Also if à and р are two non collinear vectors and ха +yb = 0, then x = 0 and y = 0 


— 


Three points with position vectors а. p, с are collinear if and only if there exist 


scalars x,y,z not all zero such that x a tyb +z¢€=0 where xt+y+z = 0 


Also three points А(а ), B (p). ССС) are collinear if and only if AB =), AC for some 


scalar), 
Vectors lie on same or parallel planes are called coplanar vectors. 


Let а & p be two given non-zero non-collinear vectors. Then any vector т coplanar 


with а & p can be uniquely expressed as т = xa tyb for same scalars x & y. 
If three vectors are coplanar, then one of them can be expressed as a linear combination 
of the other two. 


i.e. If a, Б, с are coplanar then there exists scalars x,y,z not all zero such that 
xatybtzc=0. 

Also if а. p, с are non coplanar and xatybt+zcé=0, then x =y=z=0 

Four points with position vectors à, Б. с, d are coplanar if and only if there exist 


scalars x,y,z,u not all zero such that xà +yb+z¢ tud =( where xty+z+u = 0 


Note : If three non coplanar vectors à, p & саге given, then every vector т in space can 


be uniquely expressed as т =xa+tyb+zc for some scalars x, y & 7. 
Linear independence and dependence of vectors 


(1) 


(11) 


A set of vectors Ajs а.................. а. is said to be linearly independent if 
t Оа = = =x =0 

А set of vectors а, а,................. a. 1s said to be linearly dependent if there exist 
scalars x ,Х,........ x. not all zero such that x, a, +X, a, t................ +X а, = 0 


i.e. aset of vectors is linearly dependent if and only if one of them is expressible as a linear 


ZR 
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combination of others. 
Note 
(1) Two non-zero, non colinear vectors are linearly independent. 
(1) Any two collinear vectors are linearly dependent. 
(ш) Any three non-coplanar vectors are linearly independent. 
(iv) Any three coplanar vectors are linearly dependent. 
(v) Any four vectors in 3-dimensional space are linearly dependent. 
Solved Examples 


If à, b, c are three non-zero vectors, no two of which are collinear, а *2b is collinear with 


с and b-43€ is collinear with a, then |a +2 b+6¢ | is equal to 
(a) 0 (b) 1 (c) 9 (d) None of these 
Solution 
à42b- лс & 6+3 = ца 
+  ü-66-56-2pnà 
> (1+2и)а= (6+2) 
1+2 нц = 0 and 446-70 (я & c are non-collinear) 


1 
u 7-5 and 17-6 


— |84+2b+6¢C/=|6C46¢|=0 

Ans (a) 

If x and y are two non-collinear vectors and ABC is a triangle with side lengths a,b,c satisfying 
(20a-15b) x +(15b—12c) y +(12c—20a) (x x y) = 0, then the triangle ABC is 

(a) acute angled (b) obtuseangled (с) rightangled (d) isosceles 
Solution 


“х,у & XXy are linearly independent = 20a—15b = 15b-12c = 12с-20а = 0 
з 4 5 ^ 

а= 3} b=4), с= 5}, 

„. the triangle is right angled. 


Ans (c) 

If a = i+j+k,b = 41+3]+4Е and 6 = i +a j-p k are linearly dependent vectors, and 
|< |= 43, then 

(а) a=1,p=-l (b a-Lf-xl1 (с) а=-1, В=+1 (d) a-rzLp-l 
Solution 


— 


а, b, с are linearly dependent 


la b ele 
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1 1 1 
=> dis Ч _ 0 gives -B-1 =0 ES DI 
Га p 
Also |6 |= /3 => Л+а? +В? = 
а= 
Ans (d) 


4 Let a =2i+j-2k, b=i+J. If € isa vector such that а.с =|[<|;|с-а|= 242 . and the 


angle between a xb and с is 30° ; then |(а x b )|x с = 


(а) 2/3 (6) 3/2 (c) 2 (d) 3 
Solution 
а.с =|é| and |с-а|=24/2 
а.с = |e| and [< al –2(а.с) = 8 
ES piae -8 
E Wert 
=> |¢Fl 
(8xb)xg|- |&xb||c| = sin30° 
=3.1.5 -2 (-ахБ-21-21--|8хЬ|-3) 
Ans b 


Let 3, b, с be vectors of equal magnitude such that angle between д and p is о, p and с 


is В, b and с is y. Then the minimum value of cos a +cosB +cosy is 


] ] 3 3 
(a) 5 (b) = 5 (с) 5 (d) - 2 
Solution 


Let|a|- |p|- lel 7 X 


а. b^ lal |p| cosa = A?cosa 
b- é- |bl Ісі соѕВ = л. 2соѕ В 
с. а= [с | Іа | соѕү= A*cos y 


Now |а+Б+с [> 0 
= & PHE РНС [+2 (&.6+6+6+6.а)>0 


= 34424 (cos a. *cos В +cos y ) 2 0 


=> cosa tcosp tcosy > — 2 


Ans (а) 
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^ 


6 Ifa = 1+], Б=21—К and Гха = Б ха and ixb = 4 xb thenaunit vector in the direction of 
Г is 
] 2 un £f Г 2 5 Lo. 4 4 
(a) a © т (i-3d tk) © ytd +k) (d) None of these 
Solution 


Е is parallel to à +b 
т =), (atb) 
2 Е=7 (31+) К) 
also [т |= J11 A 
Г 


Е NE 
т| тт it-9 


Е: 
Апѕ (4) 
Exercise 
1* Letg = ai +b j tek, В -bi +c] +akand y= ci +aj +bk be three coplanar vectors with 
azband у =i +] +k. Then y is perpendicular to 
(а) а (D В (c) 7 (d) None of these 
2 If à, p. с arenon coplanar vectors and y is а real number then the vectors а +2 b43€ QA b+4¢ 


and (2%—1)¢ are non coplanar for 


(a) no value of ), (b) all except one value of 7, 
(c) all except two values of X (d) all values of ), 

3 а, b, с are three non coplanar vectors and т is any arbitrary vector, then [b crjat[car] 
b+[a bf] 6 is always equal to 


(a) [a b é]¥ (b 2[4 b в]: (с) 3[a b е]: (d) None of these 


4 The edges ofa parallelopiped are of unit length and are parallel to non coplanar unit vectors а, b,ĉ 


such that 4.b = 6.6 = ё.а = — . Then the volume of the parallelopiped is 





1 | | | Bo. | | 
(a)  ——cu.unit (b) cu.unit (c) ^- cu.unit (d —cu.unit 
J2 242 2 43 
5 Let a - j-K and € = 1—j-K. Then he vector b satisfying à x b-- 6 — 0 and à. b —3 is 
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10 


11 


^ 
. 


(ау -ігі-2Е (b 21-Ізов © i-j-2k ( ізі-со% 
ABCD is parallelogram. А and B, are the mid points of sides BC and С respectively. If A A, 
+ AB; = А АС, Шеп ) is 


(a) 1 (b) z (c) = (d) None ofthese 


а= і +) +k, b =41+3 j +4k and 6-і +X, j +X, К are linearly dependent vectors and |g |= 
2, then the value of 729x ^*343x ^x ^* 81x ^*15 = 
(а) 3689 (b) 3869 (c) 3698 (d) None of these 


b and С are non-collinear vectors. If àx(bx6)--(b.á) b = (4-2x-siny) b+(x2-1)¢ and 
(с.с) а = с, then the value of x*"°+(4siny)*+15 must be 

(a) 722 (b) 272 (d) 227 (d) None of these 
If G,, G,, G, are the centroids of the triangular faces OBC, OCA, OAB of a tetrahedron 
OABC. If be the ratio of the volume of the tetrahedron to the volume of the parallelepiped 
with OG,, OG,, OG, as coterminus edges, Ше», = 


9 4 1 
(а) 4 (b) 9 (c) 6 (d) None of these 
Match the following : 

Column I Column II 


(a) Ша, p and с are three mutually perpendicular vectors 


where |3|-|р|-2,|с|-І, еп [ахь bx€ сха]іѕ (p -12 


= = | Е T 
(b) If a and b are two unit vectors inclined at 3 then 


16 [а b+4xb Бі (а) 0 
(c) f p and € are orthogonal unit vectors and bx€ = а, 

then [à--b-6 a+b b-6]is (г) 16 
(d) If[x Y а]= [X Ӯ b]= [a b 6] = 0 each vector 

being a non-zero vector, then [X Y С] is (5) 1 


Read the passage and answer the following questions 


Vectors X, Y and Z each of the magnitude J2 make angle of 60° with each other 
Xx(Yxz)-2 а, Ух(2хх) = b and XxY = € 


(i) Vector X is 


MN lo... 2n 
(a) ЕНТО (b) DIEBUS аеру 
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(c) 
(11) 
(a) 
(c) 
(iii) 
(a) 


(c) 


Note : * Questions with more than one option is correct. 


1. a,b,c 
9.a 


5 (a+b )xé+a +b] 
Vector y 1s 

2-20 гог - 
плаза 
Те че a> 
р 
Vector 7 is 

> [(@-6)хб6—Б+а] 


1 Е 
7 19 х(а-Ь)+Ь+а] 


2. с 3.a 


lOar;bp;cs;doq 


(d) 


(b) 


(d) 


(b) 


(d) 


Answers 
5.a 


None of these. 


6. b 7:8 


11. (i) d ii) c (ii) b 
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PROBABILITY 
Probability-I 


Recap of facts of formulae 


l. 


sample space 
The set of all possible out comes of a random experiment is called the sample space for the 
event. It is usually denoted by S. 
Event 
A subset of the sample space is one event. 
simple (Elementary Event) 
An event consisting ofa single point 1$ called а simple event. 
Compound (Mixed / composite) event 
The disjoint union of single element subsets of the sample sapce. 
Equally likely events 
Events are said to be equally likely if they have no reason to believe that one is more likely to 
occur than the other. 
Exhaustive Events 
Events are said to be exhaustive if the occurence of any one of them is a certainity (1.e. their 
union=s) 
Mutually exclusive events 
Events A and B are said to be mutally exclusive when both cannot happen simultaneously. 
1.е A > B=9. 
Properties 
(1)  Forevery subset A of S, 0 <P(A)<1 
(n) Р(ф)=0 and P(S)=1 
(ш) IfA and B are two events, then P(A U B)=P(A) + Р(В)-Р(А ^^ B) (Addition Theorem) 
Here if A and B are mutually exclusive, then 
P(A UB) = P(A) +Р (В) 
Also Р(А v) Bu C)=P(A)+P(B)+P(C) - P (A ^ B) - P(B ^ C) -P(C с A)*P(A ^ Br C) 
Here if A, B, C are mutually exclusive then P(A U Bu) С) = P(A) + P(B) + P(C) 
The odds in favour of occurence of the event A are defined by P(A) : P( 4 ) and the odds 


against the occurence of A are defined by P( 4 ):P(A) 
P (exactly one of A, B , C occurs) 
= P (A)+P(B)+P(C) —2 P(A A B)—2 P(BAC)—2 P(CAA)+3P(AR BAC) 
P (exactly two of A, B, C occur) 
-Р(А-В)-Р(В-О)Ғ-Р(С-А)-3 Р (A ^ B nC) 
P (at least two occur) = Р (А AB) - P(BAC)+ P(C A А)—2Р(Ас BOC) 
(м) P(A)= 1 -Р(А) 
() P(An B) = Р(А)-Р(А B) 
P(A ^ B)-P(AGB)- 1-P(AU B) 
P(A u B)- PCA AB) = I-P(A АВ) 
(vi) IfA& Baretwo events such that A C B, then P (A) < P (B) 
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Also P(A a B) z P(A) xP(A U B) P(A)+P(B) 
9 Conditional Probability 
For two events A & B of S, the probability of A under the condition that event B has already 
happened is called conditional probability of A 


P(A B) 
Р(А/В) = ^ PB) | 


;,P(B)z 0 
n(A B) 
ЕНІ 
10 Independent Events. 
Events A and В are said to be independent if P(A/B) = P(A) and P(B)(A) = P (B) 
i.e. P(A > B) = P(A) P(B) 
Also P(A ^ B) - P(A) P(B/A) = P(B) P(A/B) ( Multiplication theorem) 
If A & B are independint then 
e A&B are independent 
e A & B are independent 
e A & В areindependent 
Il] Pair wise and mutual independent events. 
the events A, B, C are said to be pair wise independent if 
e P(A с, B) = P(A). P(B) (1.е. A & B are independent) 
e P(B ^ C) = P(B). P(C) (1.e. B & C are independent) 
e P(CAA)=P(C). P(A) (т.е. C & Aare independent) 
Along with the above three conclusions if P(A ~ B ~ С) = P(A). P(B). P(C) then we say A, B, C are 
mutually independent 
ПА А are pair wise independent events, then the total number of conditions for their 
pair wise independence is "C, where as for their mutual independence there must be 
EE bien TC —2"-n-l conditions. 
Mutually independent events are always pairwise independent, but the converse need not be true. 
Note: In case of only two events associated with the experiment, their is no distinction between pair 
wise independence and mutual independence. 
Law of Total Probalility and Bayes theorem 
Let S be the sample space and let E ,Е.,....... ,E, be n mutually exclusive and exhaustive events 
associated with a random experiment. 
Then for any event А (where P(A) z 0) and for 1 «1 «n, 
P(A) —P(E,). P(AJE,) +Р(Е.) p(AIE,)+.....+P(E_) P(A[E ) 


_ У РЕ) Р(А|Е;) (Гау of total probability) 


i=l 


PŒ) PAJE) |. 


2, KE) P(A|E,) 


Random Variable and its Probability distribution 
Let S be the sample space associated with a random experiment. Then a real valued function X 


P(E|A) = =1,2,......n (Bayes theorem) 
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which assigns to each events W e S to to a unique real number X(w) is a called a random variable. 
Discrete Random Variable: - If a random variable takes at most a countable number of values, 1t 
is called discrete random variable. 
Probability Mass Function (p.m.f.) 
Let a random variable (discrete) X assumes values x, , x,,.....x, with probalilities p, p,,.....p,. 
1.е. p, = P(X = x) where p, satisfy the following conditions 


(a  p,20viand (b) Ур =1 
i=l 


This function P is called the probalility mass function of X and {p,} is called the probability distribution 
(p.d) ofthe random variable (г.у) of X. 
Mean (Average) = x (or и) 


= E(x) = n (0) (1 moment about origin) = > х; р; 


2" moment about origin H', (0) = Е (x^) = Ў, X; р; 


Variance (= 2™ moment about mean or 2nd central moment) 
= o° = p, - E(x-E(x)) 


= u, (0) — i, (0) 


= ке р; = ( ^i p. 
Binomial distribution (B.D.) 
The probalility ofr successes in n independent bernoullian trials 1s given by 
PDC pq re. d. eed n where p = P(S), а = P(F) such that p+q = 1 
Here n & p are the parameters of B.D. 
i.e. Discrete random variable X is said to follow B.D. with parameters n, p, if its probability mass 
function is given by Р(х=г) = "С p'q"* 
r—-06,l,.....n; ptq=l 
Р(Х =r) is maximum where т = [np] 
Mean = x-H- np. 


Variance = с? = пра. Also 0< с < Ju 
In a B.D. mean>variance. 
1 
In a B.D., ifp = 27% then the distribution is а symmetrical binomial distribution. 


Mode ofa distribution 1$ the value of the variable with maximum probalility. In the case of B.D, mode 
depends on the value of np+p. 


пр+р 
пр+р=К eZ npt+p=k+f 
2 modes (К eZ & fis a proper fraction) 
е. k&k-2 One mode 1.е.К 
(Bimodal binomial (the integral part of np*p) 
distribution) (unimodal binomial distribution) 
Not : In n independent bernoullian trials are repeated N times, then the expected frequency ofr 


successes 1$ given by 
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КХ=г)= N.P(X=r) 
Еме ра ТО П. 
КХ=Т) 1$ called the Binomial frequency distribution. 


P(r-1  n-r 
Note: The recurrence formula P(r) = 





=з = is very helpful for quickly computing P(1), 


P(2), P(3) etc. 1f P(0) is known. 
Poisson Distribution (P.D) 
It is the limiting case of Binomial distribution when p — 0 and n oo such that np = à, =m, a 


—A^r 





constant always. Poisson distribution is defined as P(X =r) = r=0, 1,2,3...... оо 


r! 
Here л, 15 the parameter of P.D. 
Mean= х =} =np 
Variance = и, = с? = 
(In Poisson distribution mean = variance i.e. x = с? = 1) 
ИА; Hy= 30°; B =m, B,=3+m 
Note : If X, & X, are two poisson variates with mean ), , & à, then x,* x, is also a Poisson 
variate with mean л, +, 
Note : Ifthe experiment is repeated N times, then the expected frequency of success of P.D 1s 
given by f(X =r) = N Р(Х = г) 
—À^r 


= № 





,r70,1,2,3 ТТ OO 
r! 


This is called as Poisson frequency distribution. 

Continuous Random Variable 
If the random variable takes all the values within a certain interval, it is called a continous random 
variable. 

Results for continous Probalility Distribution 
Let f(x) be the probalility density function of a random variable X, where X in defined from a to 
b, then 


b 
(i) Arithmetic mean = [x f(x) dx 


b 
(ii) ^ Geometric mean = In xf: 


1 
(ш) Harmonic mean= > 


| —f(x)dx 


a 
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M b 
1 1 
(iv) Тһе median M is given by [x f(x) dx = 5 от | x f(x) ах = E 
а M 
Normal Distribution 


It is a special case of Binomial Distribution when р=а and n — oo (p & q are not very small.)It is a 


1 
. бан: f f 1 ал = xi) 
continuous distribution. The standard form of normal curve is y Е py e 


The area under this normal curve 15 1. 
Geometrical Probalility 
Definition of probability of occurrence of an event fails, if the total number of outcomes ofa trial in a 
random experiment is infinite 
In such cases, the general expression for the probalility p of occurrence of an event is given by 


_ measure of the specified part of the region 


measure of the whole region 


(Here measure means length, area or volume ofthe region according as we are dealing with one, two 
or three dimensional space) 


Solved Examples 
1 Three natural numbers are selected at random from 1 to 100, the probability that their AM is 25 15 
77 С, 25 С, 74 С, 
(а) TC, (b) TC, (c) TOC, (d) None ofthese 
Solution 
X+Y+Z 
_3 = Xtytz = 75 


72+3-1 


^^ MW = (Applying "*"C. , in the numerator, using the result of distribution of alike objects) 
3 


74 C, 

— 100 C, 

Ans (c) 
2 15 persons among whom are А and B, sit down at random at round table. The probability that there 

are exactly four persons between A and B is 

= b = = d) N fth 
(a) [ҮТ (b) [ҮТ (с) ҮТ (d) one of these 
Solution 


15 persons can be seated round a table in 14! ways. If 4 persons are to be included between A and 
B, they can be arranged in PC, x4! ways, now total number of arrangements is 
PC x41x9!x21 = 2.13! 


2.13! 2 1 


144. 14 7 





Hence the probaility 1s 
Ans (d) 
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3 2n boys аге divided into two sub-groups containing n boys each. The probability that the two tallest 

boys are in different groups 1s 
- в 22 m d) None of th 

(a) п] ( ) 2n-] (c) An? ( ) one O ese 
Solution 
Total number of ways of dividing 2n boys in two equal groups is ^C . "C . 
If we leave the two tallest boys, 2n—2 boys can be divided into two equal groups in С |, 


C. , ways and the two tallest boys can be arranged in different groups in 2! ways. 
г. The required probability is 


21-2 п—] 
ee Cad 3 











"OO. 740 
Ans (a) 
4 A and B throw a dice. The probability that A's throw is not greater than B's is 
5 7 1 
(а) 12 (b) 12 (c) 6 (d) None ofthese 
Solution 
B's throw А? 5 throw 
6 1,2,3,4,5,6 
5 1,2,3,4,5 
4 1,2,3,4 
3 1.2.3 
2 1,2 
1 1 
Favourable ways is 21. 
| 2,210 7 
. required probability is 36 12 
Ans (b) 
5 The probability that the sum of squares of two non-negative integers is divisible by 5 1s 
7 8 9 2 
(а) 55 (b 55 (© 55 (d 55 
Solution 


Let two non-negative integers be x & y such that x 5а+ а, and у= 55+В уеге 0 < a, p <4 
New, х?+у? = 25(a^*b?)-10(a a.b p )+ a.?- p? 
— 2 2+В 2 should be divisible by 5 


г. (a, B) can have ordered pairs as 
{(0,0), (1,2), (2,1), (1,3), (3,1), (2,4), (4,2), (3,4), (4,3)} =9 ways 


9 
г. required probability is 55 
Ans (c) 
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2 5 
6 The probability that the length ofa randomly selected chord ofa circle lies between 3 and 6 ofits 


diameter is 

5 » 1 в 2 
(а) тс O = © 4 o 5 
Solution 
length of chord is 2asin Ө 


2 5 
^" (2a) < 2asin 0 < 6 (2a) 


> 3 51106 6 


V11 /5 


=< 008 0 === 
= % 071 





ы] 
2424 EN E (d 
4 


г. required probability is = | 
па” 


If p is selected from the interval [0,5], then the probability that the equation 4x*+4px+(p+2)=0 has 


real roots 

1 . 2 3 » 2 
@ 5 6) 4 © i @ = 
Solution 
For real roots, D>0 
—p-p-220 
=>p<-l р>2 
г. pe [2,5] but pe [0,5] 

| "WU о | 

г. required probability = 5.0 5 ( length of interval) 
A dice 1$ thrown three times. The probalility of getting a number large than previous one every time 
is 
Istthrow 2nd throw(fixed) 3rd throw 
1 2 2,3,4,5,6 4 cases 
122 3 4,5,6 6 cases 
1.2.3 4 5,6 6cases 
1,2,3,4 5 6 4 cases 


Total no of favourable cases = 20 
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Total number of cases = 6x6x6 


2. 20 5 
Requred probability = 216 ^ 54 
Exercise 
Eight players Р, P.,............. P, play a knock-out tournament. It is known that whenever players P. 


and Р play, the player Р. will win if 1<j. Assuming that the players are paired at random in each 
round, the probability that the player P, reaches the final is 


1 12 1 4 
(а) g (b 35 () 5 (4) 35 
2 A is a set containing n elements A subset P of Ais chosen at random. The set A is reconstructed by 
replacing the elements of P. A subset О of Ais again chosen at random. The probalility that P and О 
have no common elements is 





n n "S 
(a) B8 (b) 1 (с) Эп (d) None ofthese 


A box contains 2 fifty paise coins, 5 twenty five paise coins and a certain fixed number n (> 2) often 
and 5 paise coins. Five coins are taken out ofthe box at random. The probalility that the total value 
ofthese 5 coins is less than one rupee and fifty paise is 


l0(n +2) 10(n+2 10(n +2 
ә “яс LUE o SE 


Read the following passage and answer the question. 

OThere are п urns each containing (n+1) balls such that the i” urn contains ‘i’ white balls and (n+1— 
i) red balls. Let u, be the event of selecting i^ urn, i — 1, 2, 3, ........ n and W denotes the event of 
getting a white ball. 


О If P(u) oc 1, wherei- 1,2,........ n, then Um, P(W)is 


(d) None ofthese 


2 1 
(а) 1 (9 5 © 4 @ 4 
i) — If P(u)—c, where c is a constant, then P(u [W) is 
2 1 n 1 
(а) т (b) т () т (d 5 


1 
(ш) Ifnis even and E denotes the event of choosing even numbered urn (p(u,) = " ), then the 








value of P(W|E) is 
n+2 " n+2 n : 1 
OE Sarl O) 2+1) © nl Ө nel 


4 1 
А signal which can be green or red with probalility 5 and 5 respectively, is received by station A 
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10* 


3 
and then transmitted to station B. The probalility ofeach station receiving the signal correctly is 2^ 


Ifthe signal received at station В 1$ green, then the probalility that the original signal 1s green 1s 
3 425 20 » 2 
а) 5 ы = и = @ 5 
Let œ bea complex cube root of unity (1.е. о = 1). A fair die is thrown three times. If r,, r,, & г, are 
the numbers obtained on the die, then the probalility that о" + œ” + œ” =0 is 
1 ME 2 т 
@ = ® ә © 5 @ = 
An experiment has 10 equally likely outcomes. Let A & В be two non-empty events of the experiment. 
IfA consists of 4 out comes, the number of outcomes that B must have so that A & B are independent, 


Is 
(a  2,40r8 (b  3,60r9 (c) 4or8 (d) 5ог10 
Ifae [-6,12], the probalility that graph of y=—x*+2(at4) х—(За-+40) is strictly below x-axis is 
2 1 1 [ 
(а) = (b 5 б) 5 (d) 2 
Match the following. 
Ifthe squares ofa 8x8 chessboard are painted either red or black at random then 
ColumnI Column II 


(a) P(notall the squares is any column are alternating 





1 
in colour) = (p) 28 
(b) P (chessboard contains equal number of red and 
(25-2) 
black squares) = (q) 7-24 — 
(c) P (all the squares in any column are of same colour 
64 С 
and that ofa row are of alternating colour is) = (r) 22 


А square is inscribed in a circle. If P, is the probalility that a randomly chosen point of the circle lies 
with in the square and P, is the probalility that the point lies outside the square, then 


(а) Р, <Р, (b P = Р, (c) P >P, d) P=P e 
Note * Questions with more than one option is correct. 
Answers 
2: a 3. b 4. (1) b (1) а (ш) b 
6. C 7. d 8. C 9. aq;bor;coa 
c,d 
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PROBABILITY 
Probability-02 


Important Formulae and Shortcuts 
1. When ‘п’ fair dice are rolled, the number of favourable cases to get sum г = coefficient of x‘ in 
(x!+x7+,.....x°)" (multinomial theorem) 


1 2 6p 
"UE OL Uc X 
and P (sum = k) = coefficient x'in (lex? +x) 


Note:- 


r—l1;for2<r<7 
13-r;for8<r<12 


i. When 3 fair dice are rolled, number of favourable cases to get sum г 


1. In case of 2 fair dice, number of favourable cases to get sum r = | 


zr - 1-2) sfor3<r<18 
25 ;for r = 9,12 
27 ;forr = 10,11 


+ (20-1)19-r}forq3<r<i8 


2. | When ‘п’ fair coins are tossed, the probability of getting 


n 
І 
n 





1. exactly г heads (tails) = 


i. atleast one head (tails) = 1 — 5т 


3.  Ifrsquares are selected at random from a chess board. The probability that they Пе on a 


X afrzs8 
diagonal = Cs 
= 7 r 8 
4 С, tu С,}+ 2 An» 1<1<7 
С, 

4.  Letn(A)-n. Then 

| ra 

1. P (r subsets of A selected at random have no common element) = ЕРІН 

| | А 3 ПГ 1 

ii P (2 subsets of A selected at random have г elements in common) = С, B8 [+ 
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3 n 
ii P(CUB=A)= В if B & C are two subsets of A. 


5. . Outofn pairs of socks, ifr (т < n) socks are selected at random, the probability that there is no 


"С рд 
2n 





pair = 
6.  Ifnletters are put in n addressed envelopes at random, then the probability that 
1. Exactly one letter may be in wrong envelope is 0 


| 2. 1 
i. Atleast one letter may be in wrong envelope = 1—Р (all are in right envelope) = 1— — 
n! 





а 1 1 1 E 
ii. Exactly r(z 1) letters one is wrong envelope = P.| 1- 1 X 21 3 Tee i 


7. IfA,,A,.....A play a game in which P (success) = p and P (failure) =q, then 





1. P(A, 1s winning) = - 
1-9 
п. P(A, is winning) = а" 





2 
n. — P(A,is winning) = s 
n-1 


> where 1<k<n 


1-4. 


IV. P(A, is winning) = 


8. Suppose a word is given. Let the number of vowels Бе У, number of consonants be C and the 
total number of letters be T. Ifthe letters of the word are arranged at random, then the probability 


that. 
VICI 
1. relative positions of vowels & consonants do not change = ЕЕ 
1 


п. Тһе order of the vowels do not change = — И, 
number of ways of arranging the vowels 


1 


ii, Тһе order ofthe consonants do not сһапое = ^, F L. e LLL 
number of ways of arranging consonants 


iv. The order of the vowels as well as consonants do not change 


1 
(number of ways of arranging the vowels (number of ways of arranging consonants) 
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Solved Examples 
1. If two events А and B are such that P(A') = 0.3, P(B) = 0.4 and P(A a В!) = 0.5, then 


бу! 
AUB 
а. 0.9 b. 0.5 с. 0.6 4. 0.25 
В P(Bo(AuB')  P(BnA) 
Боов. И P(AUB) Р(Аов) 
_ РА)-РАОВ | 07-05 1 
P(A)+ P(B')- P(A ^ B') С 0.7+0.6-0.5 4 


Ans: d 


2.  Ifpoints x and y are selected at random from the intervals [0,2] and [0,1] the probability that 


y < x^is 
1 , 2 3 , 
а. 5 | 3 C. 1 | 1 
A(0,1) 
Solution: 





» Area of shaded region 
Required probability = ‘eso ecane ORC 


- 4 
хакімі 3 2 
2х1 3 


NO 


Ans: b 


3. Ifthe integers m and n are selected between 1 and 100, the probability that a number of the 
form 7" + 7" is divisible by 5 is 
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L "E 1 4 E 

a. Д 7 С. е . 49 

Solution: 

Form of m Digit at unit’s place Digit at units place Form of n 
7% 1 9 7 4+2 
тА 7 3 7 42-3 
7442 9 | 7 4X 
743 3 ri 77 441 


Clearly for 25 values of m, there are 25 values of n between 0 & 100 
Favourable ways 1s 4(25x25) = 2500 


| 4... 2500 | 
required probability 1$ 100x100 (as total number of ways 1s 100x100) 


ге [= 


Ans: а 


4. Two persons each makes a single throw with a pair of dice. The probability that their throws 


are unequal 1s 
d ы 115 Р Ми 
а. 216 : 216 e 216 . none ої these 


Solution: Required probability 
= 1 — P (their throws are equal) 


Ff 2 3 65 5’ 1° 

= los cde co dude „е. 

Е 36° 36 36° 36 "d 
. 55 
36 
1-23. 
648 


575 
648 


Ans: d 
5. A coin is tossed n times. If the probability of getting atleast on head is greater that of getting 


5 
atleast two tails by 32 then n 1s equal to 


a. 5 b. 10 c. 15 4. none of these 
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Solution: P(X > 1)- P(Y > 2) = = 


Let X be arendom variable denoting number of heads and Y denote the number of tails. 


(HY) {- «t )-a 


n 5 
эл 39? comparing LHS and RHS we get 
= i) 
Ans: а 


6. Five digit numbers are to bc formed using the digits 0,2,4,6,8 without repetition. The probability 
that the number is divisible by 20 is 
1 1 1 
а. 5 b. 3 с. 1 5 
Solution: The last two places should be 20,40,60,80 
Favourable cases = 4.3! 
Hence required probability 


_ 491 
44! 4 
Ans: c 


Exercise 
1. A natural number x is chosen at random from the first one hundred natural numbers. The probability 


D. 0 that is 


1 3 7 9 
а. 50 b. 50 с. 55 d. 50 
2.  Awireoflength / is cut into three pieces. What is the probability that the three pieces form a 
triangle is 
1 1 2 
a. 2 b. 4 с. 3 d. none ofthese 


| | 1 1 | 
3.  IfX & Y are independent binomial variates B e 4 and 7. А B then P (X+Y = 3) is 


55 55 22 


1074 b. 4098 C. 2048 d. none of these 
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Two persons A & B agree to meet at a place between 11 to 12 noon. The first one to arrive 
waits for 20 minutes and then leave. If the time of their arrival be independent and at random, 
then the probability that A & В meet 15 


1 2 4 5 
а. 3 b. 3 C. 9 d. 9 
The altitude through A of AABC meets BC at D and the circumscribed circle at E. If D 1s (2,3), 
E (5,5), the ordinate of the orthocentre lies on the lines is y= 1, y 22, у= 3,........... „у= 10 
Is 

2 3 4 1 
а. 5 b. 5 C. 5 d. 7 


А sum of money is rounded off to the nearest rupee, the probability that the rounded off error 
is atleast ten paise 1s 

ЕЗ 209 49 Q8 

100 ' 100 ^ — 100 522100 


The decimal parts of two numbers taken at random are found to be six places. Probability that 
second can be subtracted from first one without borrowing is 


“ШШ 0 65 «@ 


Two small squares on a chess board are choose at random. Probability that they have a common 
side 1$ 


а. 


1 1 1 5 
а. 3 b. 9 с. 18 d. 18 
Match the following: 
ColumnI Column II 
a. If 4 fair dice are rolled, the probability p. 7/15 
of getting the sum 10, 1s 
b. Ifx&yareselected from the set q. 2/7 


{1,2,3....10}, the probability that 
х?—у? is divisible by 3 is 
c.  If10 men are sitting in a row of seats, Г. 8/15 
the probability of choosing 3 of them 
so that no two of them are from 
adjacent seats 1s 
d. Triangles are formed with vertices of a S. 5/81 
regular octagon. Га triangle 1s chosen 
at random, the probability that it does 
not have any side common with the 
octagon, 15 
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10. A triangle is formed with the vertices of n sided regular polygon. Then the probability that the 
triangle. 
On the basis of above information, answer the following questions 
1. Have exactly one side common with the side of the polygon 15 
6(n —2\(n -3) 6(n —3) 
n(n — 1) 5 (n — 1n — 2) 


6(n — 4) біп - 2) 
^ — n-1fn-2) № 


п. | Have exactly two sides common with the side of the polygon is 


3 6(n — 4) 
P (n - 1n - 2) b. (n - 1n - 2) 
б(а-3) 6 
^ (а-1һ-2) “ (n-0n-2) 


ш. Does not have any side common with the side ofthe polygon is 


(n — 2)(n —3) (n - 4fn — 5) 








© (n-1fn-2) * ^ (n-ifn-2) 
(n - 1n — 3) : (n — 2 n — 4) 
ш п(п E» n(n -3) 
iv Have atleast one side common with the sides of the polygon is 
6(n —3) біп - 4) 
© (а-Ца-2) * ^ (n-0-2) 
6(n - 2) 6(n -3) 
ш п(п — 1) E n(n — 1) 
у. A Have at most one side common with the sides of the polygon is 
(n — 4\n + 2) " (n — 40а + 1) 
(2-1-2) 2-1-2) 
(n - 3n t 1) : (n - за — 4) 
А (n — 1n — 2) | (п — Іп - 2) 


Note: Questions with more than one option is correct 


ANSWERS 
ЖУ 2.b 3.a 4. d 5. b б.а 7.С 8. С 
9.a—Ss;b—rc—p;doq 10. (1) c (11) d (111) b (iv) a(v) b 
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TRIGONOMETRY 


Trigonometric Functions (Lecture-01) 


Trigonometrical ratios and Identities 


1 An angle is positive, if it is measured in anti clockwise direction and is negative if it is measured 
in clock wise direction 
length of the arc 


2 в Radius of the circle 


| 2 
ie; Q2— 
r 
3 System of Measurement of Angles 
2... 424.71) 
Sexagesimal system (D) Centesimal system (G) Circular system (C) 
T 
1 right angle = 90? (90 degrees)| 1 right angle = 100° (100 grades) | 1 right angle = 5 radians 
1° = 60! (60 minutes) 1Е- 100! (100 minutes) 180° = x 
1! = 60!'(60seconds) 1! = 100''(100 seconds) 
Not = = a — ОК th h bel 
ote: оу = 100 ^ т (see the graph below) 
4 Basic trigonometrical identities 


(1) sin’ + соѕ 09 =1 

— Ising|«1 and [соз0 |« 1 

— —] «sing <1 and—1<cos@ «1 
(п) seco — tan? 0 = 1 

>  [ес0|>1 






Two right 
angles 


— sec 0 <—1 or sec 0 »1 
{ап Ө may take any real value 
(ш) соѕес^ 9 соб 0 = 1 


= |cosec9|>1 


=> созес 0 <—1 or cosec 0 > 1 
coto may take any real value. 
5 sign of Trigonometrical Ratio : To find the sign ofa trigonometrical ratio, remember the sentence 
Add Sugar To Coffee 
A S T C 
]*quadrant 2nd quadrant 3rd quadrant 4th quadrant. 


Where A stands for all ratios are positive in 1st quadrant 
S stands for sin & its reciprocal are positive in 2" quadrant 
T stands for tan & its reciprocal are positive in 3“ quadrant 
C stands for cos & its reciprocal are positive in 4" quadrant 
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6 Domain & Range 


[Function [Domain 
sing 
cos 0 
tan Ө 
cot Ө 


cosec Ө 


secQ 


sin 0 
1 ^ sin? Ө 


41—- cos? Ө 


cos Q 
cos Ө 


tan Ө 


t 
шо \/1+1ап^ Ө 


1 


У cos ecO 


41- tan? Ө 


\/сов ес^Ө —1 


совесӨ 


tan Ө 


1 


4cosec^0- 1 


sec’ 0-1 1 


sec Ө 
sec Ө sec Ө 


asec’ 0—1 


1 соїӨ | 


| T С 
со \/1-++сої^ Ө \/1 + cot? Ө 


8 Sum and Difference formula. 
(1) sin (А + B) 2 sinA cos B + cosA sin B 


(1) cos (А + В) = cos A cos B+ sin А sin B 





Е {ап А + tan В 
(ш) tan (А + В)= 1 + tan А tan B 
| л 1+ tan А 
(iv) tan (т + A)= pu © 
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cotAcotB +1 

cotB+cotA 
(vi) sin( A-B)sin( A-B) = sin*A — sin? B = cos*B-cos’A 
(vii) — cos(A+B)cos(A-B) = соѕ?А — sin? B = cos?B-sin"A 
9 Multiple and half angles 


(v) cot (A+ В) = 


2 sin 0cos Ө 
(1) sin2 0 = 2 tan 0 
1+tan’ Ө 


Also, J1+sin20 = |cos + sing | 


cos’ Ө —sin^ Ө 
2cos^ 0-1 

() ^ cos20 = ]1—2sin^ 0 
] — ап? Ө 


l+ tan?” Ө 


Also 1+со52 09 = 2соѕ? Ө 
1—со52 Ө = 2510? 0 
2 tan Ө 
] - ап? Ө 
1 — cos 20 


Also "dn20 = tan Ө 


1—cos 20 
] + cos 20 


(11) tan2 9 = 


= tan?’ Q 
3sin 0— 4іп? Ө 
| За = 
Ww) om 4 in © — J sin Ө in © + J 


3sin 0 — sin 30 


. 3 - 
or sin’ Ө = 
4 


4cos? 0—3cos0 


За = 
W) iini 4 cos = — J cos Ө cos = + J 


cos 30 + 3cos 0 


3 == 
or соѕ Ө = 
4 
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3 tan 0 — tan’ 0 
1—3tan’ Ө 


(м) tan3 0 = А 
E — J tan Ө (A + J 
3 3 
10 Transformation formulae 


C+D C-D 
(1) sin C + sin D = 2sin (=P) COS | 5 | 


C+D C-D 
sin C — sin D = 2cos (=P) sin (<=?) 


C+D C-D 
cos С + cos D = 2cos 72. COS EN 


C+D C-D 
cos C — cos D =—2sin (=P) sin (==>) 


(1) 2 sin A cos B = sin(A+B) + sin (A-B) 
2 cos A sin В = sin(A+B) -sin (А-В) 
2 cos A cos B = cos(A+B) + cos (A-B) 
2 sin A sin B = cos(A-B) — cos (A+B) 





, sin( A + B) 
(п) tan А + tan В = ит 
sin(B + A) 
cot A + cot B = sin AsinB 


(iv) cot À — tan A = 2cot2A 


] 
A-Ftan А = 2 2A=—— 
cotA+tan cosec NP PC 
cos( A +B 
(v) 1 + tan A tan B = oo 
cosA cosB 


TU TT — 
(i) | cosA + sinA = J^ sin Е T А) = \/2с0$ Е ra | 


11 Three angles 
sin(A+B+C) = cosA cosB соѕС (tanA+tanB+tanC—tanAtanBtanC) 
cos( A+B+C) = cosAcosBcosC(1—tanAtanB—tanBtanC—tanCtanA ) 
tan A + tan B + tan C — tan A tan B tan C 


OOO) se г уунна 
an( S) | — tan A tan B – tan B tan C – tan C tan A 


302 


А program to give wings to girl students 


12 Trigonometrical series 





| | ем ш) 
sin} A+ т — 
(i) sinAtsin(A+d)+sin(A+2d)+ +sin(A+(n—1)d) = с 2 >, 


s "б 


| им | ЕЗ 
cos} А + sinl — 
Ф) cosA-cos(A-d)*cos(A-2d)^........-""cos(A*(n-1)d) 22А 


4t 





in(2" А 
(ш) COSA. соѕ2А. соѕ2?А........................... cos 2А = ч 

2 зп А 

2cos2"0+1 
(iv) (2cos Q9 —1) (2cos2 6-1) (2cos2? Q-1).......... (2c0s2^! 9-1) = — —— — ;ne 
2со50--1 

(v) tan Ө +2tan2 0 +27tan2? 0 42?tan2? 0 +............ +2"tan2"9 +2™'!cot2™' g =cot@; vneN 
(Vi) +4/2+2с052"0 -2со050,пе М where there are n square root signs 





on left hand side. 
13 Greatest and least value of asin Ө + bcosQ is 4a? +p? and— 4/4? +? respectively 


1.е.— 492 +b? < asing + bcos@ < Ja? +p? 
Also  sin?Q + соѕес? Ө >2 
cos?Q + sec^ og »2 
tan^Q + собе >2 
14 Method of componendo and dividendo. 
P-q a-b р+а a+b 
= — 
p+q a+b р-а a-b 





p - . 
If d — — then by componendo and dividendo we can write 


a 
b 
Periodicity 
All the six trigonometric functions are periodic sin 0 , cos Ө, cosec Q, sec Ө are periodic with 
period 2 x where tan 0 and cot 0 are period c with period л 
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Solved Examples 
1 If f(0 )=sin* 0 *cos* 0-1, then the range of f( ) 15 


3 3 
(a) E 2 (b) 1 4 (c) [1,2] (d) None of these 
Solution : 
f(0) = (sin? 0 +соѕ? Ө Y —2sin” 0 cos? Ө +1 
sin” 20 
2 





s f(@) min =2->(1)= В and f(@) max =2—- (0) -2 


Ans : (a) 
2 If 4n о =n, then the value of 
cota .cot2 a .cot3 @.............. cot(2n-1) о is 
(а) 1 (b) -] (c) со (а) None of these 
Solution : 


T 
cota .cot(2n—1) о —cot a. .cot(2n a-a )=cot a .cot Е - J =cota Хап о =l 


Product о terms equidistant from the beginning and end is 1 


T 
The middle term is cotn a. = cot — =] 


4 
Given expression = 1.1.1...................... n times = 1 
Ans : (а) 
a p | 
3 Iftan 5 and tan 3 are roots of the equation 8х2—26х+15 = 0 then cos(a +B) = 
= b = 1 d N fth 
(a) — 595 (b) 725 (c) (d) one of these 
Solution : 
© В 6 

ЕЗ ыы $ — 26 

an| ы | = = = с —— 

Ж. ] — tan — tan p 1- = / 





„eola h] = n A 
d «(fs 


Ans (a) 
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COS X. sec 


4 If cos(x—y), cosx, соѕ(х+у) are in Н.Р, then equals 








(a) 1 (b 2 (с) J2 (d) | Noneofthese 
Solution : 
2 cos(x — y)cos(x + y) 


Men cos(x + у) + cos(x — y) 


2(cos^ x — sin? у) 
=> cosx = -~n 
2 cosx COS y 
2соѕ?х cosy = 2cos*x—2sin’y 
2sin’y = 2cos?x(1-cosy) 


2(Asin* : cos? > ) =2соѕ?х. (2sin >) 








2 2 
cos! x y 
= =2 => созх.зес — = + J2 
2 У 2 
cos’ — 
Ans (c) 
s sen хы Сари оор шош 

ап X, an 18 are in A.P and tan 9^» an 18 are in A.P, then 
(a) 2х — y (b) х=у (с) х=2у (d) None of these 
Solution : 
2x = tan20° Нап50° 2y = tan20°+tan70° 

Е sin 20°. соѕ 50? + cos 20?.sin 50? "T sin 20?.cos 70? + cos 20?.sin 70? 
n cos 20?.cos 50? n cos 20°.cos 70? 

Е sin 70? 4 sin 90? 

~ cos50?.cos 20° yo sin 20°.cos 20° 

Е соѕ 20° 

^ cos50?.cos 20° 

x2 bol обоз © ; 
> 2 = C509 sin 40° ——— 12 у= отт до "meme (2) 
From (1) and (2) 
2х = у 
Ans : (а) 

ш „әл от 
6 The value of sin tsm tsm ЧЕ наа n terms 15 


@ 1 ® 0 (о (d) опе of these 
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Solution : 

















e E 
sin —— sins 2 n И Е " 
n 2 sin — in 1472 | 
Given Series = ee es 
zo "E 
sin — sin — 
2n 2n 
п. 
sin —.Sin Л 
— n =0 
Тт 
sin — 
2n 
Ans : (b) 
n-1 
7 У cos — = 
r=l 
ы 5. AO Шок 
(а) 5 (b) 22 (c) 5 (d) one of these 
Solution : 
п-іІ n—l п-іІ n-1 
S сов? I7 _ 1+ соѕ 2гл d ba iy e 
rl n | 2 2 f=l 2 rel n 
n-1 1l 2л At ии 
+ | coS——+ COS — +.......... +cos2 
2 2 n n n 
- 2n | 2(n-D)n 
sin —— cos4 1 n 
п-1 1 2n 2 
= — +. 
2 2 
sin — 
n 
n-] | Sin—.cosn ЕСТЕН 4 
2 2 2 2 
sin — 
n 
Ans : (c) 
Exercise 


T 
1 [его є о а and t, = (tang )" 0, t,— (tan Ө )?' 0, t, = (cot 9 )? 0 and t ‚= (cote )“" 9, then 
(c) 


(a) 


t >t,>t,>t, (b) 


t >t >t >t, 
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2* 


9% 


10 


"NN 0 
For a positive integer n, let f (0)— n 2) 


(1+sec Ө )(1+sec2 Ө )(1^sec2? Ө )........... (1+sec2"@ ), then 


Tt Tt Tt Tt 
(a) ЕЕ (b) „(== (с) ЕЕ (4) Мін 


Two rays are drawn through a point A at an angle 30°. A point В is taken on one of them at a distance 
‘a’ from the point А. A perpendicular is drawn from the point B to the other ray, and another 
perpendicular 1s drawn from its foot to A B to meet AB at another point from where the similar 
process 15 repeated indefinitely. The length ofthe resulting infinite polygonal line is 





(a а(2+./3) (b) а(02-,3) (с) а (d) Noneofthese 
If cos? о +sin® a +ksin?2 а =1(0< a < 1/2), then К is 
(a 3/4 (b 1/4 (c) 1/3 (d) 1/8 
In an acute angled triangle ABC, the least value of secA+secB+secC is 
(a 6 (b 8 (c) 3 (d) none ofthese 
l l l T 2m | Зл l 
The sum to infinite tems ofthe series cos 3 F 39087, F 390973 E PROPERE 15 
(а) 0 (b 2 (с) 1 (d) 6 
2T 
If а= PE then the value of tan a tan2 q +tan2 a tan4 о +tan4 a tan о, is 
13 

(а) 0 (b -7 () 7 (а) 2 
If sin(y+z—x), sin (z+x—y) sin(x+y—z) be is A.P., then tanx, (апу, tanz are in 
(a А.Р. (D GP (c) Н.Р (d) None ofthese 
3 +cot76°cotl6? _ 

cot76?--cotl6? — 
(a)  tanl6? (b)  cot76? (c)  tan46? (d) cot44° 


97 
Ех cos а tysin a = 2а, xcos p +ysinB = 2а and 2511 5 ип =1, then 


2ах 24 = 
(a cosa +созВ = x+y? (b) cosacosp = х2 +у? 
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11 


12 


13 


14 


(c) y=4a(a—x) (d) cosa cos =2cos a cos В 
Match the following :- 

Column I Column П 
(a) The maximum value of y=cos(2A+ 0 )+cos(2B+ 6 ) (р) 2sin(A+B) 


where A&B are constants 1s 
(b The maximum value of y = cos2 A+cos2 B where 


А-В is a constant & A,B є о z) 15 (д) 2sec(A+B) 
(c)  Theminimum value of y=sec2A+sec2B where 

A+Bis a constant & А,Ве о z) 15 (Г) 2cos(A+B) 
(d)  Theminimum value of (s) | 2cos(A-B) 

y = «/їапӨ + cot0 —2cos2(A + B) where A, B are 

constants and Q є о z) 15 


Let A, A, A, A, A, А; be a regular hexagon inscribed in а circle of unit radius. Then the product 
of the lengths of the line segments A, А, A, A, and A, A, 15 


3 343 
@ 4 ©) 3,3 () 3 (d) = 


If A, B, C, D are the smallest positive angles in ascending order of magnitude which have their 
sines equal to the positive quantity k, then the value of 


(ДА В СШ. 
4510 — +3810 = +2810 — +sin— 15 


2 2 2 2 
(а)  241—-k (D 2V1+k б) Wk (d) None of these 


Read the paragraph and answer the following questions . 


n 
Ifa, В, Y, $ are the solutions of the equation tan С iu х = 3tan3 0, no two of which have 


equal tangents, then 
(i) The value oftan a Нап D Нап y tan 6 is 








(a) 1/3 (b) 8/3 (c) -8/3 (d) 0 
(i) The value oftan a tan tan y tan § is 

(a -1⁄3 (b) -2 (c) 0 (4) None ofthese 
E 1 1 1. 
(ш The value of ae um B ен ү Es tans 5 

(а) —8 (b 8 (c) 2/3 (d) 1/73 
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15* Which ofthe following 1$ / аге correct ? 


(tan х)! (sin x) > (cot х)! (sin x) 


(a) 
(b) 


(с) 
(d) 


4108. (cosecx) < 510g, (cosecx) 


| 1 NE | 
— < 
2 


1 


3 


) (cosx) 


2 (ве (tan x) « 2/06. (біпх) 


,V xE(0, 2/4) 


‚ухе (0, 2/2) 


„y XE (0, 7/2) 


„y Xe(0, 7/2) 


Note :- * Questions with more than one option is correct. 


a,b,c 3. 
c,d 10. 
(1) d 


a 


C 


(it) 


Answers 
4. a 5. 
11. 


а 
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15. 


(ш) 8 


a 


6. a 


а, b, c, d 


7. b 
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TRIGONOMETRY 


Trigonometric Functions (Lecture-02) 


Values of trigonometrical ratios of some particular angles 


(1) 


(Ш) 


(iv) 


22122 У4-У2-У6 
n/ = 
S 2 2/2 
glo _ 44-42 46 
COS 2 ^w — 


tan 7-7 = W3 - 42 2 -1) 
КҮТЕТІН 


inl5° = то 53-1 
sın = COS = 242 


/3%1 


15° = sin75° = 
COS sin 2/2 





{ап15° = сої75° = 2-,/3 
cot15? = tan75? = 2 + 4/3 


sin22-*-- 2-42 

cos22~° =~ 244/2 
2 4 

tan225°= V7 1 


1 
со22- =/2 +1 


-1 
sinl 8? = cos72? = 45-1 
4 
соѕ18° =sin72° = у10+2у5 
4 
sin36? = cos54? = уны: 
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1/5 +1 


4 


1 
V) cos9° = — (Vi-csinT8? + Л - sin 18°) 


cos36° = sin54? = 





1 
(УІ cos27° = 5 (1 + соз 36° + /1- cos 36° ) 


Conditional identities 


If A, B, C are angles ofa triangle (1.e. A+B+C= x) then 


e tanA-+tanB-+tanC= tanAtanBtanC 
e cotAcotB+cotBcotC+cotCcotA = 1 


A 
— tan +tan— tanc +tan— tanc = 
e tan 5 tan 5 tan 5 tan 5 tan 5 tan 5 1 


COt — +cot— tcot = со cot — cot — 
° 2 2 2 "Rub те 


e sin2A+sin2B+sin2C = AsinAsinBsinC 


e cos2A+cos2B+cos2C =— 1 - 4cosAcosBcosC 


СОВА (Э тр ее ) 


cosA (1-5,45,-5 + 


B C 
"I A D C 
ө sinA+sinBtsinC = 4cos 5 905 7 0055 
A,B,C 
e созА-+со$В+со$С = 1 + Asin — sin sin 
2 2 2 
Trigonometric ratios of sum of more than three angles. 
e Те Зао. Эртен +A ) = СОЅА совА............ 
. О a ЖА) -совА совА............. 
ЭО 
tan(A A, ................. +A = 
e ( 1 2 ) |—5, 4:5, — Ё T 
where S, = Ў. tanA, — sum of tangents of angles 


D 2. (ал А ќапА, —sumoftangents takentwoatatime etc. 


In particular, 1f A, =A ,—.................. A. — A, then 


S,-ntanA ; S, —"C.tan"A ; S,—'C.tan'A etc. 


sin nA = cos"A ("C tanA—"C. tan" AC tan" A—........... 


cos ПА = cos"A (1-С ќап^А +С їап*А-—.................... 


tan nA = 
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Solved Examples 


cot X 





1 If f(x) = and а +В = T then the value of f(a ).f(B ) 15 


1+ сох 


(а) 2 (b) 5 (с) > (d) None of these 






































Solution : 
|| cota сер 1 1 
fta. IB) = l+cota’ 1+cotB 1+tangq’ 1+ tan 
1 1 1 1 
ST X ——————— X EES 
1 + tana T 1+tana 1— {апа 
1+ tan| д+—-@ 1+ 
4 1+ tana 
Е 1 I+tana | 
— 1+ tana 2. 2 
Ans : (с) 
2 The value of tan8 1?—tan63?—tan2 7?--tan9? equals 
(а) 1 (b 2 (c) 3 (d 4 
Solution : 
(tan8 1?--tan9?)-(tan63?-tan27^) 
—(cot9?--tan9?)-(cot27^--tan27?) 
Е 1 1 
© sin9?cos9? ѕіп 27°с0527° 
2 2 2х4 2х4 
 sinl8? 8154 45-1 4541 
_ 8/5 +1-/5+1 _ 8х2 » 
5—1 4 
Ans : (d). 
3 The number of integral values ofk for which the equation 7cosx+5sinx = 2k+1 has a unique 
solution 1s 
(a) 4 (b) 8 (с) 10 (d) 12 
Solution : 
7 5 2k+1 
74 | соѕх+ [71 sinx = NS 
MN 2k +1 
sin(x = 
=» Ol 1/74 
2К +1 
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-474-1 J74 -1 
р 5%, 


— 48<k< 3.8 
=> k= —,-3,-2,-1,-0, 1, 2,3 





1.е. 8 values. 
Ans : (b) 
sinx _1 cosx 3 ол 
If siny 2 and cosy 5 where x,y e | V ) then tan (x+y) = 


@ лз (0 (4 © VI7 ( wis 


Solution : 
sin’x+cos?x=1 


1 9 
=> 4 sin?y+ Fi соѕ?у= 1 





V3 5 
= соѕу= 2/2 and tany= 3 
45 





Also si тг dtanx = == 
SO sinx = AJ2 and tanx — 3,3 











5.5 
tan x + tan y dg x 
P МУ р tanx.tan y | J5 45 
343 X3 
V5 +345 
= 2 
V3 
445 
= 143 = 415 
Ans : (d) 


T 
If at p = 2 and B y = а, then tana is equal to 


(a) 2(tanB+tany) (b) tanf-tan y (c) tanp-2tan Y (d) 2tanB-+tan y 
Solution : 
Ү= a-p 
tan о — tan p 


= tan y =tan(a-ß )= 1 + tana. tan В 
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tan о — tan В 
E "сис 
1+tana.tan| — — Qq 
2 
: tan a — tan В 
an y = —— — ——- 
= T 1+1 


2tan y =їап о —tan В 
— tan о = tan D +2{ап ү 
Ans : (c) 
/ > TT 
6 2. tan 16 = 
(а) 34 (б) 35 (с) 37 (d) Noneofthese 
Solution : Given series can be simplified to 


— General pattern is tan? Ө cot? Ө 





Е sin^ 0-- cos^ Ө Е 1—2sin* Өсоѕ Ө _ 4 Қ 
sin’ Ocos? Ө sin’ Өсов Ө sin^ 20 
4х2 8 


1—cos 40 = ] соѕ 40 ES 





8 5| | 8 _„ |_ ê 3 
T sp T 2s Зл tl 
]-cos— ]—-cos— ]-cos— 
4 2 4 
M P. р 
> ы” 
8/2 84/2 


= ———— = —6+8+1 
x esl 42 +1 


_ 164842 «16-842 
2-1 
Ans : (b) 


+3 23243 = 35 
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Exercise 
1 | = Po 
= /—(1+ 2711 
1 If p = | Д (1+р,) , then cos рр.р..... | 8 equal to 
1 

(а) 1 (b -l (C) р, 4 р. 

2 If A, B, C are acute positive angles such that A+B+C= л and cotA cotBcotC- К, then 
mE d | | 
(a) К< 3,3 (б) К> 3,3 (с) к<. (d) К> 
x+y 
3 If > xy=1,then У, = = 
m E 

o Es E EU 

(c) ху (d) None of these 
4 The value of cot16°cot44°+cot44°cot76°—cot76°cot16° is 

1 -1 

(а) 3 (b 4 () у (d -3 
5 The number of solutions of tan(5 x cos 0 ) = cot(5 msing ) for Ө in (0,2 x) 1s 

(а) 28 (b 14 (c) 4 (4) 2 
6 Ifcos x = tan y, cos y = tan z and cos z = tan x, then a value of sin x is equal to 

(a) 2соѕ18° (b) со5182 

(c)  sinl8? (d) 2sinl8° 


7 Let n be an odd integer. If sinn 0 = Ў. Ы $1170, v Ө, then 
r-0 


(a b,=1,b,=3 (b) В, =0, 6 =п 
(c) b5=-lb=n (d) b =0, b,-n—3n*3 


T 
8 Ке*”/?<0 75 ‚ Which 1$ larger, cos (log. 0) or log, (cos Ө) 


(a) сов (log. 0) (b)  log,(cos0) 
(c) both are equal (d) None ofthese 
= 2гл 
9 2,(n-1)cos — for n>3 15 
r=1 
n 
@ 5 (b n 
(c) (0-3) (d) None ofthese 
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10* 


11 


12 


Match the following :- 
ColumnI Column II 
(a Inanacute angled д ABC, the least values A-H-2 
of 2. sec А & У, tan^ A are апа и respectively, then 
(b) Іпд ABC, the least values of У, соѕес(А /2) u- 4-3 
& У вес” (A / 2) апал, & и respectively then -u =4 
A B C 
(c) Ina ABC, the least values of cosec 2 J eosec| > | cosec| > (S) 32-2н-0 
& У соз ec^A аге) & и respectively, then 22-39-70 
ysin А 
Inany A АВС, the minimum value of 2. JS. GA 15 
(а) 3 (b 0 (c) 4 (d) Noneof 
these 
T Зл ST | 
If cos 7:008 7 , COS ›аге the roots of the equation 8 x;-4x^-4x- ] = 0. 
On the basis of above information, answer the following questions :- 
T Зд ST 
(1) The value of sec = +sec — +ѕес —- 15 
7 7 7 
(а) 2 (б) 4 (c) 8 (d) Noneof 
these 
. ТИСТ РИ eae 
(1) evalueofsin t, sin y sin vy 15 
| l V7 V7 
(а) 7 (6) & бу = (d) Es 
m edeo cos о 
(ш) е value of cos тт соѕ тт созт is 
| | J7 J7 
(а) 7 O g () 27 (d) E 
l l T Зл 3T |. 
(iv) The equation whose roots are tan? 7 tan? PE «сап? 77218 
(a) x—35x^-7x-21-0 (b  x—35x^421x-7-0 
(c)  x'—21x^-5x-7-0 (d) x—21x^-7x-35-0 
2 а = 2i] 
(v) the value of > tan? e У cot e is 
r-l r=1 
(a) 15 (b) 105 (c) 21 (4) 147 
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T ST T 
13 Ifa=sin 18 sin 18 sin 18? and x is the solution of the equation y = 2[x | 2 and y = 3[x—2], then 
a = 
1 
(a) [x] (b) Ix] (c) 2%] (d) [х 
14 Iftan о, tan B , tan y are the roots of x?-px^—r =0, then the value of (1--tan* о )(1--tan? В ) (1+tan? y) 
is equal to 
(a) (py (b)  L*(py (c) p= (d) None of 
these 
15 Iftan a is an integral solution of 4x^—16x--15«0 and cos В is the slope of the bisector of the 
angle in the first quadrant between the x & y axes, then the value of sin(a +B ): sin(a—f ) 15 
equal to 
(a -l (b 0 (c) 1 (d 2 
Note :* Questions with more than one option is correct. 
Answers 
l.c 2.a 3.a 4.a 5.a 6.d 7.b 
8.a 9.a 1l0.3q,s;bopt;cor П.а 
12. (1) b (41) b Gat) d (iv) e (v) b 13. b 14. b 15.c 
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TRIGONOMETRY 
Trigonometric Equations (Lecture-03) 
Equations involving trigonometric functions of unknown angles are called trigonometric equations. 
Numerically least angle is called the principal value (solution). 


Since, trigonometric functions are periodic, a solution 15 generalised by means of periodicity ofthe function. 
The solution consisting of all possible solutions of a trigonometric equation 1s called its general solution . 


Trigonometric Equations General solutions (р є Z) 


sing =0 д=пл 
cos =0 07 (2п+1)т/2 
tang =0 б-пл 
cotg = 0 Ө = (21+1) x/2 


sing =sina Ө=пт-+(—1)"о 
cosQ@ = соза 0б-2лл--а 


tang =tana Ө= алта 
sin? 0 =sin’o Ө=0л+ а 
cos? 0 = cos? а б-пл-а 





tan? Ө =tan’o Ө=пл+ а 


Method of an auxiliary angle 
Equations of the forma cos + bsing = саге equivalent to the elementary trigonometric equations 


b a 


C 
cos( 0 + 9)— flaw where sin ọ = NN ‚ cos o КЕСТЕ 


c|7 Ja? + h2 ,thenacosQ + Бзшб =c has no solution. 
a +b 

Ic] < Ja? +b? , then put 
[с | 


= cos q so that 
Va +b’ 


cos( Ө + ф)=со$ о 


— Ө+ф=2плт-+ о 
— Ө =20л+а+ф; neZ 

Note : 

(1) While solving, if you are squaring a trigonometric equation (which should be avoided as far as 
possible), check the solution for extraneous roots. 

(1) Do not cancel terms containing unknown terms which are in product (it may cause loss of a valid 
solution) 

(ш) Remove all those values (angles) which make any ofthe terms undefined or infinite. 


Solving trigonometric equations graphically 
Sketch the graph of each side of the equation. Now look for all the points of intersection within the given 
interval. 
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Solved Examples 
1 The number of distinct solutions of 


T 
5115 Ө cos3 Ө = sin9 0 соѕ7 Q in D х 15 


(а) 4 (b 5 (с) 8 (d) 9 
Solution : 
2sin5 Ө cos3 0 = 25119 0 cos7 Ө 
— 51180 +5112 0 sinl6 0 tsin20 
=> 51160-51080 =0 
=> 2cosl2@.sin49 =0 


sin4 Ө =0 or соѕ129 =0 
| => | =(2п+1)— 
gives 977, or gives Ө =(2n л 
-0, =, Е рер 
dd us 57724304901 504901501 
г. 9 possible values 
Ans: (d) 
2 The number of values of x in [0,5 л | satisfying 3cos2x—10cosx+7=0 is 
(а) 5 (b 6 (c) 8 (d) 10 


Solution : 
3(2cos?x-1) —10cosx+7 = 0 
3cos*x—S5cosx+2= 0 


=> созх =, 1. 





2 v 
Clearly the lines y = 3^ І intersect the graph at 8 points 


Hence 8 values 


Ans : (c) 

3 If sin Ө 2sin 0-1-0 is to be satisfied for exactly 4 distinct values of Ө є [0n xt], v ne N ; then 
the least value ofn 1$ 
(а) 2 (b 6 


Solution : 
sin? 9 —2sin 0—1=0 
sing- 1-4 /2 
=> sing =1—./2 (as1- ^2 isrejected) 


clearly four solutions lie in [0,4 x | 
-. least value of nis 4 
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Also 5% solution lies in [0,5 л] 


г. greatest value can be 5. 
Ans : (c) 


4 The most general solution of secx—1 = W2 = 1) tanx 1S 


T T 
(a) nnt 8 (b) 207, 207+ " (c) 2пл (d) None of these 


Solution : 
Given equation can be simplified to 


(1-созх) = W2 - 1віпх 


x X x 
2517 Е \/2—1) 2sin > с08> =0 


xI. X X 
п — | sin == 21 cos— | = 
asin | 5 ( ) =) 0 


X X 
=>  sinz-0 or tanz- 4/2] 
2 2 
х _ an on 
— 5 nmn ап >, = ап, 
= хд 
х= 2) я 5 nmn а 
2nnt+— 
х-2һтл 1 
Ans : (b) 
5 Sum ofall the solutions of 


eet] e nete 
COSX.COS| 5 .cos| 3 = д›хе [9,6] 18 





110л 

(а) 15л (b) 30m (c) : (d) ^ None 
ofthese 
Solution : 
Dol 
4 COS x= 1 

2пл 
соѕ3х=1 = cos3x=cos0 —3х=2пл ETE 

0.25 4 6n Әл 187 

A p) 3 , 3 , 3 5 3 geecececeeccecee А 3 


Adding we get the sum as 30 x 
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Ans : (b) 
6 The number of solutions of cosx- |1+sinx| for x e [0,3 x ], is 
(а) 3 (b 2 (c) 4 (d) None ofthese 


Solution : 
It is evident from the figure that, the two graphs intersect at 3 points. 


Y 
| 
О 2т X 
=i 
Ans (a) 

7 Thenumber of solutions of | gi» х +1 6% х = 10 іпхе [0,2 1] is 
(а) 8 (b) 6 (c) 4 (d 2 
Solution : 

16% * d l 6L 5m X — 10 

" 16 
put 16" *=y > yr = 10 
у—10у+16 = 0 gives у = 8,2 


о Be (16): & (16): 


- sin’x = 


2 





Aj 
+ | чо 


13 
Clearly lines у= 4'4 intersect the graph in 8 points 


Hence 8 possible solutions. 

Ans : (a) 
Exercise 
1 Ге P= |0: sin 0— cos 0 = V2 cos0j and 

Q- 0 :sin0-- cos0 = V2 sin 0j be two sets. Then 
(а) PcQandQ-Pz9$0 (b ОР (c) Ро (d Р-0 
-T T пл 

2 The number of values of 9 1n the interval E z) such that 0 + E forn- 0, + 1,+ 2 апа 


tan 0 -со15 Ө as well as sin2 Q = cos4 0 is 
(а) 0 (b 1 (с) 2 (d) 3 
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3 


4* 


10 


The positive integer value of n>3 satisfying the equation 


1 1 1 


| а - (29 ШИ = is 
SIn| — Ш — п —— 
n n n 








(а) 5 (b 6 (с) 7 (4) 8 
: қ пл А Я tan^0 
All values of Ө in the interval 579 satisfying (1—tan Ө )(1+tan Ө )ѕес20 + 2 = () 
T —T 
(a) 3 (b) ES (c) 0 (d) None ofthese. 
Match the following :- 
Column I Column II 
(a) Number of roots of cos’x+sin*x= 1 (p) 1 
in the interval [0,2 л] 
(b) Value of ‘a’ for which a% 2а+ѕес? т (atx) = 0 (а) 0 
has solution 
(c) Number of solutions of |cosx| = 2[x] (r) 4 


The solution set of 4sinx-1 |< 4/5 , x|« x is 


(в) ө Uo 5)» 1619) 
(a) 25/54 510) V ( 10’ (b) 10 ^ 10 / V 110^ 10 


Zn) |-л3л) (7m —7т 9n 
(c) ^ 10 JV 10 10) V 407" (d) 10 '10 


The number of points (х,у) inside the circle х+у2=4 satisfying the equation tan*x+cot*x+1=3sin’y is 


(а) 1 (b 2 (c) 4 (d) 8 
If sinx —2sin 0, cosx = tany, tanx=cosz and cosy = tanz, then 0 15 
(a 18? (b 36? (c) 54° (d) 72° 


Read the following and then answer the questions. 

Consider the system of equations 

sinxcos2y = (а2—1)2+1, соѕхѕіп2у = а+1 

(i)  thenumberof values ofa for which the system has a solution 1s 


(a 1 (b 2 (c) 3 (d) infinite. 

(и) | Thenumberof values of x e [0,2 x | when the system has solution for permissible values ofa 
is 
(a) 1 (b 2 (c) 3 (d 4 

(ш) The number of values of y е [0,2 x | when the system has solution for permissible values of a 
(a 2 (b 3 (c) 4 (d) 5 

The total number of solutions of sin{x} = cos {x} in[0,2 л |15 

(a 5 (b) 6 (c) 8 (d) None ofthese 
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11 


12 


13 


14 


15 


1 
If sinx+cosx= › iE : ,X e[0, x] then 


3 
(а) х= : yl — (5 у=2 (с) x= A (d) Noneofthese. 


If the inequatlity ѕіп?х+асоѕх+а? > 1+cosx hods for any x eR then the largest negative integral 
value of ‘а’ 1s 


(a —4 (b -3 (c) -2 (d) -1 

The number of solutions of є [0,2 л | for which [sinx+cosx] = 3+|—sinx |--|-cosx] is 

(a 0 (b 4 (c) infinite (d) 1 

The arithmetic mean ofthe roots of the equation 4cos?x—4cos?x-cos(315 л+х) =1 in the interval 
(0,315) 1s 

(a 50m (b 5іл (c) 100m (d) 315л 


Values of x & y satisfying the equation 
sin’y = x?-x^-9x49| + |х3-х2-4х4-4| + ѕес22у+соѕ*у are 
T 
(а)  x-l,y-nm,neZ (b) х-і, y-2nn*, neZ 
(c) x-l,y-2nz,neZ(d) None ofthese 
Note :* Questions with more than one option is correct 


Answers 
2.d 226 4. а,Ь 5.ar;bp;coq 
TeC 8.a 9. (i) a(i1) b (iii) d 10. b 
12. b 13.a 14. b 15.6 
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TRIGONOMETRY 
Properties of Triangles (Lecture-04) 


Properties and Solutions of Triangles 
Notation : 
Vertices A,B,C 
Sides a, b, c 
Centroid G (Point of intersection of medians ) 
Orthocentre O (Point of intersection of altitudes) 
Circumcentre S (Point of intersection of perpendicular bisectors of the sides) 
Incentre I (Point of intersection of internal bisectors of the angles) 
Excentres 1,1,1 (Point of intersection of internal bisector of an angle & external bisectors 
of the other two angles). 
Circumradius R (radius of circle with centre S and passing through the vertices) 
Inradius r (radius of circle with centre I and touching the sides) 


Exradii г, r,, г, (radii of circles with centres 1,1,1, respectively and touching the sides) 


E a+b+c 
Semiperimeter s = о 
Area of triangle A 

Concepts and Formula 


] Sine law 


. а e 
In any triangle ABC, dX con un 
2 Cosine law 


In any triangle ABC 
T NN 
e COSA = cda n ога? = b?-c^—2bc cosA 
2bc 
2 2 2 
с +а -b 
e cosB = — — — — or b? = c^c*a?-2ca cosB 
2ac 
2 2 2 
a +6 е 
ө cosC = — — — — or c? = a?--b?-2ab cosC 
2ab 


3 Projection formula 
e а = bcosC+ccosB 
e b = ccosAt+acosC 
e с = acosB+bcosA 
4 Napier's analogy (Tangent rule) 
B-C b-c А 


2 " b+c сос”, 








e tan 


324 


UDOON 


A program to give wings to girl students 














| С-А с-а "E 

x ш 2 prt 2 
А-В а- b m 

e nox cap 


5 Auxiliary formulae 
(Trigonometrical ratios of half angles of a triangle) 


боо „В |6-96-а . C (6-а)8-5). 
СОУ са СЕТ ab 
UU > 6—9 
e cos = a 


(s—b)(s—c) B (s—c)(s—a) С (s—a)(s—b) | 


о] ба >] ss-5 17| ҹә) 


s(s — a) 
_ А _ A _ А 
i s(s — a) i s(s — b) р s(s — c) 


6 Area of Triangle 


e Area of triangle ABC A = ,/s(s—a)(s—b)(s—c) (Hero’s formula) 


1 1 1 
ө А = = absinC = 5 bcsinA = 5 casinB 

















NO 


1 a’ sinBsinC 1 b’sinCsinA 1 c’ sin Asin В 
° 157% sin(B+C) 2 зщ(С+А) 2 sin(A+B) 


_, 2A 2 
7 ө SIDA = To b s(s —a)(s— b)(s— c) 





apa 24 - 
e В = = < s(s - as — 6)(5 – с) 
ace 2h 2 - 
e ШС = = s(s —а)(ѕ - 6)(5 – с) 
sinA X sin В _ snC 2A 
Also = —— = SE —— А 
b C abc ay 

8 m — n Rule | 

In any triangle, 

(m+n) cot = m cot a-n cot В K 

B m n C 


= n cot B -m cot C 
9 Circumcircle of a triangle. 
Circle passing through the angular point of a A ABC is called its circumcircle. Its radius is 
denoted by R. The circum centre may lie within, outside or upon one of the sides of the 
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triangle. In a right angled triangle the circum centre is the mid-point of hypotenuse. 


a b с 


B 2snA  J2sinB  2sinC 





abc 
R= ал 
10  Incircle of a triangle 
The circle which touches the sides 15 called inscribed circle or incircle. Its radius 1s denoted by 
r. 


о | > 


e r — (s-a) tan 5 = (5- Хап = (5-с) ап) 





LOBO. € . А. С В. 
asin—sin— — bsin—sin— — csin—sin 
2 >? 2 2? 2 


Ав 
cos — cos — cos — 
2 2 2 
| . B, С 
e т = 4Rsin E sin 5 sin 5 


11  Escribed circles of a triangle. 
The circle which touches side BC and two sides AB & AC produced of A ABC is called 
escribed circle opposite to the angle А. Its radius is denoted by г, .Similarly г, & г, denote the 
radii ofescribed circles opposite to angles B & C. 





А А A 
© е отав В gcc 
B C 
e Deom D stan; m Ыш 
В С А С В А 
à cos — COS — bcos — cos — C COS — COS — 
_ "M 2 2 s - À 
EE 7 М5 В 3 C 
COS — cos — cos — 
2 2 2 
йін оз е olga wid ex тікен о. 
e r= 4Ksin 5 COS 2 COS 055^ COS 5 sin z COS 2557 COS 5 COS ә SM 5 


12 Orthocentre and Pedal triangle 
e The triangle MNP formed by joining the feet of the altitudes 1s called the pedal triangle 
e The distance of orthocentre O from vertices A,B,C are 2RcosA, 2RcosB and 2RcosC 
e Distance of O from sides are 2RcosBcosC, 2RcosCcosA and 2RcosAcosB. 
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13 


14 


15 


16 


e In A MNP, 
/M^m-2€; MN=acosA 
/N^qm-2B; М№Р = ссоѕС 
У/Р-т-2А; МР = бсоѕВ 





i.e. sides of pedal triangles аге а cosA(Rsin2A), bcosB(Rsin2B) апа ccosC(Rsin2C). 

e Circumradii of the triangles OBC, OCA & OAB are equal. 

Note : 

e | Orthocentre of A ABC is the incentre of pedal triangle MNP. 

e Incentre I of д ABC is the orthocentre of AL,LI.. 

e Centroid of A ABC lies on the line joining the circumcentre to the orthocentre and divides 
it in the ratio 1:2 

e Circumcentre of the pedal triangle bisects the line joining the circumcentre of the triangle 
to the orthocentre. 

Excentral Triangle. 

The triangle formed by joining the three excentres І, L, & I, of 

A ABC is called the excentral or excentric triangle. 


Here AI, | LI, 





BL, LL 
& CL, LE, 
So clearly A ABC is pedal triangle of excentral triangle A LLL 


A B C 
ө Sides of excentral trangle are 4К cos", 4R cosy and 4Rcos 7 and its angles are 


N | > 


N/a 
t Ще 


ко |: 
ко | С) 


2 
2 


‚ B _ С 
IL = 4Rsin =; IL, =4Rsin > 


A 
e II, — 4Rsin 5 5 


э? 
Nine point circle 
Circle circumscribing the pedal triangle ofa given triangle 
bisects the sides ofthe given triangle and also the line 
joining the vertices ofthe given triangle to the orthocentre 
ofthe given triangle. This circle is known as nine point 
circle. 

i.e. Nine point circle passes through the mid point of 
the sides, feet of the perpendiculars and the mid points 
ofthe line joining the orthocentre to the angular points. 
Distance between special points 

ө Distance between excentre and circumcentre 


ОГ =R [йын “соз cos 
DON 2 22 
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17 


18 


19 





OL=R а За eos = 
2 2 2 2 


OL=R EE eos со — 
E! 2 2 9 


e Distance between cirumcentre & orthocentre is ,/1-8соғ A cos Всоѕ С 


e Distance between cirumcentre & incentre is ,/р2 орг 
e Distance between incentre & orthocentre is J/2r? — AR? cos A cos B cos C 
e Perimeter (P) and area (A) ofa regular polygon of n sides inscribed in a circle of radius 
l _ Um 1 2 
r are given by P = 2nrsin " andA — 2 nr^sin ua 


e Perimeter (P) and area (A) of a regular polygon of n sides circumscribed about a given 


T | 2T 
circle of radius r are given by P — 2nrtan ре and А = 2 nr^tan Pu 


Length of medians (Apollonious rule) 











, b^ c а? 
т? = — — 
2 4 

А с? +а? bi 
im = — — 
2 4 

; a^ +b’ с? 
m, = — — 
2 4 


3 
Also m “+m +m? = 4 (a^ b^tc?) 


If A = 90°, then т?т? = 5m,” 


4 
Area — 3^ i(m(m- m,)(m - m,)(m—m,) where 2m = т +m, +m.. 


Altitudes 
2А 2А 2A 
а ho yr BIG 








2bc 
Length of internal bisectors of angles A,B,C are given by bic соѕ қ а COS 5 : 


2ab C 


14 0985 respectively 
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20 Some useful results. 


: C 
e pope 4Rcos 5 


С 
e г. = 4Rsin 5 , 


ОЕ се AR 
Ir rr, = A? 





Г. ES | LER a tbc 
с — 2 2 DE 

г” Г D B N 
. 5= Jnrnn-cnn => nn 

x HEI Е ГГ, Г, 
К = = 

S 
42.15 


Lor 
. аа 
2 DE 
_ (г --т,)т, t r,)(r, +1) 


° 4». ГГ, 


Q0 F5) .. DFI). . r,(r, +r) 


2] Solution of triangles 
(a) Solution ofa general triangle. 


а, Б, с А, В, С Finda = ,/s(s—a)(s—b)(s—c) 
. DA _, A^ 2A 
sinÀ =-—, smB=—,sinC=—_, 
bc ca ab 
A A 
or апе Сс 
s(s — a) 
b* +с? —а* 
or COSA — — — —- etc. 
2bc 
(1f a, b, c are small) 
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b, C A,B = = 90° E 
а, D, C, fA, Э Би -- 2 
А-В a-b С 


7 8p 93 


asinC _ 
СА (sine rule) 
C^— a^tb^—2abcos C (cosine rule) 
a, A, B С = 180? -(A+B) 
asin B asinC 


= — —— (sinerule) 


(or c, A, B) sinA ' ^  sinA 


csin B asin A 
ER as the case 
sin C 


sinB = — sinA 
a 


C = 180? — (A+B) 


asin C 


Now, the following cases arise. 
Ави 
A<90° A<90° 
& a«bsinA & а= bsinA & a>bsinA (ambiguous case) 


| bsin А , | bsinA 
Here sinB = à sinB = 1 sinB = " e lf a«b, then B is 


also obtuse which 
is not possible 
= sin B>Inot possible — В = 90° gives 2 angles e Ifa>b, then А>В & C 
г. No triangle is only one triangle such that will be an acute angle 
possible Is possible В +B, = 180° So solution exists 
which 1$ right two triangles 
anlged at B are possible 
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(b) Solution ofaright angled triangle 
Let и C = 90? 


a,b с? = a+b? 


а b 
(two sides) tanA= b (or tanB = 2 ) 


B = 90°—A (or A= 90°-B) 
с,а 2— с2—а2 


а 
(hypotenuse & SIDA = " 


one side) b = ccosA or b=a cot A 
B=90°-A 
a, А B=90°-A 
(Side and angle) b=acotA 
a 
— SinA 


cA 
(hypotenuse & angle) 





Solved Examples 


4 
1 Ifin A ABC, a=6, b = 3 and соѕ(А-В) = 5 then 15 area square units 1s 














(a) 8 (b) 9 (c) 6 (d) None of these 
Solution : Using Napier’s analogy, 
А-В a-b С |28 l — соѕ(А – B) 
tan 2 aab cot 5 and tan (3 |= 1+ соѕ(А — B) 
1 6-3 С Е - 2) К 
= uu „кшм 
уа 
=> cot >= 
С = 90° 
Lb 1 |! . 
А = 5 absinC = 5 .6.3.s1n90* = 9 square units 
Ans (b) 
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2 If the angles A, В, C are the solutions of the equation tan*x—3k.tan’x—3tanx+k = 0, then the 
A ABC is 
(a) isosceles (b) equilateral (c) acute angled (d) None ofthese 
Solution: tanA, tanB, tanC are roots of the given equation 
-. tanAt+tanB+tanC = ЗК, tanAtanB+tanBtanC+tanCtanA= —3 and tanA.tanB.tanC = – К 
But tanA+tanB+tanC = tanAtanBtanC 
>3k=-—k — 4k = 0 gives k= 0 
г. tanAtanBtanC = 0 
— tanA = О or tanB = 0 or tanC = 0 which is not possible 


Ans : (d) 
3 In A ABC 
sin*A+sin*Bt+sin*C = sin’Bsin?C+2sin?Csin?A+2sin’Asin’B, then /А= 
Т ТЕ. Тл d) Noneofth 
@ Т 6 2 a та (4) None of these 


Solution : Given equation 1s, 
a*+b*+c* = b’*c*+2c’a*+2a’b? (using sine rule) 
— a*+b*+c4+2b7c*—2¢?a*—2a’b* = 3b?c*. 
(b*+c*—a’)* = 3b?c? 
(b^ no^ -å Е 3 
Abc? 224 


+ с? а? Yy 
2bc 7 


3 
соѕ?А = д 2 COSA = + 


a 
2 
ол эл 
А 
Ans (а) 
4 If the median of a triangle through A 15 perpendicular to AB, then 
(а) 2tanA+tanB=0 (b) 2tanA-tanB=0 (c) tanA-2tanB = 0 (d) tanA+2tanB=0 
Solution : 
tanA — —tan (180—A) 


X 
--2- 
C 


O 


= — 2tanB 
tanA+2tanB = 0 
Ans (d) 
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n n 
In A ABC, medians AD and BE are drawn. If AD =4, / РАВ = ра and / АВЕ = —, then ће area 
of A ABC is (in square units) 
64 8 








16 32 
(a) 3,3 (b) 3,3 (с) 3,3 (а) 3,3 
Solution : 
In A ABG 
n Ав 
cos c = АВ 
V3 2 AD 
2 3 АВ 
3 Е 2х4 
— 2 ЗАВ 
16 
1 |... X 
Area of AABD = 5 АВ.АР. sin c 
1 16 1 16 


ESL Е uit niic? 
2:343 ^3 3 J3 units 


32 
e === == : 2 
г. Area of A АВС = 2 area of A ABD 3 B units 


Ans (d) 

In A ABC, a?+b?+c? = ас+ 4/3 ab, then the triangle is 

(a) equilateral (b) isosceles (c) right angled (d) None of these 
Solution : 


а?++Ы?+с?—ас— J3 ab = 0 


2 2 
a +c? ae БЕРЕ 
4 
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-»а-2с &a- B 


2b 
а= 20= [^ A 
-а-),с- Е b= УЗУ. 
U | 2 2 
B а? Z b? + c? 
„. right angled 
Ans (c) 
7 In A ABC, if cotAt+cotB+cosC = 4/3 , then show that the triangle is equilateral 
Solution : 
In A ABC, tanA+tanB+tanC = tanAtanBtanC 
=  cotBcotC+cotCcotA+tcotBcotA = 1 .......................... (1) 


Let cotA=x, cotB=y, cotC=z 

given that x+y+z = 4/3 

Squaring, 
х^+у2+72+2ху+2у2+27х -3x] 
X*+y?+77+2xy+2yz+2zx = 3 (xy+yztzx) using (1) 


1.6. Xx^ty^-z-xy-yz-zx = 0 
=> 2x -2yM2Z-2xy-2yz-2zx =0 
> (x-yr*-zy*z-xy-0 
=> x-y&y-z&z-x 
=> х=у=ў» 
— cotA = cotB = cotC 
=> А-В-С 
= Тһе triange is equilateral. 
Exercise 
L Meee geo oH tubae мин fer n 
nA < ~ 3°24 EE et 1vides internally 1n the ratio 1:5, then sin “CAD 
is equal to 
a ‚1 i ME 
(а) 7 (b 4 с) 78 (4) ү» 
2 If in A POR, sinP, sinQ, sinR are in A.P., then 
(a) Тһе altitudes are in А.Р (b) The medians are in GP 
(с) The altitudes are in Н.Р (b) The medians are in A.P 


n P Q 
3 In A POR, ZR= 2 if tan z) and tan e are the roots of ax°+bx+c = 0 (а + 0), then 


(а) atb=c (b) btc=a (c) cta=b (d b=c 
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9* 


10* 


. (А-В+С) 
In A ABC, 2ac sin > = 
(a) ағ (b) са’ (c) Беа? (d) са’ 


TU 


In A ABC, let “C= 5 


. If r is the inradius and К 15 the circumradius of the triangle, then 


2(г+К) is equal to 


(a) atb (b) Бе (c) ста (d) atb+c 
2n 
Inradius ofa circle which is inscribed in an isosceles triangle one of whose angle is 3 is 4/3 , then 
area of triangle is 
(а) 4,3 (b) 12-743 (с) 1247435 (d) None of these 


If the angles A,B&C of a triangle are in A.P and if a, b and c denote the lengths of the sides 


a C 
opposite to A,B&C respectively, then the value of the expression c sin2C+ 2 sin2A 15 


1 
(а) 5 (b) E © 1 (а) 3 


Read the following passage and answer the questions. 

Consider the circle х2+у? = 9 and the parabola у? = 8x. They intersect at P & О in the first and 
fourth quadrants, respectively. Tangents to the circle at P & О intersect the x—axis at К and 
tangents to the parabola at P&Q intersect the x axis at S. 

(1) The ratio of the areas of A PQS and A POR is 


(а) l:J2 (b) 1:2 (с) 1:40 (4) 1:8 
(1) The radius of the circumcircle of the A PRS is 
(a) 5 (b 34/3 (c) 32 (d) 243 
(11) The radius of the incircle of the triangle POR 1$ 

8 
(a) 4 (b) 3 с) 4 (d) 2 


Internal bisector ZA of A ABC meets side BC at О.А line drawn through D perpendicular to AD 
intersects the side AC at E & side AB at Е. If a,b,c represent sides of A ABC, then 





EF e ] A EF e e ] 


А straight line through the vertex P of a A POR intersects the side QR at the point S and the 
circumcircle of the triangle POR at the point T. If S 1s not the centre of the circumcircle, then 


E : b га _ 
(à bs tsp ^ JQsxSR (D bs ST JQsxSR 
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11* 





ндар а bebes 
© Ps ST“ QR а) Ps ST QR 
| A 
Ina A ABC with fixed base BC, the vertex A moves such that cosB+cosC = Asin? БЕ Ifa, b апас 
denote the lengths ofthe sides ofthe triangle opposite to the angles A, B and C respectively, then 
(a) btc=4a (b) btc=2a (c) locus of point A is an ellipse 
(d) locus of point A 1s a pair of straight line 
Match the following : 
Column I Column II 
со А | cosB  cosC 
(а) InAABC, if 222222. (p 243446 
1 
and the side а = 2, then area of the triangle 15 (q) J6 
| a? +b? +c? 
(D In AABC,a>b>c,if у 3 —.3.-1, 
sin A +sin` B+sin` C 
then the maximum possible value ofa is (r) 3/7 
(c) Two sides ofa triangle are given by the roots of the 
equation х2—2 ,/3 х+2 = 0. the angle between the 
| . T | | 
sides 1s 3 .The perimeter of the triangle 1$ (s) 3 
| 7 В 
In A ABC if cosA+CosB+cosC = 4 then Ps 
4 » 3 2 x 3 
(а) 5 (b я © 5 (d) 5 


| | 2 2 1 8° 
In A ABC, sides a,b,c are in A.P and — + == + 


ІШ 37! 551 — (2b)! then the maximum value of 





tanAtanB 1s 

1 » 1 » 
(а) 5 (b 5 © 4 (d) = 

1 1 1 
НА А.,А.......А bearegular polygon of n sides and АА. = AA; T АА, , then 
(a) n=5 (b) n=6 (c) n=7 (d) None of these 
Note :* Questions with more than one option is correct. 
Answers 


a 2. C 3. a 4. b 5. a 6. C 
d 8 (1) C (11) b (11) d 9. a,b,c,d 10. b,d 
b,c 12. a—s;borconp 13.а 14. b 15. C 
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DIFFERENTIAL EQUATIONS 
Order, Degree, Solution of a Differential Equation (Lecture-01) 


An equation involving independent variable x, dependent variable y and derivative of dependent 


d 
variable with respect to independent variable - is called a differential equaitons. 


A differentiable equation involving derivatives with respect to single independent variable 15 
called ordinary differentiable equation. 


A differentiable equation involving derivatives at least two independent variables and partial 
derivatives with respect to either of these independents variables is called a partial 
differentiable equation. 


Order of a differential equation is the order of the highest order derivative present in it. 


Degree of a differential equaiton is the degree of the highest order derivative present in it 
after the differential equation has been expressed as a polynomial of derivatives. 


Formation of a Differential equaiton 


In order to obtain a differential equation whose solution is f(x, y, c, c,, С.,,,,,с )-0 where c, с, 


C,.....C, are n arbitrary constant different it with respect to x, n time s and then eliminate arbitrary 


constant с, с,...с from these (n+1) equations. 


Solution of a Differential Equation 


Variable separable form 


f(x) 


d 
Consider the equation I = а(у): which can be written as g(y)dy=f(x)dx. 


Now integrate both sides we get the solution. 


d 
Note : If the equation is of the form = =f{(ax+by+c), put axt+by+c=z, then convert into variable 


separable form. 


General form of variable separation 


If we can write the differential equation in the form f£ (x y)d(f (х,у) + ф(Е(х, у) d(f (x, y)t....=0 
then each term can be easily integrated separately (Also refer the table given later) 


Homogeneous Differential Equation 


dy f(x, y) f(x, y) 
General form 1$ — = where у 
dx g(x,y) g(x, y) 





is a homogeneous functions of degree zero. 
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Note : 


Rule : 


Reduce to variable separable form and then solve. 


| ау dx + by c 
Equation of the form dx pee or By4c where a, b, c, A, B, C are constants. 

When b=-A elu ае tec 

еп b=— when = when bz-A and — + 
Reduce the equation to Put ax+by=t Put x=X+h, у=У-К 
general form of variable Reduce to variable Convert to homogeneous D.T 
separation and solve separafle form & solve by taking 
A(xdyt+ydx)+Bydy+Cdy а htb К+с = 0, a,htb,kt+c,= 0 
-ахах-сах-0 and find h, К. 
solution is 

у? x^ 

x Ron РР — сх =k 


Linear differential equation 


oo 


Type I Type II 
dy dx B 
General form dx + P(x)y = Q(x) General form dy + P(y)x = Q(y) 
LF. = е!” ығ” 
Рах X | | P(y)d 
solution 1$ y. el = [axel dx +C Solution 15 x el = [ aye! "94у +С 


Bernoullis differential equation 





Type I (in y) Type II (in x) 
dy dx 
general form p +Р(х)у = О(х)у, пе К general form E +Р(у)х -Q(y)x"ngzR 
X | 
1 1 
Divide Бу y? and then put y" =Z Divide by x” and then put иг = Z 
Convert into linear D.E Convert into linear D.E. 


Note : Ifn=0, Bernouilli's equation reduces to linear differential equaiton. Ifn=1, it reduces to 
variable separatble for m. 
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5. — Excact differential equation 


OM ON 


M(x,y)dx + N(x, y)dy=0 15 exact differential equation if Әу = m Then there exists a function 


Ou 
u(x, y) such that M = 


au | | да ow | 
Эх, М= dy making the differential equation —— dx+ ay dy=0 with 


Ox 


solution u(x, у)-с 


i.e. To solve Mdx+Ndy=0 


| Мах +| (terms of М not containing x) dy ^c 


y—cons tant 


Note : Sometimes a differential equation of the form Mdx+Ndy=0 which 1$ not exact can be reduced 
to an exact form by multiplying by a suitbale function f(x, y) which 1s not identically zero. This 
function f(x, у) 15 known as integrating factor. We can find integating factors by inspection 
(Refer the table given later) 


Note : Sometimes transformation to the polar coordinates facilitates separation of variables. Remember 
the following 


Ifx =гсоѕ0, y=rsinO 

1. хах+уау=гаг 

П. х dy у dx 49 

Ш. dx*+dy*=dr*+1°d0? 
Orthogonal Trajectory 


Any curve which meet each member of a given family of curves at right angles is called an 
orthogonal trajectory of the family. 


eg. y=mx is an orthogonal trajectory to the family of curves x^*y^—-a* 


Working Rule 
1. Let f(x, y, с)=0 be the family of curves where c 1s an arbitary constant 
il. Differentiate given equaiton w.r.t x and eliminate C 


-dx. d 
Ш. Put km for in the equation obtaiend in step (11) (This 1s the differential equation of 
y 


orthogonal trajectories. 
IV. solve this differential equaiton to obtain the orthogonal trajectory. 
Differential equation of first order and higher degree 


1. Equation solvable for P - j 
у 
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İV. 


Geometrical Applications 


1. 


If the equation pf (х,у)р"'+.......... +f (xy) p tf (х,у)=0 is solvable for p, then LHS can be 
written as (p-g, (x. y) (p-g&. у)... (p-g (x. у))=0 

dy dy dy 
—? dx =2 (x, у), dx =0 (х, у) MRNA ' dx =0 (х, y). 


Integrate and find the general solution. 


П. Equations solvable for у 
ay 
y=f(x, р); P= dx 
Differentiating 
dy 


dx =p=F(x, р, <р ) which is a differential equation of first order containing x and p.Let its 
solution be ф(х,р,с)-0 
The final solution is obtained by elminating p between y=f(x, p) and 0(x,p,c)=0. 

Note: If it is difficult to eliminate p, then express x and y as a function of p. 

Ш. Equation solvable for x 
X—f(y, p) 

Differentiating w.r.t. y, 

| dx ар... D. | | 

Е = dy —g(X,p, dx ) which is a Ist order О.Е. cotaining y and p. Let its solution be ф(у, p, c)=0. 
Solution 15 obtained by elimating p between x=f(y,p) and ф(у,р, c)=0 
Note: If it is difficult to eliminate p, then express x and y as a function of p. 


Clarauts Equation 


Ifa first order (any degree) differential equation 15 first degree in x, y and is expressible in the 
dy . | 
form y=px+f(p) where p= a 18 called clairauts form. 


Its solution 1$ given by y=cx+f(c) which 1s obtained by replacing p by c. 


d 
Equation of tangent at P(x, у) is Ү-у- x (X—x) 


dx dy 
x and y intercepts of tangents are х-у — and y -x — . 
dy dx 
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dx 
Equation of normal at P(x,y) is Ұ-у-- dy (X—x) 


dy dx 
апау + x ау 


4х 
dy : 
1+| — 
"| = 


iv. Length of normal РМ = ly cos ecO(90* — Ө) = ly sec Ө = уу + tan’ 


x and y intercepts of normal are х+у 


ш. Length of tangent PT = ly cos ес = уу +со$^ 9 = 








dy ү 
1+} — 
| Ж 





ах 
v Length of subtangent ST = ly cot Ө H y 


d 
vi. Length of sub normal SN = ly cot(90° — Ө) - ly tan Ө - у x 


Some standard forms to solve differential equaitons (For finding out the integrating factors by inspection). 


1. dx+dy=d(x +y) 2. ydx + xdy = d(xy) 
ydx — xdy xdy — ydx | 4 
Dcus uc M aere gere | 
3. у? а(х/у) 4. "T x 
E MEME 0) 
X^ +у X X^ +у y 
xdy 4 ydx xdy — ydx 
, ФК т) " == 
ху ху X 
dx — xd X xdx + yd 
9. ix x - dog? 10. xdx*ydy овј y? 
Xy y X +у 
2y^xdx -2yx'dy х? 2x^ydy — 2ху?ах у’ 
= |  ————— dd 5 
y y X X 


— (хау + ydx) 1 
Екі ы ЖР dl 14. 2хах + 2ydy = d(x? + y?) 


xy ху 
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15. 


ен Іов, (х + у)) 16. x"! y™ (nydx tnxdy) =d(xty") 


E edi 
y 





xdx + ydx 1 = = 
у ZE key T xdy s ZEE r) 


Je +y х? -y о 

(ху) Q0)" 20 [Ere 7 Sin" 2) 
(g(x, y))" E 2 Үк-у | | 
Solved Examples 


d T 
Solution ofthe differential equation 2y sinx. P =? sin x cos x — у? cos x satisfying ІН = 115 


a.  y'—sinx b | y=sin’x c. y=cosxtl d. None ofthese 


ау). 
Solution : 2у x) sin X + у’ COSX =sin 2x 
X 


d 
= pud sin x) — sin 2x 
Integrating both sides, 

| 1 

у sinx = – cos 2x +С 

М |2) a ыш <= Р 
owy| 5] =1> Sin, =-> (Hl) 
= 


1 
y? sin x = 5 d — cos 2x) 


1 
у? sin x = 5:250 x 


=> y =sinx 


Ans. a 
The solution of y(2x^y + е*)ах — (е* + y*)dy = 0, if y(0) = 1 is 
a. бех + 4х?у – Зу – Зу = 0 b уе: – 4xy — 3х? -3 = 0 
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с. x*e*—4x?y—3xy’-3x=0 d. 


Solution : ye* dx — ех dy + 2х?у? dx - y? dy = 0 


ye'dx-e' dy 
= ТЕ о 


e^ 
ТЕЗ + 2x? dx -y dy = 0 
Integrating we get, 


x 3 2 
е Жж Y _¢ 
у 3 2 


1 | 1 
2 =C gives С = — 


у(0)-1-»>1-40- 5 


X 3 2 
e жу 1 


у 3 2 2 
gives бех + 4х?у — 3y? - Зу = 0 


Ans. a 


d 
3. The solution of yx +у-х z =Q is 


Solution: y°x dx + y dx –х dy = 0 


ydx — xdy 
=> yxdxt y, С = 0 


ТЕБЕ 
-- == m 
ух dx y 
1 X 
=> x dx + 4 — =0 
y y 
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3 
= cus B {= =0 
y M 


Integrating we get, 
5 | 4 
ые 
5 4y 
Ans. b 





xdy y 
4. The solution of > 7 = E 5 -1 1S 
X ty X +y 


a) y =x. cot(C — x) b. сов! 2) = С х 
у? 
c) y-xtan(C-x) d. + -xtan(C- x) 
X 
xd dx 
Solution : t = -dx 





x^ 4 y^ x^ +у? 


xdy — ydx 
> ~z z =x 
X +y 
dan d = —dx 
X 
aX 2 
Integrating (ап Z7 5 TC 3 x tan (C — x) 
=>  y-xtan(C-x) 
Ans. с 


5. The solution of (y(1 + x ') + sin y)dx + (x + log x + x cos y)dy = 0 is 
a (l+y'.siny)+xt log x=C b. ytsiny+xylog х= С 


c. xytylog xt+xsiny=C d. None of these 


Solution : ydx + А (Ах + sin ydx + xdy + log, xdy + x cos уйу = 0 
dx | 
=> (ydx + xdy)+ > + log.xdy | + (sin ydx + x cos ydy) = 0 
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= d(xy) + d(y log, x) + d(x sin y) = 0 
ху tylog.x+xsiny=C 


Ans. с 





1 у? x? l 
6. Solution ofthe differential equation E T AIL + | 2 Lay =0 is 

















(х-у) (х-у) y 

a. log, he b. Ce 

у х-у х-у 

X 

с log. —— C4 + 4. None of these 

D х-у 

dx dy х’ау-у’ах 
Solution : 42... - 0 

У | (x-y) 
dy dx 
2 2 
> x yf 
х y 
Integrating we get 
а 
log x – log y — 11 -C 
X y 
= log, ЕС 
х-у 
Ans. а 
Exercise 
| | | _ (dy) _ dy | 
A solution of the differential equation | — | —xX——+y = 0 is 
dx dx 
аа y-2 b. у-2х с. у-2х-4 а. y=2x’-4 
2.  Ifxdy = y(dx + уйу), y(1) = Тапа у(х) > 0. Then у(-3) is equal to 

a. 3 b. 2 с. | 4. 0 


Е -х Л | 
t 


Let f(x) be differentible in the interval (0, © ) such that КТ) = 1, and lim 
—X -Х 
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4.% 


Dat 


each x > 0. Then f(x) 1$ 


1 2х” -] Ах? -] 2 1 
а = b. = 5 = = d. — 
3x 3 3x 3 X X X 








Tangent is drawn at any point P of a curve which passes through (1, 1) cutting x-axis and y-axis 
at A and B respectively. If BP: AP=3: 1, then 


d 
a. differential equation of the curve 1$ 3x E +y=0 


d 
b. differential equation of the curve 1s 3x Е -у-0 


1 
C. curve is passing through (12) d. normalat(1,1)i1sx * 3y-4 


Let y — f(x) bea curve passing through (1, 1) such that the triangle formed by the coordinate 
axes and the tangent at any point of the curve lies in the first quadrant has area 2 units. Then the 
possible curves are 


X 
a х+у= 2 b ху=1 с. х-у= 2 d —=1 


A curve passing through the point (1, 1) has the property that the perpendicular distance of the 
origin from the normal at any point P of the curve 15 equal to the distance of P from the x-axis. 
Equation of the curve 1$ 

a. х? +у? = 2х b х+у? = 2х с. х’-у’=2х а. noneofthese 


X 


Let f : В > В be a continuous function, which satisfies f(x) = | f(t)dt. Then the value of 
0 


f(log 5) is 
a. 0 b. 1 с. 5 d. попе of these 
If the function f(x) = x? + e? and g(x) = f! (x), then the value of g'(1) 

1 
а. 5 b. 2 с. 0 d. noneofthese 
Match the following :- 

Column I Column II 

a) The differential equation formed by рр O+2D=5 


differentating and eliminating constants from 

у =asin*x + b cos*x + с sin 2х + d cos 2x, 

where a, b, c, d are constants. If order and а 20+3D=5 
degree of the differental equation represened 

by O and D, then 
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b) The order and degree of the differential r) O=D 


equation, whose general solution 1$ given by 


= 1 = Xtcztc 
y = (c +c,)sin(x+c,) —c,e*55*e where с, €,, C,, Cy, C, С, 


are arbitrary constants, are O and D, then s O°+D°=4 


с) The order and degree of the differential 
equation satisfying t) 29-39-11 


V1 x^ c1 y^ = A(xq14 y^  yylo x^) 
are O and D, then 


10. Readthe following passage and answer the questions that follow :- 


d 
The differential equation y= px + f(p) ....... (1) where p = = ‚ is known as Clairout’s equation. 


d 
To solve equation (1), differentiate it w.r.t. x which gives either = O>p=c...... (2) or 


dx 
x + f'(p) =0....... (3) 
Note : (a) If p is eliminated between polution (1) & (2) the solution obtained is a general solution of 
(1) 
(b) Ifp 15 eliminated between (1) & (3) then solution obtained does not contain any arbitrary 
constant and is not particular solution of (1). This solution a called singular solution of (1). 


1. Which of the following is about solutions of differential equation у= ху! + 4/1 + (y)? 


a) The general solution of equation is family of parabolas. 
b) The general solution of equation 1s family of circles. 

c) Thesingular solution of equation 1$ circle. 

d) Thesingular solution of equation 1s ellipse. 


i. The number of solutions ofthe equation f(x) =—1 and the singular solution of the equation y = 


dy (ауу. 
клу «(8 1S 


a. ] b. 2 c. 4 d. 0 

" | | | | | dy 

ш. The singular solution of the differential equation у = mx + m — m? where, m = ах Passes 
through the point 
a. (0,0) b. (0,1) c. (1,0) d. (-1, 0) 


Note : * Questions with more than one option is correct. 


Answers 
l.c 2.a 3.a 4. а, с 5.a, b 6. b 7.a 8. b 
9. a > p, s, t; b р, 5, Е; с q,r 10. (1) c, (11) b, (111) d 
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DIFFERENTIAL EQUATIONS 


Formation of a Differential Equation and Problem Solving(Lecture-02) 


Solved Examples 


d 
1 The solution of x? ra +4х tany = ех secy satisfying y (1) =0, is 


(a) tany = (x—2)e*. log, x 


(с) tany = (x-1l)e'x^? 
Solution 


The equation can be written as 


dy 4. 
COSy p - 


X 





d X x^ 


| dy 
put siny = Z => cosy. dx 


. — + 
" dx 


dz 47 e* 
X 3 


X 


4 


[—.dx 
-LF=e* 4-х4 


dz 


dx 


e* 

4 

- Z.xt= |X .—; dx +C 
X 


= 7х“ = (х—1)е*+С 


г. X'siny = (х—1)е*+С 


^. siny = e*¥(x—1)x* 
Ans (b) 
2 The solution of the equation 


dx 





(a) Се 
х+у 
1 
(с) (x+y) = x+1+Ce* 


Solution 


1 
Putz = (x+y) 


ы dz _—2_ 
OW x (x+y) 


d 
= +x(x+y) = x? (х+у)?-1 is 


(+2) 
ах 


(b) зшу=е(С-Гх“ 
(d) siny-e*x-1) x? 


(put x = 1, у= 0) 


1 ' 
(b) (ЕЖЕ ^ 2+1+Се* 


1 
х+у 





2 
= x+1+Ce* 


(d) 





=[ 92 + 3 

= 2 dx кы 
dz 

Se —2ух e" 
dx 

t ГЕ = g 2х4 = ех 


x ze" = [e^ .- 2x dx +C = — [e tdt--C 








1 е 
LM е = 
=> (x+y) te + е'+ С 

ВИ 2 x" 
Ans (b) 
The solution of differential equation 

dy ху: (S) xy” (&) | 
= |+ ЕРЕДІ с = |3 ТТ” 

кш, Tta 3 dx) ^ 5 
(а) y=logx+C (b) y-(logxy*C (c) y=s+logxtC (d) xy-x^C 
Solution 


х = Du = logx = ху 5 
е X 


E |y dy = f= log, x ax+C 


2 


2 
y _ (ов, х)? | 
2 2 


= y-tJ4(üog x) +С 


=> y= t log, x +С 
Ans (с) 
The function f(x) satisfying FCV Hf .f aE (x))* = 0 is given by 


C 


(a) kelk (b) ке (c) көсе (d) None of these 


Solution 
solving we get 


Ғ(х)- 41) 16 (xy - (ж) /16(Ғ(х)) -4(Ғ(х)) = —2f(x) + J3 f(x) 


ZA 
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ғ _ 
оо е 


log f(x) - 25 4/3 )х+С 


—fx)- e 255 Іс — e 255 К PNE e 255 | 
Ans (c) 
A curve f(x) has normal at the point P(1,1) given by a(y—1)+(x—1) = 0. Ifthe slope of tangent at any 
point on the curve 1s proportional to the ordinate at that point, then the curve 1s 
(а) y-e"— (b) y-l=e* (c) у-е” (d) None of these 
Solution 

Normal at point P is ay+x = at] 





* where k ^ e* 


d 
г. Slope of tangent at = a = ЄЗ ЛЫ ынаны (1) 
4у 4у 9] — 
Now dx ЧУ > ду = ky (Z) x кенін (2) 
Егот (1) & (2) К=а 
dy dy 
a > y — a.dx 


= log у= ax+C 

Now C =— a (as curve passes through (1,1)) 

-.log,y = ax-a 

— у = езбе) 
Ans (c) 
Ifthe length of portion of normal intercepted between the curve & x-axis varies as the square of the 
ordinate, then the curve is 


(а) kx+ 4h 12,2 =С.е® (6) kytky -1] = С.е 
l- Кх y 
(c) ky+ 2х2 —1 = Сех (n) None ofthese 
k^x 
Solution 


dx 
Normal is Y-y = — dy (Х>-х) 


| [n dy 
Point оп x-axis is | X + Y——.9 
dx 


d 2 
Now zz) +(0-y a y 
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3* 


4“ 


ы” 


Чу 
=» k*y? —] = ах 


Integrate to get, 


у+. Y! -—s 
k 


sky+ Ку? -1 = С.е 
Ans (b) 


= kx*C 








loge 


Exercise 


d 
Let y'(x)*y(x)g (x) = g(x) g'(x), (0) = 0, x e К, where f'(x) denotes dx f(x) and g(x) 1s a given 


non-constant differentiable function on В with g(0) = g(2) = 0. Then the value of y(2) 1s 


(a) 2 (b) -1 (c) 0 (d) None of these 

| | | ‚ dy d^y EE 1 
The solution of the differential equation 457 8 dx? = 0 satisfying y(0) = 5? у (0) = О and 

X X 

| е —8х +7 | | 

у,(0) = 11зу = у > then the numerical value of ), 15 
8 B 64 а = 

(а) (0) е (с) (d -< 


| | | | cos x(3cos y - 7sin x — 3) | 
If the solution of the differential equation —— 224224222 5, = 0) 15 
dx — siny(3sinx —7cos y * 7) 
(sinx+cosy—1) ^ .(sinx—cosy+1)" = c, where c is arbitrary constant, then 


(а) X75 (0) A=2 (c) Һ-2 (d н-5 
The curve for which the area of the triangle formed by the x—axis, the tangent line and radius 
vector of the point of tangency is equal to a? 1s 


2 2 
a 2 a 


(a) x=Cyt EX (D у-х-Сх? (c) у= Сх+— (d) x=Cy a" 


| хах + уду a -x-y 
The solution of | Е о о 18 
хау — ydx X +y 
(a  Jx^-y^ =asin((tan“y/x)tconstant) (b)  Jjx^- y^ = acos((tan !y/x)*constant) 


1 
(c) ух? +y? -a(tan(sin !y/x)*constant) (d) y-xtan(constant-*sin'! "E x+y?) 


If f(x) | (Е(х)) dx and f(1)=0, then f(x) is equal to 
(a) (2(x-1))'" (b) (5(х-2У) (c) (3(x-1))'” (d) None of these 
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Through any point (x,y) ofa curve which passes through the origin, lines are drawn parallel to the 
coordinate axes. The curve, given that it divedes the rectangle formed by the two lines and the axes 
into two areas, one of which 1s twice the other, represents a family of 


(a) circle (b) parabola (c) ellipse (d) hyperbola 
Match the following 
Column I Column II 
(a) Ifthe function y = e*+2e~ is a solution of the differential 
‚ dy dy К. 
equation E —13 ax ky, then the value of 3 18 (p) 3 


(b) Number of straight lines which satisfy the differential 


2 
их к | уу 4 
equation 4- +x |z| ~y= 015 (q) 


(c) Ifreal value of m for which the substitution, y = и" will 


d 
transform the differential equation, 2x* y s + у = 4x° into 


a homogenious equation, then the value of 2m is (r) 2 
| | | _ x' d'y dy | 
(d) Ifthe solution of differential equation um TX dx 12y 1s 
X 
y = Ax™+Bx™, then |m+n] is (s) 1 


Read the following passage and answer the questions 
If any differential equation be in the form ҚҰ (х,у) d(f (х,у) + 9 (Ғ.(х.у)) а(6(х,у))+......= 0, 


X X 
then we can perform term by term integration. For e.g., [sin xy d(xy) + (5 (5) = 


1 x) 
— соѕху + " 26 


(i) The solution of the differential equation (xy*+y)dx—xdy = 0 is 


2 3 
(а) 4 2\y) | (0) 4 3 (у/ о 
x" 1 x : -C d x 1 А = С 
(с) 4 2 (у © 4 24y) - 
(п) Solution of differential equation (2xcosy+y’cosx)dx+(2ysinx—x’siny)dy = 0 is 
(а) x'cosyty'sinx = C (b) xcosy-ysinx = C 
(c) x°cos*y+y’sin’y = C (d) None ofthese 
2 
X 


(xdy--*ydx)*y (xdy-ydx) = 0 15 





(ш) Solution of differential equation 
— + 
x^ d 


2 
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1 [у i 1 [у í 
—lyy, | - —1 +— | > — 
(а) «әп ху 5 2) С (b) іап ху 5 В С 
1 2 
(c) tan хут = В -C (d) None of these 


d 
10 Solution of the differentia equation (ох +e” ) y га + ех (ху—х) = 0 15 


(а) ех (у )+еу = С (b е» (х—1)+ех = С 
(с) е (у 1)+ех = С (d ех (У-)+еу =C 
11  Thesolution of the differential equation (xcotyt+logcosx) dy *(logsiny-ytanx)dx = 0 
(a)  (sinx)’ (cosy) = C (b) (siny) (cosx) = С 
(c) (sinx)' (cosy = С (d) None of these 
12  Thesolution of differential equation 
X + pe 
_ dx  xcos(x +y"). 
= dy = оу IS 
d dx 
2 2 
(a) tan(x^ty)- y С (b) cot (x+y?) = y +С 
У У 
(с) tan(x*+y)= => +С (d) соцх+у) = +С 
X X 


Note : * Questions with more than one option is correct. 


Answers 
1. C 2: C 3. a,c 4. аға 5. a.d 6. C 
7. b 8. aoOq;bor;cop;dos 9. (1) b (11) b 
(ш) с 10. a 11. b 12. a 
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MATRICES & DETERMINANTS 


Properties and Evaluation of Determinants-01 


DETERMINANTS 
Minors & cofactors of elements of a determinant. 


Note : 


It we delete the row and column passing through the element a the determinant thus obtained 1$ 
called the minor of a. denoted by М, and cofactor of a. is (-1 y? М, and is denoted by A. or C... 


Ifall the elements in a row (or column), except one element, are zeros the determinant reduces to 
a determinant of an order less by one. 


5.0 0 
3 -2 
"EE 7] 

1 5 4 


Also a determinant can be replaced by a determinant of higher order by one. 


10 0 
ва: h dep 2 
8 — psg -5 


Singular ог non singular matrix : 


A square matrix А 15 said to be non-singular if |А | z 0, and is said to be singular if А |= 0 


Properties of determinants 


(1) 
(it) 
(Ш) 


(iv) 


(v) 


(vi) 


(vi) 


Forasquare matrix A, 

Ifa row (column) is a zero vector, then |А |= 0 

If any two rows (columns) are proportional, then |A| = 0 

If the rows & columns are interchanged, then |А | remains the same 

i.e. [A] = А! 

If any two rows (columns) are interchanged, value of |A| differ by a negative sign. 


ka kb Кс a b с 


ра гурат 
и у W пу W 


ГА is a square matrix of order n, then |kA| = К"|А| 


а-ға, b,+b, Gtel а b, c, а, b, с, 
p 4 T |.|p а гір q fF 
u V W u v w Uu v w 


Ifa scalar multiple of any row (column) is added to another row (column) then |A] is un- 
changed. 


b c| a-Àp b+Aq с-л 
ie P d = P d 7 
п у № u V W 
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(ix) The sum of the products of elements of any row (column) of a determinant with the cofactors 
of the corresponding elements of any other row (column) 1$ zero 


а, Ayn dg 


а, a a 
— 21 22 23 = 
If, A , Шеп а, C,,+a,,C,,ta,,C,,=0 
а. du “da, 


(x) The sum of the products of elements of any row (or column) of a determinant with the cofac- 
tors of the corresponding elements of same row is |А) 
le, а C ta,C,,ta,,C,,=|Al. 

(xi) Ifr rows (columns) become identical when ‘a’ is substituted for x, then (x—a)' ! is a factor of 


the given determinant. 
х-2 x-3 х-4 
x-3 x-5 2x-8 


Eg: Let A(x) = 
х-4 x-6 3x-10 
Putx=1 
-] -2 -3 
А = 1. а (В & R, are proportional) 
-3 -5 -7 
г. X- lisa factor of A(x) 
(xii) оао a )then 
LS EE ME PN a 
хш — |AB|=|A] |B| = [ВА = [AB | = |A BI = [A B] 


a(x) b(x) c(x) 
(xiv) Let a (х) = p(x) а(х) r(x)|,then 
u(x) v(x) w(x) 


а(х) b'(x) с(х) а(х) b(x) с(х) а(х) b(x) с(х) 


4 OC р(х) а(х) rGO|,|pGO а(х) rG) |р) а(х) re) 
dx u(x) у(х) w(x) |u(x) у(х) w(x) а(х) у(х) w) 
(xv) Product of determinants of same order 


а b, c, a В У, 
x |02 D, 7: 
a, b, c, о; D У; 
а +b B “суу, аа, +68, +су, ао, +В, “суу; 
_|a,a,+b,B,+c,y, aQ, +0,В, +с.у, a,a;+b,B; “су; 
a,0, tb,D,c,y, a;0,+b,B,+¢;y, ао; ЫШ; +е;у; 


(row by row multiplication) 
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Multiplication can also be performed row by column ; column by row or column by column as 
required in the problem. 
(xvi) |A"| - AP" 
(xvii) Determinant of a skew symmetric matrix of odd order is zero 
Use of Determinants : 


(1) Area of triangle whose vertices are (x, y,) (х,, y,) (X,, У.) is given by 
_15 X l 
d 2X, у, | 
X. Жа l 
(п) If a xtb у+с =0, a,xtb,ytc, = 0 & a,xt+b,ytc,= 0 are the sides ofa triangle, the area of the 
triangle is given by 
2 
| а, b, C 
E b, c | 
А = 2C CC, 2 Е к where С, C,, С, are the cofactor of c,, с, & с, respectively in 
3 3 3 
a, b, с, 
a, b, c, 
a, b, с, 
(ii) ax^-2hxytby^2gx-42fy-*c-0 represents a pair of straight lines, then 
a h g 
abc+2fgh—af’—be*—ch?= hh b f|-0 
g fc 


Cramer's rule for solving simultaneous linear equations 
Consider the system of equations 
a Xtb,ytc,z — d, 
a Xtb,ytc,z = d, 
a,xtb.ytc,z=d, 


а b, с а, b, c, 

Here A = 2 о р А, = 4; b, c, 
a, b, с, d, b с; 

а d, с, a, b, 1 

Am d, c, A. a, b, d, 

a, d, с, a, b, d, 


By cramer's rule, 
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OA А) А; 
пл’ А?” А 


In the above system, if d =d,=d,= 0, it is called a homogeneous system. 


Non - homogeneous system Homogeneous system : Trivial solution 
always exists (1.0. x =y=z=0) 
г. Always consistent 
(1) A = 0. consistent only trivial solution 
х=у=7=0 


(1) A = A,—A , =0, system has infinite 
solution А =0 


infinitely many solutions 
(non-trivial solutions) 


atleast one of A , A,,A,+0; system 
has no solution (inconsistent systen) 





Solved Examples 
] The value ofthe determinant 


соѕ(А – Р) соѕ(А – О) cos(A-R) 

соѕ(В – Р) cos(B-Q) cos(B-R) A 

cos(C- P) cos(C-Q) cos(C- К) 

(а) 0 (b) 1 

(c)  sin2A sin2B sin2C (d) None of these 

Solution : 
We can write the given determinant as the product of two determinants 

со(А-Р) cos(A—Q) cos(A-R)| |cosA sinA О |со$Р sinP 0 
соѕ(В – Р) cos(B-Q) cosB-R)  |cosB sinB 0 jcosQ sinQ 0 _ 


0 
cos(C- P) cos(C-Q) cos(C-R) |cosC sinC (| cosR sinR 0 

Ans : (a) 

(a, —b,) (a, -b,) (a, —b,)° 
2 If (a-b) (a,-b,) (а, —b,)*} = k(a,—a,)(a,—a,)(a,—a, )(b,—b,)(b,—b, )(b,—-b, ), then К 

(a, —b,)° (a, -b,) (a, —b,)° 

is equal to 

(а) 1 (b 2 (co) 4 (d) 8 


Solution : 
The given determinant can be written as 
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=2 | а, a |x| By b 
| a, а,| |l b, b, 


= 2(a,—a,)(a,—a, )(a,—a, )(b —b,)(b,—b,)(b,—b, ); comparing К = 2 
Ans : (b) 


a l 1 
Ifthe value of determinant Ж. Is positive , then 
l c 
(a abc>l (b) абс>-8 (c) аһс<-8 
2 
Solution : 
a l 1 
А = о = abc—(atb+c)+2>0 
] 1 c 


= abct+2>atbtc 


_at+b+c 





1 1 
abc+2>3 (abc) 3 р > (абс)? | 


1 
— x3+2>3x where x = (абс)? 


x*—3x+2>0 => (х—1)(х+2)>0 >x>-2 
1 
(abc)? >—2 = abc>-8 
Ans : (b) 
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1 cosy соѕ В 


COS Үү 1 сова. 


4 If a, В and y are such that a +В-у=0, then is equal to 
cosp cosa 1 
(a _ cosa cosp cos Y (b) cosa +соѕ В +соѕ y 
(c) ] (d) None ofthese 
Solution : 
Leta =B-C, В = C-A, y=A-B 
Solution : 

‚ 1 со(А-В) cos(C—A) _ cosA sinA 0 со$А sinA 
cos(A — B) 1 cos(B — С) cosB sinB 0! |cosB sinB 
cos(C— A) соѕ(В C) 1 cosC sinC 0 |cosC sinC 

Ans : (d) 
T If д =| cosa — sina 1 ‚Шеп A € 
sin а cosa 1 
соѕ(о +В) -sin(a+ß) 1 
(а) 1-42, 1-2] (b [-1, 1] 
(с) EP E ] (d) None ofthese 
Solution : 
Apply R, >R, {cos B .R + sinB .R, 
cosa -sina 1 
sina cosa 1 = 1+sin B—cosB 
0 0 1+ sin В — соѕ В 
“Аей-42, 1-2] 
Ans : (a) 
Exercise 
1 n n 
2 2 2 
1 If D, = Ж n +n+2 пп and Ур, = 48, then n equals 
2k —1 п п +п+2 кы 
(а) 4 (b 6 (с) 8 
sinx  cosecx tanx 
2 Hs secx xsinx xtanx pen | Қоуах- 
1 


x^—] cosx X^ -a 
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(a) 1 (b) -1 (c) 2a (d) о 


sin^A cotA 1 
sin^B cotB | _ 


3 If A, B, Care the angles of A ABC, then 
sin^C cotC 1 
(a) a? +6? +е^ (b) a? +b +c? (c) a! - b^ +c’ (d) 0 
іре газы lll RE аз ult UP 
4A 4В?А 7 16R2A 
4 A triangle has vertices А (x., y.) for1— 1, 2, 3. Then the determinant 
х,-х, у;-У; У, (У –У;)+х(х, - X3) 
А = X,—X; У-У у„(у;—у)+х,(х,—х,) Ое 
х -Х, у,-у; У,(У –У,)+х,(х,–х,) 
(a) the medians for triangle А А.А, are concurrent 
(b) the triangle A A,A, is right angled at А, 
(b) thetriangleA, A,A, equilateral triangle 
(b) altitudes of the triangle А A, A, are concurrent 
5 Lea D DD т е D jbe the set of all third order determinants that can be formed 
with the distinct nonzero real numbers a,,a,, .......... a, then 
() 2,Di-1 (b 2,Di-0 
i=l i=l 
(с) D= ру I&J (d) None ofthese 
(-D'a CD"'b (CD'"^c a atl a-l 
6 If the value of aos ges ORE Lue Bel Б] is Zero, then the value ofn is 
а—1 б +1 с—1 c с+1 c-l 
(a) anyeveninteger (b) any odd integer (c) anypositiveinteger (d) zero 
yz (z? — y!) x^z?(x^ ый | х‘у’(у’ — x?) 
4 " _ yz (у" 7°) xz (z^ - x) xy (x^ – y^) and 
1 23/3 3 35,3 3 В. 3 
yz(z-y) xz(x-z) xy(y-x) 
x y z 
4 5 6 А 
А.Х У 2 | Шел л, isequalto 
7 8 9 
y 7 
(а) а, (D л; (с) A, (d Aj 
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8 


Match the following : 
ColumnI Column II 
r-l 1 
(а) Ifr>l,M = 1 (p 2 
И 
then lim (IM HM, HM, +... +|М |) 198.0 is (а) 4 
n — oo 
3 1 
(b)  IfA- тр C-(BAB )(B'A?B)then ,/|C| = (r) 1 
] ] 
(c) ПА = _1 1 and A, = —),1, then X, = (sS) 3 
pa qb гс 
If p*q-*r = atb+c = 0 then the value of 19-5 Б 15 
rb pc да 
(a 0 (b) aptbq+tcr 
(c) 1 (d) None ofthese 
bc ca ab 
P Ч Fl o where a, b, c are respectively the p^, q^, r^ terms of an Н.Р. 
1 1 1 
(а) 0 (b 1 
(c) -l (d) None ofthese 


Suppose f(x) is a function satisfying the following conditions : 


©  f(0-2,f0)-1 


(1) fhas minimum at x= 5/2 and 


2ax 2ax —1 2ax+b+1 
TM b b-1 -1 
(ш)  forallx, f (х) = where a, b are constants, 
2(ах +6) 2ax+2b+1 2ax+b 
then f(x) = 
(a 0 (b) constant v x 


1 
(с) d (x^—5x £2) (d) None ofthese 


-bc b’+be c’+be 


а +ас -ас с? +ас 


Let A = and the equation рх?+ах?^+гх+5 = 0 has roots а, b, c 


а“+аЬ b’+ab -ab 


where a, b, ce R^ 
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(i) The value of A is 





(à) 9г? (b) 275? 
а) < > 
= р” 2. р” 
276: 
(c) < > (d) None of these 
(1) The value of A is 
@ + o 5 
м 2 LM 

p. р 

— $ 
(с) Б (d) None of these 
(Ш) If A =27 and a*t+b*t+c? = 2 Шеп 
(a 3pt2q=0 (b) 4pt+3q=0 
(c) 3ptq=0 (d) None of these 


СР 7-1 7402 
2-1 2-A 2-3 


13 If pA, алғ 5) tt = , then p = 
2-3 X-4 ЗА 
(a -5 (b —4 (с) -3 (d -2 
ах eros. a x^? 
д 3% 2“ x4 
14* По (x)= , then 
а e og, a 1 


(a) graph оҒо(х)16 symmetric about origin 
(b  graphofg(x)is symmetric about Y axis 


d'g(x) 
o (EP) ro 


(d) f(x)-gQ) ls 


а-Х 





is an odd function 
а+х 


cosa —sina 1 
sin а cosa 1 
соѕ(о +В) -sin(a+ß) 1 
(а)  f(300,200) = (400,200) (b) ((200,400)- } (200,600) 
(c) f(100,200) = (200,200) (d) None ofthese 
Note* : Questions with more than one option is correct 
Answers 
1. 4 2. 4 3d 4. d > D 6. b de 4 8. | aor;boq; 


с->49. а 10. а ll. d 12. @ b (п) b (ш) с 13. b 14. 
a,c 15. ас 


15* It (о, B) then 
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MATRICES & DETERMINANTS 


Properties and Evaluation of Determinants(Lecture-02) 


Some useful results 


2 


1а а 
(1) | b bl (a-b) (b-c)(c-a) 
1 е c 


a b c 1 1 | 
2 2 2 2 2 2 

ео USE 
bc ca ab la b с 


bc abd а а? a 
са аһс | b^ b 


(ш) = абс (a—b) (6-е) (с-а) 
c ab abc |с сс 
1 1 1 

@. [E 9 ‘= 
a b c 


a b c 
(v) жар —(at+b+c)(a’*+b*+c*—ab—bce—ca)= — (a°+b?+c? – 3abc) 
са b 


SOLVED EXAMPLES 
2p "E 1 
1 IfA = т –1 > od , then the value of Y А, 
© |sin?(m?) sin/m sin?(m+1) г=0 
(а) 0 (b 1 (с) 02-1 


Solution : 


m 


У Qr-1) xe 911 


r=0 
А, = m’ -1 2™ т--1 


Me 


1 
> 


sin^(m^) sin^m sin^(m-«l) 
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Adding the first row we get 


—1+@+3+5+....+2т—1) "С +" С, +....+" С, 14+141....m+1times 


dh п? 1 2" m+] 
sin^ (m^) sin^ m sin^ (m +1) 
Е т? —1 P +1 | 
m? —1 2^ ш+1 


sin^(m^) sin^m sin*(m+1) 
Ans : (a) 
2 If f(x), g(x) and h(x) are polynomials of degree 2, then 
f(x) g(x) h(x) 


ф(х) = F(x) g(x) h(x) is a polynomial of degree 
f(x) go) Вх) 


(а) 2 (b 3 
(c) 4 (d) None of these 
Solution 


Год gG) h'G) (Жо в) hG9| | № в) Қ) 
бх) О) 80) Mo), Ох) а) һу] О) в) O оо 
fs g'G) h'G) |/'(х) в'х) h'G)| |Ғ( в" (х) в" 


C f(x), g(x), h(x) are polynomials of degree 3, f" (x), g"(x) and h"(x) =0) 


—$Q)-0 
2. ф(х) 15 a constant. 
Ans : (d) 
a p ү 
3 If a, В, y areroots of x°+ax’+b = 0, then the value of Ву a is 
y a p 
(a -a (D  a—3b 
(с) a (d) None ofthese 
Solution : 
at B+ty = —а, а В+ВУу+у а =0,aB y =. 
It can be shown that 
a p ү 
PY à --(a*p-tyXatp^y^-ap-p y-y a) 
ү a 
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--(a-p-y)(a-p-vyy-3(a B+B yv о)) 
= —(—а)((—а)—3х0) = а? 


Ans : (с) 
1 X Х +1 
If f(x) = 2х x(x -D et) ‚ then f(100) is equal to 
3àx(x-1) x(x-D(x-2) x(x +1)(x-1) 
(a) 0 (b) 1 (c) 100 (d) -100 
Solution : 
1 X 1 
2х x(x — 1) 2х 


C,>C,-C, gives f(x) = 
3x(x-1) х(х-1)(х = 2) 3x(x-1l) 

^ х) =0(-.- C, & C, are identical) 

= /(100)- 0 

If a^tb^tc^—1 ;1— 1,2, 3 and aa-tbb.tcc. = 0, then the value of determinant 


а а, а, 
b, b, b, a 
бі 6; с, 
1 
(а) 2 (b 0 (c) 2 (d) 1 
Solution : 


2 
a, b, c, a, b, cj a, b, с, 
a, b, c, a, b, с, |а, b, с, 


a, b, c, a, b, с a, b, c, 


2 a У аа, У аа, 1 0 0 
Хаа 2,3; 2,58 0 1 O_, 
У аа, У aa, У а, 001 
Ans : (d) 
If0 «[x]-2,-1 « [y]«1, 1 « [z] «3 ([.] denotes the greatest integer function), then the maximum 
value of 
[х][+1 [y] [2] 
A=| [x] [у]+1 [2] s 
ХУ 12181 
(а) 2 (b 6 (c) 4 (d) None ofthese 


UDAIDN 
Solution : 
Solving the determinant we get 
А =Н[УН 
= 1+1+0+2 =4 (..; maximum values of [x], y]and [z] are 1,0 and 2 respectively) 
Ans : (c) 


x 2 х 
7 Let x^ x 6| =ax4+bx3+cx?+dx-+e then, 5a+4b+3c+2d+e is equal to 
X X 60 
(а) 0 (b  -16 (c) 16 (d) None of these 


Solution: 
R,>R,-R, gives 


X 2 X 
лд = | x? x б eI XIX 
x-x’ 0 0 


-a-l,b--1,c--12,d-12,e-0 

Put the values to get 5at+4b+3c+2dt+e=—11 
Ans : (d) 

EXERCISE 


X 


e sin2x tan(x^) 


log,d+x) cosx sinx 


If A (x)= = А-+Вх+Сх*+............... Шеп В = 


cos(x?)  e'-1 sin(x’) 
(а) 0 (b 1 (с) 2 (d) 


х+а x+b x+a-c 


2 
d егет - & | f(x)dx=-16 
x+c x+d x-b-«d 0 


Where а, b, c, dare in A.P., then the common difference of the A.P is 
(a) +1 (6) +2 (c) +3 (d) 


1 1 1 


3 If|^C, "°С, “°С, = 543657 then a +В +y is equal to 
“С m+3 С, "О, 


(а) 3 (b 5 (c) 7 (d) 
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4 Match the following : 


ColumnI Column II 
X x+y X+y+zZ 
(a) If 2х Зх+2у 4x+3y+2z —343 then x = (p) 2 
3x 6x+3y 10x+6y+3z 
(b) Ifa?t+b?+c? =—2 and (а 4 


(1+а?х) (1+b*)x (1+с^)х 
je ipla bdo E 
(l-a^)x (1+b*)x (1+c’x) 


then f(x) 1s a polynomial of degree 











a^ + 
C 
C 
b’ +c’ 
a a 
(c) If " aal kabc (г) 0 
b b 
b 
then k = 
(d) ЕА, В, Carethe angles of triangle (5) 7 


sin2A sinC sinB 
smC  зш2В sinA|_ 


then 
sinB зшА  sin2C 
5 Let k be a positive real number and let 
2k-1 2k 24k 0 2k-1 vk 
_|avk 1 -2k »l-2k 0 2k 
= апа В= . If 
-2/6 2k -1 -Jk -24k 0 
det (adjA) +det(adjB) = 10°, then [k] = 
(a) 4 (b 5 
(c) 6 (d) None of these 


6 IfA, B, С be the angles of a triangle, then 


—l+cosB  cosC+cosB соѕ В 


cosC+cosA  —I+cosA  cosA| _ 
—l+cosB —l+cosA -1 
(а) -l (b 0 (c) 1 (d) 
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0 -y -z 
Ifx, y, z are complex numbers, then Л = У 0 -х в 
2 x 0 
(a)  purelyreal (b) purely imaginary (c) complex (d) 0 
| +а 1 1 
ІШ. 1+25 l = 0 where a z 0, b + 0, c # 0, then а b«c! = 
1+с 1+е 1+3с 
(а) 4 (b -3 (с) -2 (d) -l 


а а’ l-«a 


2 3 
If b Е 1+6 


= 0 and the vectors (1, a, a’), (1, b, Б?), (1, c, с?) are noncoplanar, then abc = 
c c 1-с 


(а) 2 (b -l (c) 1 (d) 0 
10  Leta,b,cbereal numbers with a*+b*+c*=1. Then the equation 
ax—by-c bx + ay сх +a 
bx+ay —ах+Ьу—с cy+b |. ЕН 
сх +а cy +b —ах – бу +c 
(a) aparabola (b)  pairoflines (c) astraight line (d) circle. 


11 Let AzOand A‘ denotes the determinants of cofactors, then A*— A"', where n(>0) is the 
order of A .On the basis of above information, answer the following questions : - 

(i) Еа, Б, саге the roots of x;/-px^*tr = 0 then 

bc-a^ ca-b^ ab-c 

ca—b^ ab-c^ be~a: 


15 
2 2 2 
ab-c^ һс-а” ca-b 


(а) р’ (b р’ (с) р" (d p 
(|)  Ifgy,m,n,; /,,m,n,; 6 „т, п, ; arereal quantities satisfying the six relations : / *+m,*tn,” 
- е oe ^+ їй, - е Pu m, n, - l > е 1 е „1m m, п, E 4 2 А , m,jm,tn,n, E 


é,¢@,+m,m,+n,n, = 0, then 
A mi, n 


2 nl. 

2| 1S 
L m, n, 
0 


(а) (b +1 (с) +2 (d) +3 
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2 2 2 
(ш) Га, Б, саге the roots of x°-3x’*+3x+7 = 0, then 5 Y b 
с? 2ac— b’ а? 
b’ а” 2ab — c? 

(а) 9 (b) 27 (c) 8 (d) 
(v) Ifa*+b*+c*= 4? then the value of 

a+? ab+cA ca—ba a c -b 

аса b^-X  bc-«aA "nu а т 

actbA Бс-а\ c^«X b а Л 
(а) 824^ (b 27)’ (с) 8)” (d) 
(у) Suppose а, b, ce R, atb+c>0, A=bc—a’, B=ca—b’ & C= ab-c? and 

A В С a b c 

Poe А — 49, then P e a = 

C A B c a b 
(a -7 (b 7 (c) -2401 (d) 

1 glue pma 
12 The value ofthe determinant enin/3 1 ei2n/3 1S 
ae ё 1 
(а) 2-,2 (b 0+2) (c) -2-/3 (9) 
V3 
13* Е — (x—xy-t(y-y,-a 


(x,-—x.) + (y, y, =b? 
(x.—x,) T (yy =c? and 


x, y, 1l 
4 х, Уу, 
х у; | 
3 1/3 
(а) М> = (ААА 


(с) У АА, = 4У ab 








Т [х= l 2008 
4 Е А= "E ‚ Where r is a natural number, then the value of , | 2. А, 15.......... 
r=l 
(a) 2008 (b) 0 
(c) 2007 (d) None ofthese 


I = ALAPAHA FATADA H CA АА, АТА, А А-А, ADAG} then 


(b) 
(d) 


4A 547 8 abc 


2) = AtA TA, 
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х-3 2x*-18 3х’-8| 


15* Iff(x)-|x-5. 2x -50 4x - 500 then у(1).7(3)+7(3)./(5)+/(5).701) = 
1 2 3 


(а) fG) (b 0 
(c) 2928 (d) None of these 


Note :* Questions with more than one option is correct 


Answers 
1. а 2. b 3. а 4.  as;bop;cq;dr 
5. а 6. b 7. b 8. b 9. b 10. c 
ll. (Іі) C (1) b (ш) а (iv) C (v) b 12. 
13. a,b,c,d 14. a 15. a,b 
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MATRICES & DETERMINANTS 
Types, Adjoint and Inverse of a Matrix (Lecture-03) 


Matrices: 
A rectangular arrangement of numbers is rows & columns is called a matrix. 
A matrix of order mxn contains mn elements. A matrix of order mxn 1s of the form 


dj, di^ ооооооо о di, 
а das Ааа а 
21 22 2 
А = » = la, | 
У Imxn 
dor “ey cese: à s 


If m=1, the matrix is a row matrix. If n=1 the matrix is a column matrix. 
Equality: If A&B are of same order, then A=B Ша, = b. Vi & j 
Types of matrices: 
Null (zero) matrix 
Square matrix 
Diagonal matrix 
(If A = diag (d,.d,....... а), then А"= (d? , d5.......d7)) 
Identity matrix 
Triangular matrix 
(Determinant of upper triangular or lower triangular matrix 1s the product of principal 
n(n - 1) 
2 





diagonal elements). Also minimum number of zeros in a triangular matrix is given by 


where ‘п’ 1s the order of matrix. 


Properties of Matrix Multiplication 


1 ABzBA 

п А(ВС) - (AB)C 

nm. А(В+С)=АВ+АС 

у AI-A-IA 

у. — AB-AC need not imply В = С 

vi. АВ-0 neednotimply A=0 or B-0 


vi Г=Р........ I" = Цю ez) 


Trace (spur) a Matrix 
sum of diagonal elements of a square matrix 15 called the trace of matrix A. 


n 
ie. trA = У а, = 84 жа, +........ +a. 
i=l 


Trace of askew symmetric matrix 1s zero. 
B= (Б, & àis а scalar 


nxn 


Properties: Let A = [а. | 


ij пхп? 


tr (A + B) = tr(A)+ tr(B) 
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tr (AB) - tr(BA) (tr (АВ) tr (A). tr (B)) 
tr (A) =1г (A) 
tr (A ) = Atr(A) 
tr(I)-n 


Transpose of a Matrix 
the matrix obtained by interchanging the rows and columns of the given matrix a 1s called 
transpose of A. 
If A is of order mxn, then A! is of order nxm. 
Properties: 
(A) =А 
(А + В) =А! +В! 
(AA = AAT , where is a scalar 
(AB)' = В! A' (reversal law of transposes) (if A & B are conformable for multiplication) 


Also, (ABC)! = C' ВТА! etc. 
T=] 


Conjugate of a Matrix 
Conjugate of a matrix A is obtained by replacing the elements of A by their corresponding 


complex conjugates. It is denoted by А. 
Properties: 





А") 
Tranjugate (Transposed conjugate of a Matrix) 
Transposed conjugate 15 obtained by interchanging the rows and columns of the matrix ob- 
tained by replacing the elements of A by their corresponding complex conjugate. It 15 denoted 
by A’. 
Properties: 
(A) =A 
(A+B)*=A‘*+ В” 
(AB)-B' А" 
(kA) = k A' 
(АЗ = (A 
Symmetric and skew symmetric matrices: 
A square matrix А is called symmetric if A’ = А and skew symmetric if At =—A. АП 
principal diagonal elements of a skew-sym metric matrix are zero. 
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Properties: 
If is a square matrix, then A+ A1, AA’, A'A are symmetric matrices, while А-А!15 
skew-symmetric matrix. 
If A is symmetric matrix, then -A, KA, A, А", А”, ВТАВ are also symmetric matrices 
where B is a square matrix of same order that of A. 
If Ais askew symmetric matrix, then А?" is symmetric where аз А? and B'AB are skew 


symmetric (п € N & Bis a square matrix of same order that of A) 
If A & B are two symmetric matrices, then A + B, AB + BA and AB - BA are skew 


symmetric. 

If A & В are two skew symmetric matrices, then А +В, AB — BA are skew symmetric 
and AB + ВА 1$ symmetric. 

Every square matrix can be uniquely expressed as sum of a symmetric and a skew 
symmetric matrix. 


А = -(А ES АТ) (А ш АТ)- P+Q. Here P is symmetric апа О is skew symmetric. 


If Ais askew symmetric matrix & C is a column matrix, then СТАС is a null matrix. 
If A is askew symmetric matrix of odd order, then A^! does not exists (. А] = 0) 


Null matrix 1$ both symmetric and skew symmetric 
All elements on the principal diagonal of a skew-symmetric matrix are always zero. 


Hermitian Skew-Hermitian matrix 


A square matrix is said to be Hermitian if A’ = A and skew-hermitian if А =—A. 
Properties: 
The diagonal elements of a Hermitian matrix are real where that of a skew-Hermitian 
matrix are either purely imaginary or zero. 
Every square matrix (with complex elements) can be uniquely expressed as the sum of 
Hermitian and skew-Hermitian matrices. 


A - ЦАчАт]+ ЦА-АТ) 
2 2 


Hermitian Skew —hermitian 


Orthogonal matrix 
A square matrix А is called on orthogonal matrix if AA! = A'A - I. 


If 1$ orthogonal, then А = +1. Hence it is non-singular. 


If Ais orthogonal, it is invertible with A! =A’. 
If & B area orthogonal matrices of order n, then АВ, BA, A~, A’ are orthogonal. 


If Ais orthogonal with А =], then each element of A is equal to its cofactor 15 А] 
ГА 1$ orthogonal with | А =], then each element of A is equal to the negative of its 


cofactor is |А) 
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IfA, is orthogonal and В, , is a skew symmetric matrix, then |AB| = 1. 


Unitary Matrix 


A square matrix A is called a unitary matrix. If АА = A'A =1. 
Properties: 
Determinant of a unitary matrix 1s of unit modulus. 


IfA is a unitary matrix, then A‘, A, АТ and A^ are unitary. 
Product of two unit matrices 1s unitary. 


Idempotent matrix 
A square matrix is called idempotent if A? = A. 
Properties: 
If Ais idempotent, then I-A 1s also idempotent. 
If A, B are two idempotent matrices and AB = ВА = 0, then (A+B) is idempotent. 
If AB = А; BA = B, then A & B are idempotent matrices and A" + В" = A+B where 


n eN. 


Periodic matrix 


A square matrix A 1s called periodic ІА! = A; К eZ". The least value of k is called period 
of A. 
When К = 1, we get A? = A and it becomes an idempotent matrix. 


Nilpotent Matrix 


A square matrix A is called Nilpotent of order k if AX=0 and AF! # 0: К e Z*. Here К is called 
the order of the nilpotent matrix A. 


Involutory Matrix 
A square matrix А is called involutory if A? = І. 
i.e. A =А (А is the inverse of itself) 


Adjoint of a square matrix 
The transpose of the matrix of cofactors C 1s called the adjoint of matrix A and is denoted by 
adj A. 
Properties: 
For square matrices A & В of order п, 
A (adjA) = (adjA)A = АТ, 
adj (AB) = (adjB) (adjA) 
(аа) А”) = (adjA)* 
(adjA™) = (adjA)"; m EN 
adj (kA) = К"! (adjA) ; K eR 


374 


А program to give wings to girl students 


Adjoint ofa diagonal matrix is a diagonal matrix. 


п-іІ 

















ladjA| = |А 
adj(adj A) = |A|" ^ A;|A| #0 
adi(adjA)| = |А": |A| #0 
Inverse of a matrix 
For anon singular matrix A of order n, А = jj di^ 
Properties: 
(А"у!-А 
( Ату — ( ADT 
(adjA ') = (adjA)" 
А == А 
А 


If A = diag (а, a,, ..... а) 
A^! = diag (а, iom 


(AB) = ВА (reversal law) 
AB-AC-—A-Cif|A|z0. 


Solved Examples 
a 2 А 
1. ЕА = > а апа А |--125, then the value ofa 1s 
a. +l b. +2 с. +3 d. +5 


=" —4 


а 
Solution: А - я 
а 





Also [A?| -125— |А} =125 gives? —4} = 5 


— 02 —4=5—> 02 = 9 > а? = +3, 
Ans: с 


1 2 
2. ПА = , я ‚ then I+ A+A?+A?+----- oo equals to 


10 =]. = 2 E 
a. 0 1 b. 3 4 C. 2 > d. none of these 
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Solution: Let В =I+A+A?+A3+----- 99 
— АВ = А+А?+АЗ------ 00 
= В-АВ =] 


B (I-A) =I 
=> В=(ГА)" 
Е 1 1 
0 -2|  1]-3 2| | 3 
B=|-3 -3| 63 0| |z! 4 
2 
Ans: с 
, | 4 1 
If Ais non-singular and (A—2I) (А41) = 0, then n + 25 E 
a. b. 0 c. 2I d. 6I 


Solution: (A—21I) (A-AI) = 0 
=  A/-2A-A4A-8I70 
=> A*6A+8I=0 
A !(A*^—6A-8]) =А'0 (Pre multiply by А”) 
A '!A?^—6A 48A !I-0 
A-—61-8A! = 0 
A+8AT= 6] 
1 4 i 
Апѕ: а 
If A and B are square matrices such that B =-А "ВА, then 
a. AB+BA=0 b (A+B)?=A?+B? 
с. (A+B) = А+2АВ+В? d. (A+B)?=A+B 
Solution: В =-А"ВА = АВ = (ААГ!) (ВА) > AB=- IBA 
=> АВ=-ВА >AB+BA=0 


=» 
=» 


Now (A+B) = (A+B) (A+B) = А+-АВ+ВА+В? = А?+В? (... ABBA = 0) 
Ans: a, b 
| 1 2 2 
If A= 3 2 | —2|is an orthogonal matrix, then 
a 2 b 
a. a=2,b=1 b | a--2,b--1 
C. a-2,b--1 а a=-2,b=1 


Solution::: AA! =] 

L 2 2 i 1 2 a 1 
21-21-72 1 2/=/0 
a 2 b 2 —2 b 0 
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9 0 a+4+2b 9 0 0 
EN 0 9 2a+2-2b/=!|0 9 0 
a+4+2b 2a+2-2b а’+4+Ь” 0 0 9 


=> at4+2b=0, 2a*2-2b = 0 & a*+4+b’ = 9 gives a=-2, b = –1. 


Ans: b 

42 3 

2 2 } | 

б. If P= ‚ А = апа О = PAP! then P! Q^?»p = 
а зг“ о це ` 
2 2 

1 2005 4 + 20054/3 

а. 0 | 
1|1 2005 

ел 410 | d. none of these 
Solution: Here P is an orthogonal matrix 
Е PP! =P'P =I 
Now P!.Q^*5 p = P'.Q.Q.Q.Q....... Q.P. 
= P'(PAP^) (PAP?) (РАР"-------- (PAP!) P 
= (P'P) A(P'P) A (P'P) А -------- (P'P) A (P'P) 
= LA.LA.LA.------------ LAI 
= AA Ar . 2005 times 
— А 2905 


ип 2 

2— А A — — 
Now ААА у 110117101 
1 2171 1 ПЗ 

3— А2 A= — 
ААА illo 1110 1 


| 2005 
2005 — 
А 0 1 


Ans: a 


2 1 
ed 520 


їй xh . UE 
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7. ПА- | | ‚ then the value of 1+2 А+ЗА?+--------- оо 15 


6015 
2005 4 — 200543 


d. 


none ofthese 
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2 1 2 1 0 0 
" "Wo m = = 
Solution: А д —2l|-4 —2 0 0 


І-2А-3А%-АА?------- œ= 142A (,, A? = 0, A? = A* = ...... = 0) 
з 2 
^ > 
Ans: с 


Exercise 

1. Consider an arbitrary 3x3 matrix А-а, |, a matrix B = [6 | is formed such that b, is the sum of 
all the elements except а, in the 1, row of A. Ifthere exists a matrix X with constant elements 
such that AX = B, then X is 
a. skew symmetric b.  nullmatrix 
c. | diagonal matrix d. none ofthese 

2.  LetA bea square matrix all of whose entries are integers. Then which one of the following is 
true? 


a. П А = + 1, then А exists but all its entries are not necessarily integers. 
b. ША=-у, then A” exists and all its entries are non integers. 
c. If |A| 74 |, then А exists and all its entries are integers. 


d. If | А = +1, then A7 need not exist. 
3. X,Y & Z are positive numbers greater than 10 such, that Y and Z have respectively 1 & 0 at 


X 4 1 
their unit’s place and A is the determinant Y O Dm (A +1) 1s divisible by 10 then X has its 
Z 10 
unit's place 
a. 1 b. 0 c. 2 d. none ofthese 
4. If Pisnon singular matrix, then value of adj(P^') in terms of P is 
P 
а. P| b. РР c. Р d. none ofthese 
a b 
5. ПА- 0 а is n" root of I, then choose the correct statements. 
1. ifn is odd, a=1, b=0 ll. ifn is odd, а= -1, b=0 
Ш. ifn is even, а=1, b=0 iV. ifnisevena=—l, b=0 
a. illl b. Ши C.  Liill d.  LiiLiv 
6.  IfA?-],then the value of А - I (where A has order 3) 
a. 1 b. -І 
c. 0 d. cannot say anything 
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ve 


1 2 1+х l 
IfA = 2 | & Кх) = т then КА) 1s 
11 2 2 -] -1 
a. 1 1 b. 22 с. р d. none ofthese 
f(x-3) Қа-4) (+102) (1) 
If f(x) satisfiesthe | 5 4 —5 = 0 V equation real x, then 
5 6 15 
a. — f(x)is not periodic b.  f(x)is periodic and of period 1 
с. f(x) 1s periodic of period 7 d.  f(x)isanodd function 


Let M & N be two 3x3 non-singular skew-symmetric matrices such that MN = NM. If P! 
denotes the transpose of P, then М? N? (MN) ' (M'N )! is equals 

a М? b. -N° c. —М?° d. MN 

Read the following and answer the questions. 

Let p be an odd prime number and T, be the following set of 2x2 matrices 


a b 
T =+А = a,b,c €{0,1,2,.....p—1} + 
P са 


1. The number A is T, such that A 16 either symmetric ог skew-symmetric or both, and 
det (A) 1s divisible by p 1s 
a. (р-1) b. 200 c. (р-1)?+1 d. 2p-1 
п. The number ofA in T, such that the trace of A is not divisible by p but det (A) is divisible 
by p is 
a. (р-1) (р—р+1) b. рер” 
с. (р-1) d. (р-1) (p*-2) 
ш. The number ofA is 1; such that det (A) is not divisible by p is 
a. 2р: b. p5p c. | p-3p d. р-р? 
An item of column I can be matched with more than one item of column II. АП the items of 
column II are to be matched 
ColumnI Column II 
a. If a, b, c are all different from 0 such p. symmetric 
that - $ _ + - = 0, then the matrix q. singular 
l+a 1 1 
А = 3E E 15 Г. non singular 
1 1 1+с 
b. If a, В, y are three real numbers, then s. invertible 
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1 cos(a - p) cos(a — y) 


the matrix A= соз(р 7 a) l cos(f 7 у) t. non invertible 
соз(у — а) cos(y - В) 1 


с. ЕА, В, Care the angles ofa triangle, 


sn2A  siC sinB 
snC  sin2B sinA T 


then the matrix А = 
sinB  sinA  sin2C 


la b 
12. InAABC,ifl с а =0, then Фе value of (sin? A - sin? B + sin? C) 64 must be 
l b c 
a. 64 b. —64 C. 144 d. none ofthese 


Note:* Questions with more than one option is correct 


ANSWERS 
l.d 216 3.с 4. а 5.4 
6. 4 56 8. с 9. с 10. (1) d (11) c (iii) d 
12.6 


11. a— p,rs; b p.q.t; c5 p.q.t 
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MATRICES AND DETERMINANTS 


Consistency and Solution of Simultaneous Linear Equations (Lecture-04) 
Eigen Value Problem 
Let A be a square matrix of order n. If there exists a scalar з апа an non-zero vector such that AX = 
X X, 316 called an eigen value of A & X, ап eigen vector of A. 


The homogeneous system 
(A—} I) X =0 has non trivial solutions of А - М - 0 


which gives a polynomial of degree n. This equation 15 called the characteristic equation of A and its 
roots are eigen values. 


Properties: 


The sum of all eigen values = trace of А = >. аң 
1=1 


Product of all eigen values = А 


IfA is singular, then one ofthe eigen values is zero 
The eigen value of a null matrix 1s zero 
The eigen value of a unit matrix 15 unity. 


All the eigen values of a real orthogonal matrix have unit modulus Le. A =] 


Cayley — Hamilton Theorem 
Every square matrix A satisfies its characteristic equation А — М = 0 


Solution of a system of linear equation (matrix method) 
Solution ofthe system a xta „yta z= b, 

а, Хта,,у+а, 2 Е b, | , 

а, xXta,yta,,z=b,  isgiven 


а, а, а; b, 
byX-A'B where A= ад а» аз | B=) b, 


а 4; 33 b, 


If А + 0 , the system is consistent and have unique solution. 


If А = 0, find (adj A) B. 
If (adj A) B = 0, the system has infinitely many solutions. 
If(adj A) B + 0 the system is inconsistent and has no solution. 


Echelon from of a matrix 

A matrix А 1$ said to be in echelon form if 

1. The first non-zero element in each row is 1 

п. Every non-zero row in A precedes every zero row 
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ш. The number of zeroes before first non-zero element in 1%, 272, 39... rows should be in 
increasing order. 


Rank of a matrix 
А поп zero matrix А. is said to have rank г if at least one of its rxr minors is nonzero while every (r+1) 


x (r-- 1) minor, if any, is zero. It is denoted as p(A) =f 
Rank of a null matrix is zero. 


Important results 
р (A)=<min{m, nj 


pl) п 
IfA is nonsingular, p(A) = n otherwise p (A) <n. 
Elementary operations do not change the rank of a matrix 


Nullity of a matrix 


For a square matrix of order n, n— p(A) =n (A)is called the nullity of A and is denoted by М (A) 


Solution of a system by Rank method 
Consider the non homogeneous system 


а) а, а(х) Ы 
а) 85 а, |у |= 0,,АХ= В 
а, 85 а |2 | |Б, 
Letrbe the rank of coefficient matrix and s be ће rank of the augmented matrix 
ài а); 41; b, 


[A B]- 45,85, 85, Б, 
454 аз аз D; 


Ifr— s, the system is consistent (has one or more solutions) 

Ifr=s=3, (no. of unknowns), then the system has unique solutions. 

Ifr=s=2 (<the no. of unknowns), then the system is consistent and has infinitely many solutions. 
If r = s, the system is inconsistent (no solution) 

Note: consider the system of planes 

a xtb утс =, 

a,xtb,ytc,z=d, 

a,xtb,ytc,z=d, 

Let r be the rank of coefficient matrix and s be the rank of the augmented matrix. 
Ifr=3,s=3, the planes meet at a single point. 

Ifr=2, s =2, the planes intersect along a single straight line 

Ifr=2,s=3, the planes from a triangular prism 

Ifr=1,s = 2, the planes are parallel 
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Ifr=1,s=1, the planes are coincident. 


Geometrical transformations (Rotation & Reflexions) 
1. Reflection in x-axis. 


Let P'(x', у')Бе the reflection of P(x,y) on x-axis 
then x' 2x & у’ = -y 
i.e. x' =1.х + 0.у 


y = 0.х + (- Пу 


IX |. 1 0 |х 
i.e. y' “lo 1 y 
] 0 
The matrix 0 1 describes reflection of P(x, y) in the x-axis 





i. Reflection inthe y-axis 
Here x' =-х &у'=у 


POS) 
1.е. x' = (— 1)х zs Oy —— К ОЕ e Р(х,у) 


К IE 


-] 0 
| 0 | describes reflection of P(x, y) in the y-axis 





1 
ш. Reflection through the origin 
Е ео n 
у’=0х+ (- Пу | 





x] [-1 ох КА 
= Р(х,у) 
у' 0 Е 


-] 0 
| 0 — | describes reflection of P(x, y) through the origin 


у. Reflection in the line y=x 


x' =0.x+1.y 






у’ =1.x+0.y 


ИШ Н 


“е Р(х,у) 
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0 1 
! j| describes reflection of P(x, y) in the line y ^ x 


v Reflection inthe line y = x tan@ (or y= mx) i 


x' 2 X cos20 + ysin 20 





у’ = xsin 20 + у(- COS 20) (хе Q' is the mid point of P & р’) 
X'| |cos20 sin20 | x 
y!  |sin20 -сов20 y 


кет sin 20 |- 





“e Р(х,у) 


2m 








1+ m^ ]-- m 
2m — И — т? | describe reflection of P(x,y) in the line 


1+ m 1+ m 


sin20 —cos20 


y-xtana. (or у = тх) 
v. Rotation through an angle. 
OP = ОР’ = Т 


Let OP rotate through an angle 0 in anticlockwise direction. 
x’ = хсоѕ0 – уѕіп Ө 


у’ = хѕ1п0 + усов0 


x' Е cos0 -sinô | х 
y!  |sinO  cosO y 


" Ө —sinO 





0 cand | describes a rotation of a line segment through an angle 0. 


Solved Examples: 
1 0 0 


1 0 0 

1 

1 ҤА=|9 1 Паһм-|9 | 0 ал = (А? — cA +dl), then c and d are 
0 -2 4 0 0 1 


a. -6,-П b. 6, 11 c. -6,11 d. 6,-11 
Solution: Тһе characteristic equation is А - М = () 


I-A 0 0 
0 1-A 1 J=0 
0 -2 4-A 


> X-6X-«11X4-620 
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By Cayley's Hamilton Theorem 
A?^—6A^-11A—61 = 0 
=> AA} 6А !А*+11А !А = 6А] 
= А>б6А-ПІ-бА"” 
=> с=6,1= 11 
Ans: b 


] 2 
2. IfA= | 3 А ‚ then А4-5АЗ-А2-4А- = 
а. 0 b. I С; 


I-A 2 
3 4-À 


= () 





Solution: The characteristic equation is 


> X-5X-2z20 
А2-5А-21= 0 
=  A?S-—5A^-2IA 
— А*%=5А?+21А*^ 
A^ —5 A—A* = A? = 5AY2I 
A^ —5 AP—A? —4 A-I = A+] 
Ans: d 


, then А? = 


NJ] RN |] чә 


A ‚А 
а. 4 ; g C. 


Solution: The characteristic equation is 
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ГА I 
— dum Em 
4 8 4 8 
Ans: d 
4. The number of values of k for which the system of equations (k+1)x+8y = 4k, kx+(k+3)y = 3k-1 


has infinitely many solutions 








a. 0 b. 1 (5 0 d. Infinite 
k+1 8 | 
Solution: A-0— Е k43 =0 gives k—4k+3 = 0 
К = 1,3 
Now put К = 3 = 4x+8y = 12, Зх+бу = 8 
+2у=3 = : 
x+2y=3*7 
No solution 
Hence К = 1 gives infinite solutions 
Ans: b 


5. Ifthe system of equations x-ky-z = 0, kx—y—z = 0 and x+y—z = 0 has a non-zero solution, then k= 


а. 0 b. ] C. —] d. 2 
1 =k =l 
Solution; К -1 -1-9 
1 1] sl 
= k-1=0 
gives k = +1 
Ans: b,c 


6. Ifthe system of equations x+2ay+az = 0, x+3by+bz = 0 and x+4cy+cz = 0 has a non-zero solution, 
then a, b, c are in 


a. AP b. GP С. НР d. none of these 
] 2a a 
Solution: | 36 5-9 
] 4c c 


— | —bc-2a(c-b) + a(4c—3b) = 0 
Gives 2ac = ab+bc 
2 l1 Ll. | 
> y. 277 gives a, b, сш HP 
Ans: с 
7. The system of equations 
a х+у+ = a-l 


386 


UDAN 


A program to give wings to girl students 


x+ay+z= а—1 has no solution if a= 
xtytgaz- а—1 
a. —2orl b. -2 с. п 2 
a 1 1 
— 3 == 
Solution: did шайы 
l l1 a 


(a—1) (a42) = 0 
о1уеѕ а = 1, –2 
[ғо =1, = х+у+7=0  givesinfimnite solutions 
и w 
Ans: b 


Exercise: 


l. Ifc<1 andthe system of equation x+y—1 = 0, 2x-y-c = 0 and —bx-3by-c = 0 is consistent, 
then the possible real values ofb are 


3 3 3 
b e b (-à4 be(-3.3] 
а. Є 4 b. 5 с. 4 d. none ofthese 
2. Ша, b, care in GP with common ration r anda, p , y are in G.P. with common ratio r, and equations 


ax+ a у+7 =0, bx+ В y+z=0, ax+ y у+7 = 0 have only zero solution. Then which of the following 15 


not true? 
a. r zl b. Г, #1 с. г £f, d. none ofthese 
a b с 
3. If f(x) =a+bx+cx’ and а, В}, у are roots ofthe equation x? = 1, then © is equal to 
са b 
a. fla)+ £(8) + f(y) b. — f(a)f(B) + Ғ(В)Е(у) + а) 
c.  f(a)f(p)t(y) d.  -f(e)r(p)r(y) 


4.  Leta,b & cbe such that b(atc) + 0. If 


а а-І a-l a+] b+1 с—1 
-b bel b-1,|a-1  b-1  c«l|-0 
c c-l ctl) (-1)'’a (ма (-1fe 


a. . Zero b.  anyeveninteger c. | anyoddinteger d. anyinteger 


, then the value of ‘n’ is 


а? b’ с? 
2 2 2 
5. If a, b, саге ће sides of AABC such that (a Ы ) (b Ы ) (с Ы ) — 0 then 
(a—1) (b-1) (c-1) 
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8*. 


ДАВС is non-isosceles right angled triangle 
ДАВС is an equilateral triangle 


9 о p 


AABC is an acute angled triangle with no two angles being equal 

d. ДАВС is an isosceles triangle 

a xtbyte,ztd,=0, a,xtb,ytc,ztd, = 0, a,xtb,ytc,ztd, = 0 which represent planes P, 
P, & P, respectively. Let 


а, b, C а, b, C d, 
А=| 82 92 4 апав = “2 Но now match the entries form the following columns. 
a, b, с, а, b, c, d, 
ColumnI Column II 
a.  lIfrankofA- rank of B = 3, then p.  coincident 
PP P, are 
b.  IfrankofA-2 & rank of B = 3, then q.  areparallel 
P.P P, are 
c.  Ifrank of = rank of B = 2, then Г. from a prism 
P.P P, are 
d.  IfrankofA- rank of B = 1, then s. Intersect along a line 
P.P P, are 
t. intersect in a unique point 
0 -1 1 1 1 0 
Let M be а3х3 matrix satisfying М l „M| l l and M l then the sum of 
0 3 0 -1 1 12 
the diagonal entries of M 1s 
a. 9 b. 7 c. 0 d. none ofthese 
1 4 5 


À 8 8h — 6 


For all values of 5, the rank of the matrix А = 
1+ 8A+4 24421 


a. for}, =2, p(A)=1 b. „=—1, р(А) = 2 
c. for’ z2,-Lp(A) = 3 d. none ofthese 
Read the passage and answer the following questions. 
2 3 
Ife“ is defined as е^ -І-А---4---........ 
2) 3 
L[f(x) sk) хх 
= ps where A — and 0 <x «1, then [1$ an identity function. 
2 g(x) Е (x) X X 


m g(x) 


1. f(x) dx is equal to 
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a. loge" + e^ + С b. ове" — e^ + С 
с. logle” E 1) tC d. none ofthese 
П. | (g(x) + 1) sinx dx 15 equal to 
ех 2х 
а. 7 (sinx - с05х)+ С b. (2sinx — соѕх)+ C 
еу. 
с. P (sin 2X — COS 2x) +С d. none ofthese 
| Mx) 4 
Ш. |= Тао“ Х is equal to 
1 
д —————— — Cos ec '(e*)+C b + С 
| 24e* —1 | 24e —е * 
с. PER sec. (е Js C d. none ofthese 
e’ 
2 1 3 4 3 — 
Consider three matrices A = ‚В= апа С = . Then the value ofthe sum 
4 1 2 3 -2 3 
ABC А(вс) А(вс) 
tr(A)+tr| )+и д + tr БЕГЕН Ж... 15 
а. 6 b. 9 C. 12 d. none ofthese 
2- 2 l 
11 3 1 А Т _ 
IfA= , then A°-7A*+10A= 
1 2 2 
а. 51+ А b. 51-А с. A — SI d. 6l 


n 
If y — exp (біп? x t sin* x +sin x ^ ...... Лов, 2) satisfies х^—17х- 16 = 0, where 0 € x « — and if 


2 
2 sin 2x 2sin x - - 
IE HIS oe — P. 2. (cot x)" = =Y, (cot х)" = 0 then the sum ofall the elements 
[+ cos x sin X + COS X nm 
[3a ЗВ. 
ofthe matrix 4y 98 15 
a. аретіесі square b. nota perfect square 
C. 16 d. 15 


Ifx,y,z,w e р Satisfy the following equations. 
xtyt+z+w=1; x+2yt+4z+8w=16, x+3yt+9z+27w=81 and x+4y+16z+64w=256, then the pairs 
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which have H.C.F as 2 is 
а. №2 b. у с. yl, x| d. Z, x| 
14. Е (ар \5B)= yyy such that a, В, д, y represent a number from 1 to 9 and are different digits and 
оВ,оВ are two digit numbers and yyy is three digit number and the trace of the matrix А = 
a 12 0 
ОВ 1 1 
a 
0 0 ү 3 Is a, then 7 = 
] 10 6 
a. 2l b. 7 C. 3 d. none ofthese 
1 ¥, 4 -3 rà 2 | | 
15. LetA- | 2p В = | 2 2 and C, = 0 (r Е 1)3" be given three matrices, then the 
29 | a+b 
value of 2 «(ав) с.) = 8.3543 then 25 7 
ВЕ 
аа 4 b. 16 c. 49 d. none ofthese 
ANSWERS 
lL. c 2. d 3. d 4. c 5. d 
6.  a—tborcos;donp 7. a 8. a,b,c 9. (да(ш)Ь(іш)с 
10. а 11. b 12. b 13. с 14. с 
15. а 
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Mathematical Reasoning 
Logical Stements, Tautology and Contradiction 


Mathematical Logic 
Statement (Proposition): A sentence which is either true or false but not both is called a statement. 
They are denoted by p, q, т, s,............... A true statement is called a valid statement. If a statement 
is false we call it invalid statement. 

Truth Table 


It is a tabular device to obtain the truth value of a compound statement or to check the 
validity of a simple or compound statement 
Number of horizontal lines in a truth table depends on the number of substatements present 


in it. 


If the problem involves n simple statements then number of rows is 2". 





1.6. 

No. of statements No.of rows 
1 21-2 
2 22-4 
3 23-8 
4 24 = 16 

Logical Connectives 

(1) Conjunction (A) 
A compound statement joining two statements by “апа” is called a conjunction and 15 
denoted Бул. 
i.e. the conjunction of two statements p and q is denoted by p ^ q. p a q is true only if 
both the components p and q are true otherwise it 1s false. 

(п) Disjunction (v) 
А compound statement joining two statements by “ог” 15 called a disjunction and 1$ 
denoted by v. 
i.e. the disjunction of two statements p & q is true or both p and q is true otherwise p v q 
is false. 
We can express both pv q and руд is tabular form as under. T stands for true and Е 
stands for false. 
Quantifiers : phrases like "there exists" ( 4) and “for all” (y ) are called quantifiers. 

(ш) Implications (>>) 


p= а. One way implication 

Here p 1s called antecedent or hypothesis or premise and q is called consequence or 
conclusion. 

p= q is the same for each of the following 

a) Ifptheng 
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Gv) 


(v) 


(vi) 


(и) Pis sufficient for q 

(ш) qis necessary condition for p 

(iv) ponlyifq 

(V) qifp 

(vi) qfollows from p 

(vil) qis consequence of p 

Since a true statement cannot imply a false statement, p — q 1s always true except when 
p is true and а is false . It may also be useful to note that p = 4 is equivalent to ~p v q 
Note : The contrapositive of a conditional statement is formed by negating both the 
hypothesis and the conclusion and then interchanging the resulting negations. 

In otherwards, the contrapositivse negates and switches the parts of the sentence. It 
does both the jobs of the INVERSE and the CONVERSE. 

IMPORTANT : Contrapositive has the same truth value as the original conditional 
statement. 

Note : 


statement | Converse Contrapositive 





P> 


The inverse and the converse ofa conditional statement are logically equivalent to each other, 
just as the conditional and its contrapositive are logically equivalent to each other. 

Two way implication (<>) 

p q, “р implies and implied by q” or “р if and only if q” 

p< qis true if both р & q are true or both false and false when one of the statements is true 
and the other 1$ false. 





Negation 
If p is a statement then negation p is written as ~ p. 
If p is true then ~ p 1s false. If p is false then ~ p 1s true 





Note 

e ~(-p)=p 

è рле рие 

e ~ (ру) =~рл~ 

е ~(p>q)= Paq) 

е ~(ре9) = paq v (PAY) 


NOR (J) 
Let p & q be two statements. Then “р | q” is called Joint Denial or “NOR” statement 
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(vii 


(combination of NOT and OR) and read as “N either p nor q”. “р | q” can also be written as 


Т(руФог-(ру 9). 
Joint Denial is true only when p and а both are false. 


| P [| 8 [| marono 





NAND (7) 
Let p & q be two statements. Then “р^ а” is called NAND statement (combination of 
NOT and AND) and is written as “рта” 


“p tq’ is also written as (рла)ог- (рл q) This statement is false only if both p & q 
are true. 





Use of brackets 
(i) X Ifnegation (1.е | or ~) is repeated in the same statement then there is no need of 
bracket. 
(п) Ifin a statement, the connectives of same type are present, then brackets are applied 
from left. 


(nu) — Ifdifferent connectives are used in a statement, then we remove the bracket of lower 
order connective. But we cannot remove the bracket of higher order connective. 


For example: 
GQ) po(qar)= p> qar (order of л is less than order of >) 
(1) ру(4->/ еру4-ә: 
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Table of Symbols 
i)  Ifpthenq 
(1) ра 
(ш)  ponlyifq 
(iv) punlessq 
(У) pisasufficient condition for q 
(vi) pisa necessary condition for q 
(уп) A sufficient condition for p is а 
(уш) A necessary condition for p is q 
(ix) In order that p is sufficient that q 
(x) Inorder that p is necessary that q 
(x1 pifandonly ifq 
(хп) pisanecessary and sufficient condition for д 


Tautology and Contradiction (Fallacy) 


A statement whose truth value is always T (1.e. True) is called a tautology and the statement 
whose truth value is always F(1.e.False) is called a contradiction. Negation of tautology is a 


contradiction and vice versa. 
Logical equivalence 


Two compound statements are said be logically equivalent if both have same truth values for all 
possible assignments given to the variables. 


Duality 


Two compounds are said to be dual of each other if either can be obtained from the other by 
interchanging д and y provided both remain valid. 


For e.g. the dual of (pv q) aris (рла) vr. 
Algebra of Statements 
Commutative laws 


Associative laws 


Distributive laws 


Idempotent laws 


Abosorption laws 


De Morgan’s laws 


Detachment law 

Chain law 

Identity laws (t is tautology and 
fis contradiction) 

Compliment laws 
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(1) 
(11) 
(1) 
(11) 
(1) 
(11) 
(1) 
(11) 
(1) 
(11) 
(1) 
(11) 


(1) 
(11) 
(1) 
(it) 


р->4 
q>Pp 
а> р 
~q=> p 
р->4 
q—»p 
q—»p 
р->4 
q—»p 
pq 
Peq 
peq 


(pv q) e (qv p) 
(рлФ<(алр) 
pv(qvr)e(pvq)vr 
p^(qAr)e(pAq)Ar 
p^(qvr)e(pAq)v(pAr) 
ру (qAr)e (ру) л (рут) 
(pv p)ep 

(рлр)<>р 

ру (рл <р 
рл(ру 4 <р 

~ (ру 4) (~ pang) 

~ (рл) © (~ pv ~9) 


((р= 9) лр) >а 

((р= 9) л (9 р)) => (р= 1) 
p^t-tAp-p 
pvf=fvp=p 

pv^p-t 

p^^p-t 
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Solved Examples 

1 Ifp = (qv г) 15 false, then the truth values ofp,q,r are respectively 
a) ТЕЕ (b ЕТТ (с) TTF (d ЕЕЕ 
Solution 


p= 4 is false only when p is true and q is false 
p (qv 1) 15 false when p is true and q v ris false and q v ris false when both q and rare false 
Hence, truth values of p, q, r are respectively T, F, F. 
Ans: (a) 
Test the validity of the argument (S,, 5,; S), where 
5, ; рма, 5, : - pandS: q. 
Solution 
In order to test the validity of the argument ($, S,; S), we first construct the truth table 
for the conditional statement. 


S aS, > Siel(pvq)A ~p]>q 
The truth table is as given below: 





We observe that the last comumn of the truth table for S, A = — 5 contains T only. Thus, 5 A S, > 
5 is a tautology. 
Hence, the given argument 1$ valid. 
ІЁ (рл ~) л (^q q) 1s 
(a) acontradiction 
(b) atautology 
(c) neither a tautology nor a contradiction 
(d) both a tautology and a contradiction 


Solution 
(Рл-а)^(СРл9 = (p^-p)^(-qAq) 
= (Ёл f) 
(f false) ] 


(By using associative laws and commutative laws) 
г (рл-а)^ Сер л 9) is a contradiction. 


Ans : (a) 

Which of the following is logically equivalent to ~ (~ p — q) ? 

(а) -рла (b paq (с) -рл-а (d рл-а 
Solution 


since ~ (р= 4) =рл ~q 
~(~p>q)=pa ~ 
Ans : (с) 
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If p = He is a carpenter and q = Не is making a table. 

Then write down the following statement into symbols: 

(1) Heis а carpenter and making a table. 

(п) Heis а carpenter but is not making a table. 

(n) Itis false that he is a carpenter or making a table. 

(iv) Neither he is a carpenter nor he is making a table. 

(v) Heis nota carpenter and he 1s making a table. 

(vi) Itis false that he is not a carpenter or is not making a table. 
(vii) He 1s a carpenter or making a table. 


Solution 

The solution of above compound statements in terms of p and q are given below : 

© pag Ш рл |а (ш) |(руФ (у) рл | 
(V) Трла (v) С ру ]9 (vi) pvq 


Write in words the converse, inverse, contrapositive and negation of the implication “If 2 1s 
less then 3, than 1/3 1$ less than 1/2. 


Solution 
Letp = 2 15 less than 3,4 = 1/3 15 less than 1/2. 
Then implication is p> д: 


(1) Converse of p>qisq=> р. In words q => p means “Tf 1/3 is less than 1/2, then 2 
is less than 3". 

(i)  Inverseofp qis |р |4. Thus in words, |р |4 means * If 2 is not less than 3, 
then 1/3 1s not less than 1/2". 

(ш) | Contrapositiveofp— qis |4-> |р. Thus in words |q— |р means "If 1/3 is not less 
than 1/2, then 2 1s not less than 3”. 

(iv) Negation ofp > q is |(р->9). Thus in words `| (р => q means "It is false than p implies 
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q 
The statement р — (q — p) is equivalent to 
(а) p—o(p>q) (b) po(pvq) (с) po(pAq) (d p—(pAq) 


Solution 
р->(4->р)--ру(4-эр) 
=~ pv (~qv p) since py ~p is always true 
=~pvpvq=p>vq) 

Ans : (b) 

Statement - 1: 

~ (р<> ~q) is equivalent to p <. 

Statement - 2: 

(~ р <> ~q) is a tautology. 


а. Statement - 1 is True, Statement - 2 is True ; Statement - 2 is a correct explanation for 
Statement - 1 

b. Statement - 1 is True, Statement - 2 is True ; Statement - 2 is NOT a correct explanation 
for Statement - 1 

C. Statement - 1 1s True, Statement - 2 1s False 


d. Statement - 1 1s False, Statement - 2 1s True 
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Solution : 





Ans (с) 
Exercise 
Are the following statements equivalent: 
“If the traders do not reduce the price then the government will take action against them”. “It 
is not true that the traders do not reduce the prices and government does not take action 
against them” 
Which of the following is false? 
(а) (poq)e (~q=> -p)isa contradiction 
(b (ру-р)1% а tautology 
(с) ~(~p)e p is a tautology 
(d) (рл-р) 15 a contradiction 
If each of the statement p > ~ д; аг; ~r is true, then 


(а) pis false (b) pis true (C) qis true (d) None of these 
Which of the following 15 true? 

(а) ~Pv(~qg)=CP)AQ (b) (paga (~g) is a tautology 

(c) ~(рл(~р)) is a contradiction (d) None of these 


Which ofthe following is the contrapositive of ‘If two triangles are identical, then these are similar’? 
(a) Iftwo triangles are not similar, then these are not identical 

(b) Iftwo triangles аге not identical, then these are not similar 

(c) Iftwo triangles are not identical, then these are similar 

(d) Iftwo triangles are not similar, then these are identical 

The contrapositive of the converse of p> ~ 4 is 


(а) ~q=>p (b) р->4 (c) ~q>~p (d ~p>~q 
~(р v q) v (^p A а) 1s equivalent to 
(a) q (b р (c) ~p (d ~q 


Negation of the compound proposition. 

If the examination is difficult, then I shall pass 1f I study hard. 

(a) The examination is difficult and I study hard but I shall not pass 
(b) The examination 15 difficult and I study hard and I shall pass 

(c) Тһе examination 15 not difficult and I study hard and I shall pass 
(d) None of these 

If p is true, q is false and r is false, then which of the following 1s true? 
(a) (рут (D рл -(qvr) (с) (рудлг (d р>-—а=>) 
If p= “she goes to market" and qz “She buys some fruits". 

Then choose the correct symbol for the given statements : 

(1) Either she goes to market or she buys some fruits: 


(а) руда (6) рла (c) ~pvq (d ру-а 


397 


UDAN 


A program to give wings to girl students 


(1) 
(а) 
(iii) 
(a) 
(iv) 
(a) 
(v) 
(a) 


l; 
6. 
a 


If she goes to market, then she buys some fruits: 


~paq (b)p>q (с) рла 

Neither she go to market nor she buy some fruits: 

еру (0) р->4 (с) руа 

She does пої go to market and she buys some fruits: 

~Paq (6) ~(pvq) (c) рл-а 

She does not go to market unless she buys some fruits : 

pq (D әр (c) -4->-р 
Answers 

Yes 2. a 3. a 4. 

a 7. C 8. a 9. 

(1) b (ш) d (iv) a 
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(d) 
(d) 
(d) 
(d) 


(v) 


“руЯ4 


Cp^-7d 


р->4 


рма 


